
SOLUTIONS TO PRELIM 1

MATH 2210, FALL 2018

Problem 1. Are the vectors 12
0

 ,
−10

2

 ,
16
4


linearly independent? Justify your answer for full credit.

Solution. Form the matrix A whose columns are vectors given in problem. Row
reduce A as follows:1 −1 1

2 0 6
0 2 4

 ∼
1 −1 1
0 2 4
0 2 4

 ∼
1 −1 1
0 2 4
0 0 0


Since third column is without a pivot, there exists a non trivial solution to Ax = 0

which is equivalent to the statement that the columns of A are linearly dependent.

Grading:

• -3 points if you made a calculation mistake in row reduction and your
conclusion was consistent with your obtained matrix.

• -5 points if row reduction was correct but not the �nal conclusion.
• -10 points if row reduction is incorrect + your conclusion is inconsistent
with your obtained matrix.

• 0 points for writing a wrong answer without any work shown.

Problem 2. Let v1 =

 −13
2

 and v2 =

 1
−2
1

, and v =

 h
1
1

. For what

value(s) of h is v in the plane spanned by v1 and v2?

Solution. For the vector v to be in the span of v1,v2, the vector equation

c1v1 + c2v2 = v

must be consistent. To check this, we put the system in augmented matrix form
and row reduce it to echelon form

 −1 1 h
3 −2 1
2 1 1

 R2→R2+3R1−→
R3→R3+2R1

 −1 1 h
0 1 1 + 3h
0 3 1 + 2h

 R3→R3−3R2−→

 −1 1 h
0 1 1 + 3h
0 0 −2− 7h

 .
From here, notice that the system will be consistent only when −2−7h = 0. Hence,
h = −2

7 .
1
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Remark. The most common conceptual mistake was to conclude that the system
will be consistent when the last row has a pivot, namely, when −2− 7h 6= 0. This
is wrong because the matrix is in augmented form and the third column is an
augmented column so it cannot have a pivot.

Grading:

• For row reducing appropriately, 10 points were awarded: If you made some
calculation errors, I took o� between 2 and 5 points depending on the
severity of the mistake. If you did not write your steps in row reduction, I
considered this an incomplete argument and so I took o� 1 point.

• For making the correct conclusion after row reducing, 5 points were awarded.
If you made calculation errors but made the correct conclusion, full marks
were awarded for giving a correct explanation.

Problem 3. Let A be a 4 by 3 matrix with 3 pivots.

(1) Does Ax = b have a solution for every b in R4? Explain.
(2) Does Ax = b have more than one solution for some b in R4? Explain.

Solution. (a) Since A has four rows and three pivots, there is at least one row
which does not have a pivot. Hence A is not onto and Ax = b does NOT have
a solution for every b. So the correct answer is NO.

(b) Since A has three columns and three pivots A is one-to-one. Alternatively, you
can observe that A has no free variables. For either explanation, Ax = b has
at most one solution for every b. So again, the answer is NO.

Remark. (a) was worth 8 points and (b) was worth 7 points. Several people wrote
something along the lines of `.... Since A has three pivots the columns of A span at
most R3 ...' This makes no sense since all of the columns of A are in R4. If later
in your solution you gave a correct explanation you were not penalized. If not, you
lost some number of points.

Problem 4. Which of the following statements (if any) are true? Explain your
answers.

(a) If A is an m × n matrix where m is less than n, then Ax = 0 has in�nitely
many solutions.

(b) If A is an m× n matrix where m is greater than n, then Ax = 0 has only the
trivial solution.

(c) Let A be an m × n matrix such that Ax = 0 has only trivial solution. It
is possible for the system Ax = b to have in�nitely many solutions for some
column vector b.

(d) If A is a matrix such that the matrix products AAT and ATA are de�ned, then
A is a square matrix.

Solution. (a) True. The matrix A can have at most m pivots since A has only
m rows. Moreover, A has n columns and m < n; hence, A has more columns
than pivots. In particular, not every variable in the equation Ax = 0 can be
a basic variable, and there must be at least one free variable. But, then the
homogeneous equation Ax = 0 has in�nitely many solutions.
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(b) False. We give a counterexample. Let

A =

[
0
0

]
,

and notice that A has m = 2 rows and n = 1 columns. Hence, m > n. Further,
Ax = 0 for every x ∈ R1. In particular, the equation Ax = 0 has a nontrivial
solution.

(c) False. Let A be a matrix such that Ax = 0 has only the trivial solution.
Given b ∈ Rn, there are two possibilities. Either Ax = b has no solutions or
Ax = b has at at least one solution. If Ax = b has at least one solutions,
pick a solution and call it p, the particular solution. Then we know that every
solution to Ax = b can be written as x = x0 + p where x0 is a solution to the
homogeneous equation Ax = 0. But, we assumed that Ax = 0 has only the
trivial solution x0 = 0. Therefore, the only solution to the equation Ax = b is
x = 0 + p = p. We conclude that the equation Ax = b has either no solutions
or a unique solution. Either way, it is not possible for the equation Ax = b to
have in�nitely many solutions.

(d) False. We can multiply a matrix B by a matrix C if, and only if the number
of columns in the matrix B is the same as the number of rows in the matrix
C. If A is an m × n matrix, then AT is an n ×m matrix since the transpose
operation interchanges the rows and columns of the matrix A. In particular,
n is the number of columns of the matrix A as well as the number of rows of
the matrix AT . Therefore, AAT is well-de�ned. Similarly, m is the number of
columns of the matrix AT and the number of rows of the matrix A. Hence, ATA
is well-de�ned. We conclude that AAT and ATA are well-de�ned regardless of
the dimensions of the matrix A. In particular, A need not be square.

Remark. Students needed to give complete and careful arguments to receive full
credit for each problem; few points were given for a correct true/false answer with-
out adequate justi�cation. For instance, in part (b), it was not enough to give a
conceptual explanation as to why a counterexample should exist. One must write
down an explicit counterexample (both the matrix A and the nonzero vector x).
Points were deducted for using key terms incorrectly. For instance, it does not
make sense to say that a matrix �A is independent�. Rather one must say that
the columns of A are independent. Similarly, it does not make sense to say that
a matrix �A is one-to-one�. Rather one must state that the linear transformation
x 7→ Ax is one-to-one.

Problem 5. Let A be the 4× 4 matrix
0 1 4π e−8

6 11
√
87 −0.345

0 0 0 90
0 0 17 63


Is A invertible? If so, explain how you know this. If not, explain why not.
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Solution. Swapping rows one and two then swapping rows three and four produces
the matrix 

6 11
√
87 −0.345

0 1 4π e−8

0 0 17 63
0 0 0 90


This matrix is in row echelon form, and each diagonal entry is a pivot. It follows
that one can use the pivots to zero out all of the entries above the diagonal via
elementary row operations. In other words, the reduced row echelon form of A will
be the 4 × 4 identity matrix. The invertible matrix theorem states that a square
matrix is invertible if and only if it is row equivalent to the identity matrix, so A
is invertible.

Remark. In order to get full credit, a solution had to identify the row echelon form
of A, and use one of the criteria of the invertible matrix theorem. The criterion
�pivot in every row� and the criterion �pivot in every column� do not imply that
the matrix is square, so if using one of these criteria the solution had to explicitly
observe that the matrix was square to get full credit.

Problem 6. Let T : Rn → Rm be a linear transformation which is one-to-one, and
let {v1,v2,v3} be a linearly independent set of vectors in Rn. Is it true that the
vectors T (v1),T (v2), and T (v3) are linearly independent? If so, justify. If not, �nd
a counterexample.

Solution. Suppose that c1T (v1) + c2T (v2) + c3T (v3) = 0. Then by the linearity
of T ,

c1T (v1)+c2T (v2)+c3T (v3) = T (c1v1)+T (c2v2)+T (c3v3) = T (c1v1+c2v2+c3v3)

So by above T (c1v1 + c2v2 + c3v3) = 0. Then by the linearity of T, T (0) = 0.
So since T is one-to-one it has a unique solution for T (x) = 0, namely 0. Thus by
above:

c1v1 + c2v2 + c3v3 = 0

Then since {v1,v2,v3} is linearly independent, c1v1+c2v2+c3v3 = 0 implies that
c1 = c2 = c2 = c3 = 0. Thus by the de�nition of linear independence, T (v1),T (v2),
and T (v3) are linearly independent.

Remark. To get full credit students needed to give a proof that used the fact that
the vectors were independent, the transformation is linear and the transformation
was one-to-one. It was not enough to show that c1T (v1) + c2T (v2) + c3T (v3) ==
T (c1v1 + c2v2 + c3v3), without showing that T (c1v1 + c2v2 + c3v3) = 0 implied
that c1v1 + c2v2 + c3v3 = 0 using the fact that T is one-to-one. It was also not
enough to simply state that one-to-one transformations send linearly independent
sets, to linearly independent sets without more justi�cation. Students also need to
show the statement for all linear transformation that were one-to-one (and all sets
of linearly independent vectors) not just one speci�c example.


