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INSTRUCTIONS

• This test has 6 problems on 6 pages, worth a total of
100 points. Check if you have all 6 pages with ques-
tions.

• If you need more space than you are given under a
question, write on the back side of the preceding sheet,
but be sure to label your work clearly and point out
where your final answer to each question is. You also
have a 2-sided page for scratchwork at the end.

• No books or electronic devices allowed. You are allowed
a 2-sided letter size paper of notes.

• Please show all your work and justify your an-
swers.
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1. (10+5+5 points) Consider the matrix A =

 2 1 1
1 2 1
1 1 2

. Eigenvalues of A are 1, 1, 4.

(1). Orthogonally diagonalize the matrix A.

(2). Does there exist a unit vector x in R3 such that xT Ax = 0? Does there exist a
unit vector x in R3 such that xT Ax = 6? If yes, find the vector. If no, explain the
reason.

(3). Suppose
√

A is also symmetric, compute
√

A.

Hint: Consider the orthogonal diagonalization of
√

A, then compute its square, and
compare with the orthogonal diagonalization of A.
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2. (10+5+5 points)

(1). Solve the initial value problem x′(t) = Ax(t) with initial value x(0) =

[
1
1

]
,

where A =

[
2 −3
2 −5

]
.

(2). Sketch the trajectory of the solution.

(3). What is the shape of the set {x ∈ R2 : xT Ax = 1}? Sketch its graph.
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3. (5+5 points) Let T : Rn → Rn be a length preserving linear transformation; that is,
‖T (x)‖ = ‖x‖ for all x ∈ Rn.

(1). Show that T also preserved orthogonality; i.e., T (x) ·T (y) = x ·y for all x, y ∈ Rn..

Hint: consider the length square of T (x + y).

(2). Show that the standard matrix of T is an orthogonal matrix, i.e., its columns
form an orthonormal set.
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4. (10 points) Find the least-square line y = ax + b that best fits the following four data
points

(1, 0), (2, 1), (4, 2), (5, 3).
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5. (5+5+5+5 points) Let W be a subspace of R3 with an orthonormal basis {u, v}.
Define a transformation T : R3 → R3 by T (x) = x− 2(x · u)u− 2(x · v)v.

(1). Show that T is a linear transformation.

(2). Show that T (x) = x if x ⊥ W , and T (x) = −x if x ∈ W .

(3). A number λ is said to be an eigenvalue of T , if there exists a vector x ∈ R3 such
that T (x) = λx. Find eigenvalues of T .

Hint: Apply part (b) and fundamental theorem of algebra (any polynomial of order n
has exactly n (complex) roots).

(4). Show that T 2 = I, the identity transformation, i.e., T (T (x)) = x for all x ∈ R3.

Hint: Consider orthogonal decomposition of x, and apply part (b).
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6. (5+5+5+5 points) For each of the following statements say if it is true of false; give
reasons if it is true, and a counterexample if it is false.

(1). The following function defines an inner product on the vector space C1[0, 1],

〈f, g〉 =

∫ 1

0

[f(x)g(x) + f ′(x)g′(x)]dx

(2). For any two vectors x, y ∈ Rn,

‖x + y‖2 + ‖x− y‖2 = 2‖x‖2 + 2‖y‖2.

(3). Let U be an n× n orthogonal matrix, then any real eigenvalue of U must be 1.

(4). If two symmetric matrices A, B ∈ Mn×n are both positive definite, then A + B
is also positive definite.

6



This page is for scratch work; it will not be graded unless you point us here from the page
where the question was posed.
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