
Math 2130 Name (Print):
Spring 2014
Prelim II Discussion:
3/25/14
Time Limit: 90 Minutes TA:

This exam contains 7 pages (including this cover page) and 5 problems. Check to see if any pages
are missing. Enter all requested information on the top of this page, and put your initials on the
top of every page, in case the pages become separated.

You may not use any electronics on this exam.

You are required to show your work on each problem on this exam. The following rules apply:

• Do not simplify: for example, 2(0.7) + cos(π/5)
is a good number.

• Organize your work, in a reasonably neat and
coherent way, in the space provided. Work scat-
tered all over the page without a clear ordering
will receive very little credit.

• Mysterious or unsupported answers will not
receive full credit. A correct answer, unsup-
ported by calculations, explanation, or algebraic
work will receive no credit; an incorrect answer
supported by substantially correct calculations and
explanations might still receive partial credit.

• If you need more space, use the back of the pages;
clearly indicate when you have done this.

Do not write in the table to the right.

Problem Points Score

1 20

2 20

3 24

4 16

5 20

Total: 100
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1. Consider the integral ∫ 1

0

∫ 1

y
ex

2
dxdy.

(a) (4 points) Sketch the region of integration. (Please label everything.)

(b) (8 points) Use your sketch in (a) to reverse the order of integration.

∫ 1

0

∫ x

0
ex

2
dydx

(c) (8 points) Evaluate either the original integral or your answer in (b).

e− 1

2
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2. An industry manufactures a product from two raw materials under a budget constraint. The
quantity produced, Q, is given by the formula

Q(x, y) = x1/2y1/4

The industry has a budget constraint given by 30x+4y ≤ 120. The figure below shows contours
labeled with values of Q(x, y). Let R be the region given by x ≥ 0, y ≥ 0, 30x+ 4y ≤ 120.
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(a) (4 points) Use the contours to discuss why there appears to be no local maximums of
Q(x, y) inside of R, i.e. where x > 0, y > 0, and 30x+ 4y ≤ 120.

(There are many possible answers to this part.) From the contours, we see
that Q(x, y) is always increasing as we move in the positive x and/or the positive
y direction. Provided that Q(x, y) is smooth, as it appears to be, if some point
were a maximum, then Q(x, y) would have to decrease in both the positive x
and negative x directions, as well as in the positive y and negative y directions
(Contours look like circles). Since this is not the case, then there appears to
be no local maximums in R.

(b) (4 points) Verify the conclusion in part (a) by showing that Q(x, y) does not have any
critical points whenever x > 0 and y > 0.

Since

Qx =
1

2
x−1/2y1/4,

Qy =
1

4
x−1/2y3/4,

and these functions are never zero nor undefined whenever x > 0 and y > 0,
then there are no critical points whenever x > 0 and y > 0.



Math 2130 Prelim II - Page 4 of 7 3/25/14

(c) (4 points) Draw the constraint 30x + 4y ≤ 120 on the graph. Use your graph to mark
where there appears to be a maximum of f(x, y) over the region R. Explain your reasoning.

(There are many possible answers to this part.) The marked location appears
to be the global max, because first, it is the closest point in R to the f = 3
curve (largest contour in the picture), and second, it looks like the contour
through this point would be tangent to the constraint. There are no critical
points inside R and this region is closed and bounded, so the global maximum
should occur at the boundary. Narrowing our search further, the function is
zero when x = 0 or y = 0 and positive otherwise, so we expect that the global
maximum should occur on the constraint 30x+ 4y ≤ 120. Finally, global maxes
subject to a constraint are either at the endpoints (not in this case), gradient
of the constraint is zero (not in this case), or where Lagrange equations are
satisified (this is the case, which appears to be the location of our mark.)

(d) (8 points) Precisely determine the point in part (b) by using the method of Lagrange
multipliers to find the maximum of f(x, y) subject to the constraint 30x + 4y ≤ 120
between the points (0,30) and (4,0).

(x, y) = (8/3, 10)
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3. In parts (a)–(c), choose coordinates; set up a triple integral, including limits of integration, for
a density function f(x, y) = 2 over the region; and evaluate the integral.

(a) (8 points)

4

2

3

∫ 4

0

∫ 2

0

∫ 3

0
2dxdydz = 48.

(b) (8 points)

3

2

∫ π

0

∫ π

0

∫ 3

2
2ρ2 sin(φ)dρdφdθ =

4π

3

(
33 − 23

)
.

(c) (8 points)

3

3 ∫ 3

0

∫ 2π

0

∫ 3

0
2rdrdθdz = 54π.
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4. (a) (4 points) Choose coordinates and write a double integral for a function p over the region
R given by x2 + y2 ≤ 100, x ≥ 0, y ≥ 0.

∫ π/2

0

∫ 10

0
prdrdθ

(b) (4 points) Use your answer in (a) to find k such that

p(x, y) =

{
kx (x, y) in R

0 otherwise

is a probability density function.

k =
3

103

(c) (8 points) Find the probability that a point chosen in R according to the probability
density in part (b) is less than 10 units from the origin.

Answer: 1
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5. In the following problems, please briefly explain what is wrong with the statement. Cite any
relevant theorems.

(a) (4 points) If the partial derivatives fx(0, 0) and fy(0, 0) both exist, then f(x, y) is differ-
entiable at the origin.

Directly from Theorem 1 on the crib sheet, “Having both partial derivatives
does not guarantee a function is differentiable there.”

(b) (4 points) There is a point (x, y) where f(x, y) = x+ y is not differentiable.

From theorem 2, f(x, y) is differentiable everywhere, because fx = 1 and fy = 1
both exist and are continous everywhere.

(c) (4 points) If fx = fy = 0 at (1, 1), then f has a local maximum or local minimum at (1, 1).

The point might also be a saddle point or something else altogether.

(d) (4 points) A function having no critical points in a regionR cannot have a global maximum
in the region.

A function without critical points can have a global maximum on the boundary
of the region and this point does not have to be a critical point, such as the
global maximum found in Problem 2.

(e) (4 points) It is possible that a continuous function f(x, y) on R given by 0 ≤ x2 + y2 ≤ 1
does not have a global minimum on R.

The region R is closed and bounded. By theorem 4, the region must have a
global minimum.


