
Math 2130 Homework 4: 14.3, 14.4, 14.5

(1) Shown below is the contour plot of a function f(x, y). In what directions do the
gradient vectors at (0, 0), (1, 0) and (−2,−1) point (eg. up, up and to the right,
down and to the left, etc)? How do they compare in magnitude?
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The gradient vector at (0, 0) points directly downward. The gradient vectors
at (1, 0) and (−2,−1) both point down and to the right, in the direction of
increasing values of the function. The closer the contour lines, the steeper the
curve, so the larger the gradient vectors. So the gradient vector at (−2,−1) is
the largest, followed by (1, 0), then (0, 0).

(2) Find the equation for the tangent plane to the graph z = f(x, y) =
√
49− x2 − y2

at x = 3, y = 2.



fx(x, y) =
−x√

49− x2 − y2

fx(3, 2) =−
1

2

fy(x, y) =
−y√

49− x2 − y2

fy(3, 2) =−
1

3
f(3, 2) =6

As such, the equation of our tangent plane is:

L(x, y) = 6− 1

2
(x− 3)− 1

3
(y − 2)

(3) Find the equation for the linear approximation to the function f(x, y, z) = xyz at
x = 1, y = 2, z = 3.

fx(x, y, z) =yz

fx(1, 2, 3) =6

fy(x, y, z) =xz

fy(1, 2, 3) =3

fz(x, y, z) =xy

fz(1, 2, 3) =2

f(1, 2, 3) =6

As such, the equation of our linear approximation is:

L(x, y, z) = 6 + 6(x− 1) + 3(y − 1) + 2(z − 3)

(4) Use a linear approximation to f(x, y) = xy at x = 3, y = 2 to approximate 3.021.99.
Use a calculator to compare your answer and the actual value.

fx(x, y) =yx
y−1

fx(3, 2) =6

fy(x, y) =x
y ln(x)

fy(3, 2) =9 ln(3)

f(3, 2) =9

As such, the equation of our linear approximation is:

L(x, y) = 9 + 6(x− 3) + 9 ln(3)(y − 2)



Plugging in (3.02, 1.99), we get:

L(3.02, 1.99) = 9 + 6(.02) + 9 ln(3)(−.01) = 9.02112 . . .

Compare this with the actual answer 3.021.99 = 9.02015 . . ..

(5) If f(x, y) = xy2, what is df?

Remember that df = fx dx+ fy dy. As such:

df = y2 dx+ 2xy dy

(6) If f(x, y) = x2

y
, compute ∇f .

fx = 2x
y
and fy = −x2

y2
. So:

∇f =

(
2x

y
,−x

2

y2

)

(7) If f(x, y, z) = 1
x2+y2+z

compute ∇f(1, 2, 3).

fx(x, y, z) =−
2x

(x2 + y2 + z)2

fx(1, 2, 3) =−
2

64

fy(x, y, z) =−
2y

(x2 + y2 + z)2

fy(1, 2, 3) =−
4

64

fz(x, y, z) =−
1

(x2 + y2 + z)2

fz(1, 2, 3) =−
1

64
So:

∇f(1, 2, 3) =
(
− 2

64
,− 4

64
,− 1

64

)
.

(8) Suppose the function f(x, y) has level curve y = x2. Sketch the graph of y = x2

and draw out possible gradient vectors for f(x, y) at 5 points along the curve.
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There are many possible answers. The key feature we’re looking for is the
gradient vectors being orthogonal to the curve.

(9) The gradient vectors of a function f(x, y, z) all point directly towards the origin.
What do the level surfaces of f(x, y, z) look like? Which correspond to larger
values of f?

The level surfaces look like spheres centered around the origin. Spheres
closer to the origin correspond to larger values of f .

(10) Shown below is a map of railroad lines through Ithaca in 1900.
Notice that the Delaware, Lackawana & Hudson line (now the South Hill Recre-

ation Way) zig-zags down the hill to avoid being too steep. Suppose you’re deciding
the trail for a train line. Describe how to choose the orientation of the line in terms
of the slope of the hill, the direction the hill is sloped in, and the desired slope of
the track.

Recall that the directional derivative of a function f in direction ~u is given
by ∇f ·~u. As such, if we want the directional derivative to take on a particular
value m, we need m = ∇f · ~u = ||∇f || cos θ. Solving for θ, the angle (when
viewed from above) between the trail and directly uphill, we need that cos θ =

m
||∇f || that is, the desired slope of the trail divided by the slope of the hill.




