
Math 191 HW 13 Solutions

11.3: 2 converges; a geometric series with r = 1
e < 1

11.3: 6 converges;
∞∑

n=1

−2
n
√

n
= −2

∞∑
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1
n3/2

, which is a convergent p-series (p = 3
2 ).

11.3: 18 diverges; lim
n→∞

an = lim
n→∞

(
1 +

1
n

)n

= e 6= 0

11.3: 28 diverges by the Integral Test;
∫ ∞

1

x

x2 + 1
dx;
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du = 2xdx

]
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=
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11.3: 39 a.
∫ ∞

2

dx

x(ln x)p
;
[

u = ln x
du = dx

x

]
→
∫ ∞

ln 2

u−pdu = lim
b→∞

[
u−p+1

−p + 1

]b

ln 2

= lim
b→∞

(
1

1− p
)[b−p+1−(ln 2)−p+1]

=
{ 1

p−1 (ln 2)−p+1 , p > 1
∞ , p < 1

⇒ the improper integral converges if p > 1 and diverges if p < 1.

For p = 1;
∫ ∞

2

dx

x ln x
= lim

b→∞
[ln(ln x)]b2 = lim

b→∞
[ln(ln b) − ln(ln 2)] = ∞, so the improper integral

diverges if p = 1.

b. Since the series and the integral converges or diverges together,
∞∑

n=2

1
n(ln n)p

converges if and only

if p > 1.

11.4: 4 converges by the Direct Comparison Test; 1+cos n
n2 ≤ 2

n2 and the p-series Σ 1
n2 converges.

11.4: 9 diverges by the Direct Comparison Test; n > ln n ⇒ ln n > ln ln n ⇒ 1
n < 1

ln n < 1
ln(ln n) and

∞∑
n=3

1
n

diverges.

11.4: 16 diverges by the Limit Comparison Test (part 3) with 1
n , the nth term of the divergent harmonic series;
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2
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11.4: 35 1
1+2+3+...+n = 1

n(n+1)
2

= 2
n(n+1) . The series converges by the Limit Comparison Test (part 1) with 1

n2 :

lim
n→∞

2
n(n+1)

1
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= lim
n→∞

2n2

n2 + n
= lim
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= 2.

11.4: 36 1
12+22+32+...+n2 = 1

n(n+1)(2n+1)
6

= 6
n(n+1)(2n+1) ≤

6
n3 ⇒ the series converges by the Direct Comparison

Test.

11.5: 10 diverges by the nth Term Test; lim
n→∞

an = lim
n→∞

(
1− 1
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)n

= lim
n→∞

(
1 +
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n

)n

= e−1/3 ≈ 0.72 6= 0

11.5: 20 converges by the Ratio Test; lim
n→∞
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11.5: 22 converges by the Ratio Test; lim
n→∞

an+1

an
= lim

n→∞

(n + 1)!
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· n
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11.5: 23 converges by the Root Test; lim
n→∞

n
√

an = lim
n→∞

n

√
n
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= lim

n→∞

n
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1
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2


