Math 4550 Homework # 6: Solutions
Problems due in class Friday, October 5: Read Section 3.2 in my book. Extra credit if you build
some interesting tensegrities.

1. Consider the following tensegrity, a baby toy, where the structure is completely symmetric,
in that there is a rotation or reflection taking it to itself that takes each vertex to any other
vertex and each cable to any other cable and each strut to each other strut. If you put
a coordinate system with the origin at the center of the tensegrity with axes parallel to the
struts, then the symmetries can be thought of as generated by rotations that permute the axis
directions. The blue and red members are cables, and yellow members are struts (including
the upper and lower ones in the dark). There is a max rank PSD equilibrium stress for this
tensegrity such that the stress on each cable (red and blue) is the same, and the stress in each
strut is the same.
Suppose that the length of each strut is 2, and let t be the distance of the upper strut
(darkened) from the plane of the two horizontal struts.

(a) What it the value of t when the tensegrity is in equilibrium? (Hint: look at the projection
into the (vertical) z-axis.)
Solution: t = 1/2. The projection into the z-axis is such that the strut projects to a
point, and in order for the cable stresses, which are all equal, to be in equilibrium, the
z value must be exactly half way between one and zero, namely 1/2.
(b) For that value of t, what is the distance between the two nearest nodes?
Solution: By the symmetry of the projection, the distance is 1.
(c) For that value of t, what is the ratio of the cable length over the strut length?
Solution: The coordinates of a triangle, are (1, 1/2, 0), (1/2, 0, 1), (0, 1, 1/2) obtained
by
p cyclicly permuting thepcoordinates about (1, 1, 1). So the length
p of any cable
√ is
2
2
2
(1/2) + (1/2) + 1 = 3/2. The strut length is 2, so the ratio is 3/2/2 = 6/4.
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2. Consider the hyperboloid H given by x2 + 2y 2 − z 2 = 1.
(a) Is H a ruled surface?
Solution: Yes. It√is the affine image of the x2 + y 2 − z 2 = 1 hyperboloid under the map
(x, y, z) → (x, y/ 2, z).
That is, are there straight lines on H?
Solution: Yes.
Can you find one?
Solution: Here are all of them, where s is the linear parameter:
x = cos θ0 ± s sin θ0 ,

√
y = (sin θ0 ∓ s cos θ0 )/ 2,
z = s.

It is easy to check that the line lies in H.
(b) Find a continuous flex that preserves the length of lines on H.
Solution: At time t you apply the affine (linear) function given by the matrix

√
1−t √ 0
0
1 − 2t √ 0 
At =  0
0
0
1 + t.
It is an exercise to use the equations for the lines above and this matrix to show that
lengths along those lines are preserved under this flex. Some wise guys said (correctly)
that a “trivial” rotation preserves all lengths. :(
(c) What is the minimum dimension of the image of those flexes that preserve lengths along
the straight lines?
Solution: Notice that the linear map At is well-defined only for −1 ≤ t ≤ 1, and at the
extremes t = −1 and t = 1 the rank of At is 2, and the image is 2-dimensional, while
the image is 3-dimensional in between.
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