
Math 1920 Homework 4 Selected Solutions

15.2

PQ2)

By the continuity of f(x, y) at (2, 3),

lim
(x,y)!(2,3)

f(x, y) = f(2, 3).

In particular,
f(2, 3) = lim

y!3
f(2, y) = lim

y!3
y

3 = 33 = 27.

14)

Let f(x, y) = xy/(x2 + y

2). Along the x-axis y = 0 and along the y-axis x = 0,
so we compute

lim
x!0

f(x, 0) = lim
x!0

0 = 0, lim
y!0

f(0, y) = lim
y!0

0 = 0.

Now we compute the limit as we approach the origin along the line x = y:

lim
x!0

f(x, x) = lim
x!0

x

2

x

2 + x

2
=

1

2
6= 0.

Hence, the limit as (x, y) ! (0, 0) of f does not exist as there are two di↵erent
paths with di↵erent values of the limit along those paths.

15.3

PQ2)

As the denominator y + 1 is constant in x we can just treat it as a constant
when partially di↵erentiating with respect to x. We are basically di↵erentiating
an expression of the form x+c

k

for constants c, k.
On the other hand, when you (partially) di↵erentiate with respect to y, as

both the numerator and denominator are changing in y, we need to use the
quotient rule.

PQ4)

f

x

is 0 for the given function, as the function does not depend on x in any way.

1
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12)

f

y

represents the rate of change when you move in the y-direction. At A when
you move in the (positive) y-direction the function is decreasing, at B it is
increasing, and at C we are increasing too (though not as quickly as at B, as
can be seen by how close the level curves are). Hence the smallest value of f

y

is at A, where it is negative.

22)

Let z = sin(u2
v). Then @z

@u

= 2uv cos(u2
v) and @z

@v

= u

2 cos(u2
v).

76)

Let u(x, t) = sin(nx)e�n

2
t where n is a constant. We compute @u

@t

and @

2
u

@x

2

@u

@t

= �n

2 sin(nx)e�n

2
t

@

2
u

@x

2
=

@

@x

⇣
n cos(nx)e�n

2
t

⌘

= �n

2 sin(nx)en
2
t

which are equal, so u satisfies the heat equation.

82)

Recall that a function f(x, y) is harmonic if �f = 0 where � is the Laplace

operator: �f = f

xx

+ f

yy

.
We compute �u where u(x, y) = cos(ax)eby:

u

xx

= �a

2 cos(ax)eby,

u

yy

= b

2 cos(ax)eby,

�u = cos(ax)eby(b2 � a

2).

�u is always 0 if and only if b2 = a

2, i.e., if b = a or b = �a.
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Math 1920 Homework 5 Selected Solutions

15.4

2)

The equation of the tangent plane to f at a point (a, b) is given by

z = f(a, b) + f

x

(a, b)(x� a) + f

y

(a, b)(y � b).

We plug a = 1 and b = 0.8 into this for f = 0.2x4 + y

6 � xy:

f(1, 0.8) = 0.2 + (0.8)6 � (0.2)(0.8)

= 0.622144,

f

x

(1, 0.8) = 0.8x3 � y|
x=1,y=0.8

= 0,

f

y

(1, 0.8) = 6y5 � x|
x=1,y=0.8

= 0.96608.

Therefore, the tangent plane is

z = 0.622144 + 0.96608(y � 0.8)

12)

The tangent plane to the graph of z = f(x, y) has (f
x

, f

y

,�1) as a normal
vector. We want the planes to be parallel to 2x+7y+2z = 0 which has normal
vector (2, 7, 2). The planes are parallel if and only if their normals are parallel,
so we want points so that f

x

= �1 and f

y

= �7/2.
In this question f(x, y) = xy

3 + 8y�1, so we compute the partials:

f

x

= y

3
, f

y

= 3xy2 � 8y�2
.

We want f
x

= �1 and so y = �1. We want f
y

= 3xy2 � 8y�2 = 3x� 8 = �7/2
and so x = 3/2. So the only values of x and y which works are (3/2,�1). This
corresponds to z = �19/2 for the point (3/2,�1,�19/2) on the graph with
tangent plane parallel to 2x+ 7y + 2z = 0.
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14)

Let f(x, y) = x(1 + y)�1 and (a, b) = (8, 1). Then

f(a+ h, b+ k) ⇡ f(a, b) + f

x

(a, b)h+ f

y

(a, b)k

= 4 +
h

2
+�2k

7.98
2.02 = 8+(�0.02)

2+(0.02) = f(a+ h, b+ k) where h = �0.02 and k = 0.02 and so

7.98

2.02
⇡ 4� 0.01� 0.04 = 3.95

The true value is 3.95049504.

15.5

PQ2)

True.

PQ4)

You want to walk perpendicular to the gradient so NW or SE.

2)

Let f(x, y) = e

xy and r(t) =
⌦
t

3
, 1 + t

↵
.

a) rf = hyexy, xexyi and r0(t) =
⌦
3t2, 1

↵
.

b) The chain rule for paths says

d

dt

f(r(t)) = rfr(t) · r0(t)

=
D
(1 + t)et

3(1+t)
, t

3
e

t

3(1+t)
E
·
⌦
3t2, 1

↵

= e

t

3(1+t)(3t2 + 3t3 + t

3)

= e

t

3+t

4

(3t2 + 4t3).

c) Directly f(r(t)) = e

t

3+t

4

and so

d

dt

f(r(t)) = (3t2 + 4t3)et
3+t

4

which is the same as part b).

6)

Let g(x, y) = x

x

2+y

2 then

rg =

⌧
1

x

2 + y

2
� 2x2

(x2 + y

2)2
,� 2xy

(x2 + y

2)2

�

2



32)

Let f(x, y, z) = xy + z

3 and P = (3,�2,�1). Then rf =
⌦
y, x, 3z2

↵
, rf

P

=
h�2, 3, 3i, and so the direction of the origin is �P/ kPk. We dot these together
to compute the directional derivative:

rf

P

· (�P/ kPk) = h�2, 3, 3i · h�3, 2, 1ip
15

=
15p
15

=
p
15.

34)

I assume positive y is north and positive x is east. Let z = x

2 + y

2 � y and
we are at point (1, 2, 3). a) The slope in the east direction is just the partial
derivative with respect to x: 2x|

x=1 = 2. The slope is the tangent of the angle
of inclination so tan�1 2 is the angle.

b) Similarly as in part a) but we compute the partial with respect to y:
2y � 1|

y=2 = 3 with angle tan�1 3.
c) In the north east direction we want the directional derivative in directionD

1p
2
,

1p
2

E
. We compute the gradient (of f(x, y) = x

2 + y

2 � y) and dot it with

this vector

rf(1,2) ·
⌧

1p
2
,

1p
2

�
= h2, 3i ·

⌧
1p
2
,

1p
2

�
=

5p
2
.

With corresponding angle tan�1 5/
p
2.

d) The direction of steepest slope is the direction of the gradient vector, and
the slope is its length which is

p
22 + 32 =

p
13.

52)

f(x, y, z) = x

2
/2 + y

3
/3 + z

4
/4 works (as does f plus any constant).

15.6

8)

Recall @f

@u

= rf ·
D

@x

@u

,

@y

@u

E
. Here f(x, y) = x

2 + y

2, x = e

u+v, and y = u+ v so

@f

@u

= h2x, 2yi ·
⌦
e

u+v

, 1
↵
=

⌦
2eu+v

, 2u+ 2v
↵
·
⌦
e

u+v

, 1
↵
= 2e2(u+v) + 2u+ 2v

26)

Let z be defined by z

4 + z

2
x

2 � y � 8 = 0. From the formula for implicit
di↵erentiation @z

@x

= �F

x

F

z

where F (x, y, z) = z

4 + z

2
x

2 � y � 8. So

@z

@x

= �F

x

F

z

= � 2z2x

4z3 + 2zx2
= � 2xz

4z2 + 2x2
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@z

@y

= �F

y

F

z

= � �1

4z3 + 2zx2
=

1

4z3 + 2zx2

We plug in the points (3, 2, 1) and (3, 2,�1) respectively for:

@z

@x

(3, 2, 1) = � 6

22
,

@z

@y

(3, 2, 1) =
1

22
,

@z

@x

(3, 2,�1) =
6

22
,

@z

@y

(3, 2, 1) = � 1

22

44)

A function f is homogeneous of degree n if f(�x,�y,�z) = �

n

f(x, y, z) for all
�.

Suppose f is homogeneous of degree n. Define F (t) = f(tx, ty, tz) for some
choice of x, y, z. Then

F

0(t) =
d

dt

f(tx, ty, tz) =
d

dt

t

n

f(x, y, z) = nt

n�1
f(x, y, z).

So F

0(1) = nf(x, y, z).
But we can compute F

0 another way. Write r(t) = htx, ty, tzi, so that
F (t) = f(r(t)) then, using the chain rule,

F

0(t) = rfr(t) · r0(t) =
⌧
@f

@x

,

@f

@y

,

@f

@z

�

r(t)

· hx, y, zi

As r(1) = hx, y, zi we have

F

0(1) =

⌧
@f

@x

,

@f

@y

,

@f

@z

�

(x,y,z)

· hx, y, zi = @f

@x

x+
@f

@y

y +
@f

@z

z.

And so nf(x, y, z) = @f

@x

x + @f

@y

y + @f

@z

z as required, as they are both equal to

F

0(1).
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