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Geometry Strikes Again 

BRANKO GRUNBAUM 

University of Washinigton 

Seattle, WA 98195 

Last Sunday I was leisurely reading the May 1984 issue of MATHEMATICS MAGAZINE. Coming 
to the "Philatelists take note" item (on page 187) about the stamp issued by East Germany to 
mark the bicentennial of Euler's death, I remembered that the same stamp was used on a recent 
request for reprints I received from East Germany. So I retrieved that postcard and washed off the 
stamp. It turned out that I was lucky, and the stamp was much less marred by cancellation marks 
than the one reproduced in MATHEMATICS MAGAZINE. Contemplating the stamp I noticed that the 
drawing of the regular icosahedron shown in it (and I have no doubt that it was meant to show a 
regular icosahedron) is wrong. This is not a question of which kind of perspective or projection 
was used, it is just a logical error (repeated twice): if three of the five vertices of a plane pentagon 
project into one line, then the other two vertices must project into the same line. In FIGURE 1 the 
offending drawing is enlarged and the misaligned vertices are easily picked out. Recalling how 
highly precision draftsmanship used to be valued in European education, I could not help 
snickering at the low level to which the East Germans have fallen. Full of condescension I closed 
my issue of the MAGAZINE. 

But the heavier outer cover of the issue opened by itself, and revealed to my horrified and 
unbelieving eyes another fallacious rendition of the regular icosahedron, in the upper left corner of 
the title page, IN THE LOGO OF THE MATHEMATICAL ASSOCIATION OF AMERICA!!! 
Under any reasonable projection, parallel segments either remain parallel or lie on concurrent 
lines-but in the logo three easily discernible pairs (see FIGURE 2) of such segments do neither. 
Quickly grabbing the recent issue of "Focus," and then the last issue of the Monthly, I saw that 
the drawing in the MAGAZINE is no isolated distortion. The official symbol of the Association, 
appearing on all its publications, proclaims louder than words that we have eyes and look but do 
not see, that those who shouted "Down with Euclid" achieved their goal much faster and much 
more thoroughly than they had any right to expect-that good old Geometry is dead! Thumbing 
through back issues of the Monthly, the time of death can be determined with precision. The 
previous logo was discarded after the December 1971 issue, and the defective new one has been 

FIGURE 1. An enlarged view of the East German stamp commemorating the bicentennial of the death of Leonhard 
Euler. Note the two regular pentagons which are seen "edge on," each of which shows two vertices not lying in the 
plane determined by its other three vertices. 
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FIGuRE 2. (a) The emblem of the Mathematical Association of America, from the title page of the May 1984 issue of 
MATHEMATICS MAGAZINE. (b) The icosahedron from (a) with three lines determined by it; the lines should be 
parallel to each other (if parallel projection is used), or concurrent at one point (if the projection is central). 

gracing the Monthly since January 1972. (Possibly this can help in determining who was 
responsible for the foul deed-it certainly does not seem to me that the departure of the old dear 
was through natural causes, or accidental.) 

Since revival seems impossible, at this stage I decided to try to extract at least a measure of 
revenge by writing this short note, and illustrating it with some of the gruesome pictures which I 
have collected over the last few years. They document, better than thousands of words could, the 
low level of common knowledge of Geometry and the lack of commonsense feeling for graphical 
rendition of spatial figures. In contrast to the examples given above-in which the lack of 
accuracy could be blamed on the graphic artist, who might have "corrected for better artistic 
effect" the original sketches-in the illustrations that follow the responsibility for the grotesque 
must squarely rest on the authors. 

Since (for the uninitiated) looking at icosahedra can become tedious after the first few dozen, 
let me show here just two from my rich harvest of juicy "plums" (see FIGURE 3). From looking at 
the representations of icosahedra in various books one could easily conjecture a metatheorem to 
the effect that "regular icosahedra cannot be drawn correctly"; however, that conjecture is readily 
disproved (see p. 15). The truly frightening aspect of the situation is not that icosahedra are often 
grossly misrepresented and that hardly anybody notices, but that such fallacious images pervade 
our books-even those texts that are in other respects quite good. This goes for materials meant 
for elementary or high schools and their teachers, as much as for those intended for college 
students, research, or the general public (FIGURE 4)-and the number of examples could be 
increased almost indefinitely. I would like to stress that I have not been spending my time looking 
for errors, but just tried (with only partial success) to remember those that I encounter and notice. 

(a) (b) 

FIGURE 3. The icosahedra from (a) Mueller 1101, page 257, and (b) Firby & Gardiner [51, page 84. As in FIGURE 2, the 
lines outside the icosahedra should be either parallel, or else concurrent. 
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FIGupRE 4. (a) A cube, and the equilateral triangle determined by three of its vertices. In the drawing, the edges of the 
triangle which are supposed to be foreshortened are actually longer than the edge seen full size. From Jacobs 171, page 
85. (b) A view of the regular dodecahedron, from Young & Bush 1141, page 101. (c) The rhombicuboctahedron, from 
O'Daffer & Clemens [11], page 141. (d) Two prisms, from Peterson 1121, page 77. (e) The rhombicosidodecahedron, 
from Fejes T6th 141, page 111. (f) A graph derived from that of the regular dodecahedron, from Lovasz 181, page 434. 
(g) and (h) Two pseudo-rhombicuboctahedra, from Baglivo & Graver [1], page 74, and Martin [91, page 208. 
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Drawing a Regular Icosahedron 

In her comments on a first version of this note, Prof. Schattschneider suggested that I include a correct 

drawing of the regular icosahedron. While it is not hard to find quite accurate drawings in various books, very 
few of them divulge how this can be done. My favorite method (which can easily be applied in various 
projections) is based on the observation that the vertices of a regular icosahedron can be placed one on each 
edge of a regular octahedron so as to divide the edge in the golden ratio r:1, where X = (r5 + 1)/2 = 
1.618034.... Since projections of the regular octahedron are easily drawn, this gives a handy means of finding 
various representations of the icosahedron. (It also can be used as an illustration of the various "dry" theorems 
of linear algebra, providing very useful practice material-especially if turned into a program on a programma- 
ble calculator or a computer, and connected to a graphics display or plotter.) The following are several views of 
the regular icosahedron obtainable as orthogonal projections in different directions. Skew parallel projections 
(which are frequently used in mathematical and other texts) can also be obtained in this manner. But although 
they are useful in various situations and easily drawn, I believe that they are only a poor substitute for a 
properly executed orthogonal projection. 

Editor's note: The view of the icosahedron on our cover was obtainedfrom the orthogonalprojection shown in the 
lower right corner, below. The simple directions to an artist for drawing it are: draw a regular hexagon and then 
locate the three points (such as B) for which the ratio OB/OA equals T= 1.618.... 

/ ' /\ 

X~~~~~~~~~ AX 
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FIGURE 5. (a) The graph of a very smooth curve, from Gill 161, page 75. (b) Two ellipses, from Faber 131, pp. 84, 263. 

It may be worth mentioning that it is not just polyhedra which get such cavalier treatment 
(although it is easiest to detect there). From beginning calculus through foundations of geometry 
to linear algebra and beyond-our texts are full of pictures (see FIGURE 5) that should not have 
been permitted to see the light of the day and should be banned from U.S. mails. (Some of the 
effects are almost amusing; had it been created on purpose, the illustration in FIGURE 5(d) would 
deserve a place with the Penrose bolts and Escher's staircase.) 

Concerning a search for causes, I think that the pervasive phenomenon of such misleading 
illustrations can probably be best explained by assuming a conspiracy involving the adherents of 
axiomatics, and those who believe that geometry is only linear algebra clumsily done. They 
certainly have the motive-and now they can point to this little note and say: "See, even the 
dyed-in-the-wool geometers say you cannot rely on the pictures you see in books." 

Time is running out. Unless there is a strong general outcry against the continued visual abuse 
of the few remaining specimens, the endangered species Homo Geometricus will surely vanish. 
That will be the end of a long era, and YOU will all be poorer for it... But meanwhile-if you 
plan to write a book with abominable illustrations, or if you aim to outsmart us by having your 
next geometry text contain no drawings-watch out: we may be on our last legs, but we are still 
kicking and will try to continue exposing visual skulduggery. 

1 6 MATH EMATICS MAGAZINE 



(c) 

(d) 

t \ / ' F P = (_~~~~~21, 12,_ X, 

9 ~~~~~~~~~2x + T + IIZ= -5 

FIGURE 5. (c) A parallelogram 'n spanned by two vectors in 3-space, and its parallel projections on the coordinate 
planes, from Banchoff & Wermer 121, page 123. I used the solid dots to mark points which should be the vertices of a 
parallelogram. (d) The remarkable intersection of three unremarkable planes, from Shields [131, page 6. 
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