
MATH 4140 “Honors Introduction to Analysis II”

Spring 2017

Malott Hall 207
Tuesday/Thursday 2:55–4:10

Professor: Robert Strichartz

• Office: 563 Malott, Office Hours: Mon 10:30 – 11:30, Wed 10:30 – 11:30
If the weather is nice, office hours may be held in the flower garden between the AD White
House and the Big Red Barn.

• E-mail: str@math.cornell.edu

• Office Phone: 255-3509

T.A.: Kelsey Houston-Edwards

• Office Hours: Mon 1:15 – 2:15, 5:00 – 6:00 in Malott 218

• E-mail: kah282@cornell.edu

Text: R. Strichartz, The Way of Analysis, revised edition (2000)
WARNING: DO NOT BUY THE FIRST EDITION. SOME PROBLEMS HAVE BEEN
CHANGED.

Interview: Please come for a short interview during the first week. There will be a sign-up
sheet at the first class.

Course description:

This course is a continuation of Math 4130 (Chapters 1-8 of the text). It is expected that
students remember the material. This course will cover Chapter 9 - 15. Topics include Euclidean
spaces and more generally metric spaces, differential calculus in Euclidean space, ordinary
differential equations, Fourier series, implicit functions, curves and surfaces, and Lebesgue
integration theory in one and several variables. The emphasis will be on rigorous proofs.

Grading and Exams:

• Class participation (25%)

• Written homework - weekly assignments due in class on Tuesdays (25%)

• Midterm (closed book) - in class March 21 (20%)

• Final exam (closed book) - to be scheduled (30%)

”A Cornell student’s submission of work for academic credit indicates that the work is the
student’s own. All outside assistance should be acknowledged, and the student’s academic
position truthfully reported at all times” ... Cornell University Code of Academic Integrity.
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How the course will work:

For each class there will an assigned reading from the text and a set of discussion questions. You
will do the reading and think about the questions before the class. Most of the class time will be
devoted to discussing the questions. We will also discuss questions that you bring up, and may
go over some homework problems. It is expected that everyone will participate in the discussion.
Approximately 25% of your grade will be based on your enthusiastic participation.

The goal is to get each student to understand the material through a learning process that is
messy, challenging, individualized, frightening, thrilling and ultimately transcendental.

Homework:

You are allowed to work together with other students on HW, provided you write up the
solutions on your own. Please write the names of the students you worked with on the top of
your HW paper.
WARNING: numbers listed below are for the 2nd edition of the textbook. If you
have older edition, please, check if you are doing the right problems. A copy of the
2nd edition of the textbook is available in the Malott library.

Due date Problems

HW1 February 7 9.1.4 - 3,4,5,10,14,15
9.2.5 - 2,4,5,11,14,16

HW2 February 14 9.3.7 - 1,3,6,12,14,17,19,26,27,32
10.1.5 - 2,4

HW3 February 28 10.1.5 - 7,10,11,15, 19
10.2.4 - 2,4,12,16
11.1.6 - 2, 4,5

HW4 March 7 11.1.6 - 6,7,8
11.2.4 - 1,2,3,4,7
11.3.4 - 1,2,3

HW5 March 14 11.3.4 -4,5,7
12.1.4 - 1,2,4,6,14,20
12.2.6 - 2,3,4

HW6 March 28 12.2.6 - 6,7,10,12
13.1.3 - 4,5,6

HW7 April 11 13.2.5 - 1,2,3,10
13.3.3 - 4,7
13.4.4 - 2

HW8 April 18 13.4.4 - 7,8,11,12
14.1.7 - 2,3,5,7,9,14

HW9 April 25 14.1.7 -16
14.2.4 - 2,3,4,5,7
14.3.5 - 2,3,4,7,8,9

HW10 May 2 14.3.5 - 14,15,16
14.4.4 - 1,3,6,7,8,10

HW11 May 9 15.1.4 - 2,4,5,6,7,10
15.2.5 - 1,2,4,5
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Daily readings and questions:

January 31

Read 9.1

Discussion questions:

1. What are the two ways that scalar multiplication distributes over addition? Are they
equivalent?

2. Is a subset of a metric space with the same distance function also a metric space? Is a
subspace of a normed vector space with the same norm also a normed vector space?

3. Why is there no associative law for the dot product?

4. What role does “scaling” play in the proof of the Cauchy-Schwartz inequality?

5. What does the Cauchy-Schwartz inequality say explicitly for the inner product on C([a, b])?

6. In an inner product space, when is the triangle inequality actually an equality?

7. The Hermitian linearity involves two identities. Does one of them imply the other if you
have Hermitian symmetry?

8. If x and y are nonzero vectors in Rn, what is the relationship between the angle between x
and y and (a) the angle between x and −y, and (b) the angle between y and x?
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February 2

Read 9.2

Discussion questions:

1. Why does it make sense to say that the empty set is open?

2. Is the interior of a set necessarily an open set? Is the interior necessarily nonempty?

3. In what sense are there two different versions of the Heine-Borel property? Why are they
equivalent? How does Theorem 9.2.1 play a role in showing the equivalence?

4. If a space has a countable dense subset, does it follow that the space is compact?

5. Why is a closed set the same as the complement of an open set?

6. Why is the Cauchy criterion for a sequence {fn} in the sup-norm metric the same as the
uniform Cauchy criterion?
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February 7

Read 9.3.1, 9.3.2, 9.3.3, 9.3.4

Discussion questions:

1. Suppose M is a subset of R and f : M → N is continuous. Can you give an example where
B is an open set in N and f−1(B) is not open in R (but by 3. on p.387 it must be open in
M).

2. Why is the function descried on the bottom of p. 390 separately continuous?

3. In the proof of Theorem 9.3.2, why do we start out with an open covering? Is it a
countable open covering?

4. Is the image of a closed set under a continuous function necessarily closed?

5. Can a connected set in Euclidean space nevertheless have “holes”?

6. In Theorem 9.3.6, what could you say if f is not onto?

7. Does M have to be bounded in order to have the Contractive Mapping Principle hold?

8. If r < 1 is close to 1, at what rate does the limit converge in the proof of the Contractive
Mapping Principle?
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February 9

Read 9.3.5, 9.3.6, 10.1.1

Discussion questions:

1. Why are the formulas for max(g1, g2) and min(g1, g2) at the beginning of the proof of
Lemma 9.3.1 true?

2. How is the Heine-Borel Theorem used in the proof of the Stone-Weiesstrass Theorem?

3. Would the statement of Lemma 9.3.2 still be valid if we did not assume yn ≤ x0 ≤ xn?

4. In Bolzano’s function, why does fn(x) not change at x = k
3m

once n ≥ m?

5. If we take the partial sums up to k = m of the infinite series for x(t) and y(t) on p.408, do
we get piecewise linear functions? What points do these pass through when t = .t1t2...tm
with tk = 1, 3, 5 or 7? Can you sketch the graphs in the cases m = 1 and m = 2?

6. What is the interpretation of the rows of the differential matrix?

7. How do you verify the last sentence in Section 10.1.1?
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February 14

Read 10.1.2, 10.1.3, 10.1.4

Discussion questions:

1. In what sense is duf(y) linear in u? Why does this tell you that it is foolish to insist that u
be a unit vector?

2. If partial derivatives are continuous, what does Theorem 10.1.2 tell you about directional
derivatives?

3. In the proof of Theorem 10.1.3, why is it necessary to treat the remainder R2 in a more
complicated way than the R1 term?

4. Can you explain how partial derivative notation is incomplete? It tells you what to vary
but not what to hold fixed.

5. In Theorem 10.1.4, why does y have to be in the interior of D?

6. In Lemma 10.1.1, does the proof of part b. depend on part a.?
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February 16

10.2

Discussion questions:

1. To prove the commutativity of partial differential operators we use the commutativity of
different operators (in different directions). Why do we have to use the one-dimensional
mean value theorem twice in order to pass to the limit? Why do we need continuity of the
second partial derivatives?

2. How is the proof of Theorem 10.2.1 analogous to the proof of Theorem 10.1.2?

3. If the matrix A is not symmetric, can you replace it by a symmetric matrix without
changing the quadratic form?

4. In what way is Theorem 10.2.2 similar to the second derivative test in one-variable
calculus? In what way is the proof more complicated?

5. If x is an eigenvector for a symmetric matrix A, what is its eigenvalue?

6. In the proof of Lemma 10.2.3, how do we obtain the formula shown for differentiating the
induction hypothesis?

7. Why does the Lagrange remainder formula not imply Taylor’s Theorem?
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February 23

Read 11.1.1, 11.1.2, 11.1.3

Discussion questions:

1. How does the integral equation in Lemma 11.1.1 give you both the ODE and the initial
condition?

2. In what sense is the contractive mapping property on p.469 really a Lipschitz condition?

3. What is the relationship between the Lipschitz constant M and the size of the interval J in
Lemma 11.1.2? Why do you nevertheless get global existence in Theorem 11.1.1.?

4. What allows you to patch together solutions in overlapping intervals in the proof of
Theorem 11.1.1?

5. In the perturbation series on p.474-475, what makes it plausible that A is small relative to
D?

6. Can the continuation of a solution of a linear ODE exist on an interval where the
perturbation series diverges?

7. Can you derive the differential equation formally by differentiating the perturbation series
term by term?
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February 28

Read 11.1.4, 11.1.5, 11.2.1

Discussion questions:

1. In what why does Lemma 11.1.3 play the same role in the proof of Theorem 11.1.2 as
Lemma 11.1.2 plays in the proof of Theorem 11.1.1? In particular, what is the role of
Minkowski’s inequality and the contractive mapping principle?

2. The statement on p.480 that the solution exists until it becomes unbounded rules out what
kind of behavior?

3. When you reduce a higher order system of ODEs to a first order system, what does the
first order system look like?

4. Where does r(s) come from on the last line of p.489, and why does it disappear in the first
equation of p.490?

5. What are the two sources of error in Euler’s method? Why might errors compound?

6. For the simple ODE x′(t) = φ(x), what does Euler’s method yield in terms of numerical
integration?
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March 2

Read 11.2.2, 11.2.3, 11.3.1

Discussion questions:

1. What region in Figure 11.2.3 traps the solution and all Euler approximations? Why is this
so?

2. In the proof of the Peano Existence Theorem, we need to verify the uniform equicontinuity
hypothesis of the Arzela-Ascoli Theorem. In what sense is this verification actually a
Lipschitz condition with a uniform bound on the Lipschitz constant?

3. In using power series to solve the ODE on p.494, how do we obtain the formula (?) on
p.496 for the coefficients of the power series?

4. How is the majorant Lemma 11.2.1 used in the proof of Theorem 11.2.3? In particular,
how are you able to show both that specific majorants exist, and that you can explicitly
solve the majorant ODE to conclude that it has convergent power series solutions without
computing the coefficients of the power series explicitly?

5. Which of the first order ODEs x′(t) = G(t, x(t)) are autonomous (which kind of functions
G)?

6. In addition to the geometric shape of the integral curves, what additional information do
you need to know about these curves to understand the flow? What are the arrows in
Figure 11.3.2 telling you?
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March 7

Read 11.3.2, 11.3.3, 12.1.1, 12.1.2

Discussion questions:

1. How does the second displayed equation on p.506 follow from the Hamilton-Jacobi
equations?

2. How do the last two displayed equations on the bottom of p.506 follow from the
Hamilton-Jacobi equations?

3. The reduction of the PDE (?) to the ODEs on p.507 leads to what kind of side conditions
to determine a particular solution?

4. Why was it crucial to have the formula for the coefficients ak on p.519 to obtain
“empirical” evidence for the convergence of Fourier sine series?

5. Why is the linearity of the vibrating string equation on p.515 crucial for passing from the
special solutions on the top of p.517 to the infinite series solution in the middle of p.517?
Same question for the heat equation.

6. How does integration by parts allow you to establish the orthogonality of the function
{sin kπ

L
x} without directly evaluating antiderivatives?

7. How do the boundary conditions reduce the possible eigenfunctions sin tx for any real value
t to just a countable collection of t values?

8. How would the convergence of the full Fourier series on p.524 imply the convergence of
Fourier sine and cosine series separately?
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March 9

Read 12.1.3, 12.2.1, 12.2.2

Discussion questions:

1. In what sense do the functions sin πk
L
x and cos πk

L
x “behave more simply under

translation”?

2. Why is the displayed equation on p.534 valid?

3. If f is C2 on the interval [−π, π], what conditions at the endpoints are needed to extend f
to a C2 functions on R that is periodic of period 2π?

4. Comparing Theorem 12.2.1 and Theorem 12.2.2, we are in the situation “assume more and
get more.” Explain this precisely.

5. In the proof of Theorem 12.2.2 we make the choice δ = (N + 1
2
)−1/2 on p.537. Why do you

think this is a nearly optimal choice?

6. What is KN(0)?

7. How does the estimate at the top of p.542 imply property 3 on p.541, and how is this used
in the proof of Fejer’s Theorem?
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March 14

Read 12.2.3, 12.2.4

Discussion questions:

1. What does the projection theorem (Theorem 12.2.4) say in the case that W is equal to the
whole space V ?

2. Where does the second displayed equation in Corollary 12.2.1 come from?

3. Can you give a precise statement relating the smoothness of a function (number of
continuous derivatives) and the rate of decay of its Fourier coefficients?

4. What are the two essential conditions on building blocks Qn,m?

5. How do you find the maximum value of
∫ x
0
Dn(t) dt?

6. In the overshoot of Sng around 0 shown in Figure 12.2.7, we are looking at
Sng(tn)− Sng(−tn) for tn near 0. What is the exact value of tn that we are taking?
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March 16

Read 12.2.5, 13.1.1

Discussion questions:

1. If u(x, t) is a periodic solution of the heat equation, how smooth does u have to be in the
region t > 0? Does the solution make sense in the region t < 0?

2. Why should you expect that the solution of the heat equation in terms of the initial
conditions (t = 0) on the middle of p.558 is given by a convolution? How is this related to
the solution in the middle of p.557?

3. In what sense is the Implicit Function Theorem a “local” theorem? Why is it impossible to
have a “global” result?

4. Why is it useful to allow an arbitrary vector c in the Implicit Function Theorem rather
than insist that c = 0?

5. In the matrix equation for df(x, y) in the first displayed equation on p.572, what size
matrices are I, 0, Fx and Fy?
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March 23

Read 13.1.2, 13.2.1

Discussion questions:

1. What types of solutions to f(x) = 0 will not work well with Newton’s method?

2. In the proof of the Implicit Function Theorem, how does the linear approximation depend
on x?

3. In the proof of the Implicit Function Theorem, to which mapping do we apply the
Contractive Mapping Theorem?

4. In the existence and uniqueness for the exact ODE on p.580, why can’t you just apply the
local existence and uniqueness for general ODEs?

5. To describe implicitly a k-dimensional object in Rn, how many equations do you expect to
need?

6. Why is a graph of a function description a special case of a parametric description? What
are the parameters?

7. In which of the three types of descriptions is the function uniquely determined?
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March 28

Read 13.2.2, 13.2.3

Discussion questions:

1. In definitely an embedding, why do we require that g−1 be continuous?

2. If g : U → Rn is an immersion, can you restrict g to an open set V ⊆ U to obtain an
embedding?

3. In Theorem 13.2.1, how does the matrix dg(y) tell us which variables are allowable as the
independent variables in the local graph of a function representation of the surface?

4. What are the two equivalent definitions of tangent space to a surface?

5. How would you define what is meant by a C1 map from one surface Mn to another surface
M ′

n?
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March 30

Read 13.2.4, 13.3, 13.4.1

Discussion questions:

1. If you are given a level set F (x) = c description of a surface (as in Theorem 13.2.2) how
does dF help you decide which variables are the independent variables in a local
graph-of-functions description of the surface?

2. In what way does an implicit description of a surface yield an implicit description of the
tangent space?

3. In using the Lagrange multiplier method, what equation do you obtain from the vanishing
of the λ derivatives? How do the x derivatives depend on λ?

4. What role does the value of λ play in the location of the critical points in the Lagrange
multiplier method? What about in the second derivative test?

5. In the definition of the length of a continuous curve, can you interpret the sum of
|g(tj+1)− g(tj)| entirely in terms of sequences of points on the curve without involving a
parametrization of the curve?

6. Why does adding in the points in Q to a sequence of partitions Pk make L(Pk)−L(Q∪ Pk)
go to 0 as k →∞?

7. In the displayed equation on the bottom of p.613, why do we begin with an inequality and
then have an equality?
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April 11

Read 13.4.2, 13.4.3, 14.1.1, 14.1.2

Discussion questions:

1. How does the approximation of the integral of |g′(t)| by Cauchy sums lead to the
approximation of the arc length by the length of piecewise linear curves?

2. Why is the radius of curvature equal to the reciprocal of the length of the principle
normal? What is going on in cases when the principle normal is the zero vector?

3. Why is the finiteness of Σ|an|2 a weaker condition than the finiteness of Σ|an|?

4. Does
∫ 1

0
x2 sin 1

x
dx exist as a Riemann integral?

5. In the proof of Lemma 14.1.1, what property of the factors 2−j are we using?

6. Do the intervals {Ij} in Corollary 14.1.1 have to be disjoint?
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April 13

Read 14.1.3, 14.1.4, 14.1.5

Discussion questions:

1. Can you draw a Venn diagram for the “continuity from below” property on p.635?

2. Is “continuity from below” still valid if some of the sets have infinite measure?

3. If B is a compact set, would we get the same value of |B| if we only considered finite
coverings in the displayed definition on p.637?

4. If B is an interval, does the definition on p.637 give the correct measure? Why?

5. Is it obvious that the measure of an interval doesn’t change if you either include or exclude
the endpoints?

6. The measures of Borel sets are determined by measures of open sets. They are also
determined by measures of all Gδ sets. How are these statements different?

7. Is an open set necessarily also a Gδ set?

8. Does the Cantor set have Lebesgue measure zero?
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April 18

Read 14.1.6, 14.2

Discussion questions:

1. If X is an open subset of a line and µ(A) is defined as the Lebesgue measure of A for any
Lebesgue measurable set A with A ⊆ X, is it obvious that µ is a measure on X?

2. What is an easy example of a measure that assigns positive values to finite sets?

3. In Definition 14.2.1 of the splitting condition, which set is being split and which set is
doing the splitting?

4. Why is Theorem 14.2.1 by itself not very significant?

5. Why is condition of sets being separated a stronger condition than being disjoint?

6. Why do we need to handle the sums of µ(Rj) separately from even j and odd j in Theorem
14.2.2?

7. Can we figure out the Hausdorff dimension of a set A in R by computing µα(A) for just a
single value of α?

8. In definition 14.2.3, why do we need to first add the conditions |Ij| ≤ ε and then take the
limit as ε→ 0?

21



April 20

Read 14.3.1, 14.3.2

Discussion questions:

1. Why is the sequence of simple functions approximating f constructed on p.659 monotone
increasing? What property of the partitions Pn is responsible for this?

2. Can you think of an example for which every L(f, Pn) is finite but the integral is +∞?

3. What does the monotone convergence theorem say if all the functions fn are characteristic
functions of measurable sets?

4. Is part c. of Theorem 14.3.3 a special case of part a.?

5. How would you prove part b. of Theorem 14.3.3?

6. What do the examples 1. and 2. on p.660 show you about Fatou’s theorem?
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April 25

Read 14.3.3, 14.3.4

Discussion questions:

1. Why is it not true that (f + g)+ = f+ + g+? Why doesn’t it matter?

2. In the Dominated Convergence Theorem, is there a smallest function g that might serve as
a dominator? Why do we want to allow other choices for g?

3. What does the Dominated Convergence Theorem say if the measure is counting measure?

4. For counting measure, what is the meaning of f = g a.e.?

5. If f = g a.e. and f is bounded, does g have to be bounded?

6. If g is a dominator in the Dominated Convergence Theorem, does g have to be bounded?
Does g have to be equivalent to a bounded function?

7. If f = g a.e. and f is Riemann integrable, does g have to be Riemann integrable? Does it
have to be Lebesgue integrable?
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April 27

Read 14.4

Discussion questions:

1. Find the typo in the second paragraph on p.671.

2. In the proof of Theorem 14.4.1, what is the complement of En? What is the complement of
∩nEn?

3. Why do we need both the monotone convergence theorem and the dominated convergence
theorem in the proof of Theorem 14.4.1?

4. In the proof of the Cauchy-Schwarz inequality, what are we implicitly assuming about the
sets {Ak}?

5. How do you prove the L2 Chebyshev inequality?

6. In what way is the Parseval identity an infinite dimensional version of the Pythagorean
Theorem?

7. Could you improve Theorem 14.4.5 to make the approximating functions fn be C1? Or
even Ck?

8. Find the typo in the statement of Theorem 14.4.7.

9. In the proof of Theorem 14.4.7, when we apply the monotone convergence theorem, what is
the measure that we are using?
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May 2

Read 15.1.1, 15.1.2

Discussion questions:

1. Why does the sum S(f, P ) differ from the double integral by at most ε · area(R) on p.692?

2. What is the difference between “measure zero” and “content zero”?

3. If we were to extend the proof on p.695 of the equality of double integrals and iterated
integrals to characteristic functions on n variables χA(x1, x2, ..., xn) how many times would
we apply the monotone convergence theorem?

4. In what ways can the iterated integral
∫

(
∫
f(x, y) dx) dy for a nonnegative measurable

function f be equal to +∞?

5. Why are the second and third versions of Fubini’s so easy to deduce from the first version?
Why is the third version so useful?

6. Why does the L1 convolution theorem (Theorem 15.1.4) proof require looking at one of the
two iterated integrals?

7. Does f ∗ g = g ∗ f if f and g are just assumed to be in L1?
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May 4

Read 15.1.3, 15.2.1, 15.2.2

Discussion questions:

1. In the proof of Theorem 15.1.1, why can we replace any countable union by a countable
increasing union, and how does that use the field properties of M1?

2. What is the correct displayed equations in the proof of Lemma 15.1.2?

3. What is a simple example of a measure that is not σ-finite?

4. Why does the Hahn uniqueness theorem (Theorem 15.1.5) give another proof of the
uniqueness of Lebesgue measure?

5. How do properties of determinants imply Theorem 15.2.1?

6. What happens in Theorem 15.2.2 if det(dg(x)) is negative? What happens when it changes
sign?
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May 9

Read 15.2.3, 15.2.4

Discussion questions:

1. What do the polar coordinates computations in section 15.2.3 say explicitly when n = 3?

2. Why is the image of the measure ν under the mapping g defined to be ν ◦ g−1?

3. Why is
∫
Y
f d(ν ◦ g−1) =

∫
X
f ◦ g dν?

4. In Sard’s Theorem 1.2.4, is it necessarily true that C has Lebesgue measure zero?
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