DRINFELD MODULES WITH MAXIMAL GALOIS ACTION
DAVID ZYWINA

ABSTRACT. With a fixed prime power ¢ > 1, define the ring of polynomials A = F,[t] and
its fraction field F' = F,(¢). For each pair a = (a1, az2) € A% with as nonzero, let ¢(a): A —
F{7} be the Drinfeld A-module of rank 2 satisfying ¢ — ¢ + a17 + a272. The Galois action
on the torsion of ¢(a) gives rise to a Galois representation py(q): Gal(F*P/F) — GLy(A),
where A is the profinite completion of A. We show that the image of py(,) is large for
random a. More precisely, for all a € A? away from a set of density 0, we prove that the
index [GLQ(A\) ! Po(a)(Gal(FP/F))] divides ¢ — 1 when ¢ > 2 and divides 4 when ¢ = 2.
We also show that the representation pg(q) is surjective for a positive density set of a € A2,

1. INTRODUCTION

Throughout we fix a finite field F, with ¢ elements. Define the polynomial ring A = FF,[t]
and its fraction field F' = F (t).

1.1. Background. We now recall some notions concerning Drinfeld modules. For an in-
troduction see [Gos96, DH87,Dri74]. Let K be an A-field, i.e., a field K with a fixed ring
homomorphism ¢: A — K. Using ¢, we can view K as a field extension of [F,.

Let K{7} be the ring of skew polynomials over K, i.e., the ring of polynomials in the
indeterminate 7 with coefficients in K that satisfy the commutation rule 7¢ = 47 for all
c € K. We can identify K{r} with a subring of End(G, k) by identifying 7 with the
Frobenius map X — X9. Let 9y: K{7} — K be the ring homomorphism >, a,7" — ao.

A Drinfeld A-module over K is a ring homomorphism

¢ A— K{t}, a— ¢,
such that dyo ¢ = and ¢(A) € K. The characteristic of ¢ is the kernel pg of ¢; equivalently,
the kernel of 0y o ¢p: A — K. If py = (0), then we say that ¢ has generic characteristic and
we may use ¢ to view K as a field extension of F'. The Drinfeld module ¢ is determined by
¢y = >, ;7" where we have a; € K with a, # 0; the positive integer r is called the rank of

0.

Fix a separable closure K*? of K. The Drinfeld module ¢ endows K*® with an A-module
structure. More precisely, a - := ¢,(x) for a € A and x € KP where we are using our
identification of K{r} with a subring of End(G, ). We shall write °K*°P if we wish to
emphasize K*P with this particular A-module structure. For a nonzero ideal a of A, the
a-torsion of ¢ is the A-module

ola] = {x € ’K*®:a-x=0for alla € a} = {z € K*": ¢,(z) =0 for all a € a}.

Suppose that a is relatively prime to the characteristic po. Then ¢[a] is a free A/a-module
of rank r. The absolute Galois group Galy := Gal(K*P/K) acts on ¢[a] and respects the
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A-module structure. This action can be expressed in terms of a Galois representation
Pya: Galg — Aut(¢[a]) = GL,(A/a).

For the rest of the section, assume that ¢ has generic characteristic. By choosing bases
compatibly and taking the inverse limit, we obtain a single representation

-~

Po: GalK — GLT(A)

that encodes the Galois action on the torsion submodule of ?K®P, where A is the profinite
completion of A. The representation py is continuous when the groups are endowed with
their profinite topologies.

For a nonzero prime ideal A of A, let ps »: Galg — GL,(A,) be the representation obtained

-~

by composing p, with the quotient map GL,(A) — GL,(A,), where A, is the inverse limit
of the rings A/\" with ¢ > 1. The representation ps, encodes the Galois action on the
A-power torsion of ¢. We can identify ps with [], ps by using the natural isomorphism

~

GL,(A) =[], GL,(A)), where the product is over the nonzero prime ideals of A.

Pink and Riitsche [PR09a] have described the image of ps; up to commensurability when
K is finitely generated. For simplicity, we only state the version for which ¢ has no extra
endomorphisms. Recall that the ring Endz(¢) of endomorphisms is the centralizer of ¢(A)
in K{r}, where K D K*P is an algebraic closure of K.

Theorem 1.1 (Pink-Riitsche). Let ¢ be a Drinfeld A-module of rank r over a finitely gen-
erated field K. Assume that ¢ has generic characteristic and that Endg(¢) = ¢(A). Then

-~

ps(Galg) is an open subgroup of GL,(A). Equivalently, ps(Galk) has finite index in GL,(A).

Theorem 1.1, especially with » > 2, is a Drinfeld module analogue of Serre’s open image
theorem for non-CM elliptic curves, cf. [Ser72].

In this article, we are interested in producing Galois representations p, with largest possible
image. We shall focus our attention on the most immediate case which is r =2 and K = F..
We shall show that there are iAnﬁnitely many nonisomorphic Drinfeld modules ¢ over F' of
rank 2 with ps(Galp) = GLy(A).

1.2. Density. For a fixed integer n > 1, we will want to talk about properties holding for
“most” a € A™. To make this precise, we introduce the notion of density. For any subset
S C A™ and positive integer d, we let S(d) be the set of (ai,...,a,) € S with deg(a;) < d
for all 1 < ¢ < n. Define

< : 1S(d)] o [S(d)]
0(S) := limsup and  9(S) := liminf ;
(5) = B ) S T

these are the upper density and lower density of S, respectively. Note that |A™(d)| = g™+,
When §(S) = 4(5), we call the common value the density of S and denote it by §(S5). Of
course, 6(A™) = 1.

1.3. Main result. We shall always view I’ as an A-field via the inclusion A C F'. For each
pair a = (a1, as) € A? with ay # 0, let

¢la): A— F{g}, a— ¢(a)a



be the Drinfeld A-module over F' for which ¢(a); = t + a;7 + a»7>. The Drinfeld module
¢ has rank 2 and generic characteristic. Associated to ¢, we have a Galois representation
Po(a): Galp — GLQ(E) that is uniquely determined up to isomorphism.
We now define the following sets which consist of pairs a € A? for which pg(,) has especially
large image:
e Let S; be the set of a € A? with ay # 0 for which pg)(Galp) = GLy(A).

e When g # 2, let S, be the set of a € A% with ay # 0 for which Po(a)(Galp) 2 SLQ(IZ[)

-~

and [GLy(A) : py(a)(Galp)] divides ¢ — 1.
e When ¢ = 2, let S be the set of a € A? with ay # 0 for which py(,) (Galp) contains

-~ -~

the commutator subgroup of GLy(A) and [GLa(A) : pge)(Galp)] divides 4.
e Let S5 be the set of a € A? with as # 0 for which pya)2(Galp) = GLy(A,) for all

nonzero prime ideals \ of A.

Our main theorem shows that the sets Sy, Sy and S3 are large.

Theorem 1.2.

(i) There is a subset of Sy with positive density.
(ii) The set Sy has density 1.
(iii) The set Ss has density 1.

Loosely, Theorem 1.2(ii) says that for a “randomly chosen” a € A? the index of py(,)(Galp)

-~

in GLy(A) is finite and divides ¢ — 1 or 4 when ¢ # 2 or g = 2, respectively. Theorem 1.2(i)

-~

shows that py(q)(Galp) = GLy(A) holds for many a € A%

Remark 1.3.

(i) Assume q # 2. Take any (ay,as) € A? with ay monic and deg(az) = 1 (mod g — 1).
We have [A* : det(pg()(Galp))] = ¢ — 1 and hence [GLy(A) : pya)(Galp)] > ¢ — 1,
cf. Theorem 6.1. This shows that the set S; does not have density 1 and that the
integer ¢ — 1 occurring in the definition of S is optimal for Theorem 1.2(ii) to hold.

-~ -~

(ii) The commutator subgroup of GLy(A) is SLy(A) when ¢ # 2. A group theoretic
complication that arises when ¢ = 2 is that the commutator subgroup of GL, (ﬁ) is a
proper subgroup of SLQ(A\); in fact, it is a subgroup of index 4. This is the underlying
reason why definition of Sy is different when ¢ = 2.

(iii) Theorem 1.2(i) gives counterexamples to [Che22a, Theorem 4.4] which would imply
that S; = () when ¢ = 2. There seem to be issues when working with wildly ramified
quadratic extensions of F' in their proof. Also, Theorem 1.2(i) gives counterexamples

to [Che22a, Theorem 5.4] which would imply that S; has density 0 when ¢ = 3.

1.4. Explicit examples. For each prime power ¢ > 1, we also give an example of a rank 2
Drinfeld module whose Galois representation is surjective.

Theorem 1.4. Let ¢: A — F{r} be the Drinfeld module for which

4, = t+71—tr 12 if g # 2,
Tt B+ (24t 1) ifg=2.

~

Then py(Galp) = GLy(A).



1.5. Overview. We give a brief overview of the paper. Consider a Drinfeld module ¢: A —
F{r} of rank 2 with Endz(¢) = ¢(A).

In §2, we give a criterion that will allow us to show that a subgroup of GLy(A,) is equal
to the full group. In §3, we give a criterion that will allow us to show that a subgroup of
GLQ(A) contains the commutator subgroup of GLZ(A) We will try to apply these results

to the subgroup p,(Galp) of GLy(A A). Tt is these group theoretic results that motivate the
structure of the paper.

Galois representations for Drinfeld modules defined over local fields will be studied in §4.
This will be used in our proofs to understand the action of inertia subgroups on the torsion
of ¢ at primes for which our Drinfeld modules have semistable reduction. In particular, this
will give a way to construct subgroups of py ,(Galg) that we have some control over.

In §5, we recall that the representations p,, are compatible and give rise to Frobenius
polynomials. These polynomials have coefficients in A and are computable. In §6, we recall
a theorem of Gekeler that will give an explicit expression for the index of det(pys(Galp)) in
Ax.

An important step in showing that py has large image is to prove that the representations
Py Galp — GLy(Fy) are irreducible for all nonzero prime ideals A. In §7, we prove that
this holds for all but finitely many A and give an explicit bound on the norms of any possible
exceptions.

In §8, we prove a version of Hilbert’s irreducibility theorem. We use it to show that for a
fixed nonzero ideal a of A, we have py(q),a(Galp) = GLa(A/a) for all a € A away from a set
of density 0 (for future reference, we will give a version that holds for arbitrary rank r > 2).
The set of density 0 will depend on a, so Hilbert’s irreducibility theorem cannot be used by
itself to prove our main theorems.

In §9, we use all the above ingredients and some careful sieving to get information on the
image of py(q) for all a € A% away from a set of density 0. In particular, for all a € A? away
from a set of density 0, we show that pgs() (Galp) GL2(A,) for all nonzero prime ideals

A of A, and also show that pg,)(Galp) and GLQ(A) have the same commutator subgroup.
The proof of Theorem 1.2 in the case ¢ # 2 will then be quickly proved in §9.2.

Suppose that q=2. InA§1O, we give a condition on ¢ that ensures that the homomorphism
Galp — GL3(A)/[GL2(A), GLy(A)] obtained by composing p, with the quotient map is
surjective. This is achieved by considering the ramification at the place oo of F. In §10.4,
we prove the remaining case of Theorem 1.2.

Finally, §11 is dedicated to the computation of the Galois images of the explicit Drinfeld
modules from Theorem 1.4.

1.6. Some earlier results. In the unpublished preprint [Zyw11] the author proved Theo-
rem 1.4 when g > 5 is odd. This was extended to ¢ = 3 and ¢ = 2° > 4 in [Che22a]. The
original goal of this work was to reprove this in a manner that could readily generalize to most
Drinfeld modules like as in Theorem 1.2. When ¢ = p® with p > 5 and p =1 (mod 3), Chen
gave an example of a rank 3 Drinfeld A-module ¢: A — F{7} for which p,(Galp) = GLg(‘A\),
cf. [Che22b]. There are also some recent papers proving Hilbert irreducibility like results,
cf. [Ray24a, Ray24b, Che24].

1.6.1. Elliptic curves. Let us briefly mention the analogous case of elliptic curves over a fixed

number field K. Consider an elliptic curve E over K. For each integer n > 1, the Galois
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action on the n-torsion points of E gives rise to a continuous representation pg ,,: Galg :=
Gal(K/K) — GLy(Z/nZ). By choosing compatible bases, these combine to give a single
Galois representation pg: Galg — GLz(z).

Serre observed that for an elliptic curve over QQ, we can never have pg(Galg) 2 SLQ(Z),
cf. [Ser72, Prop. 22]. One ingredient of this obstruction is that detopg: Galg — Z* is
the cyclotomic character and hence the fixed field in Q of its kernel is the maximal abelian
extension of Q by the Kronecker—Weber theorem. When K # Q there is no such obstruction

~

and we have pg(Galg) D SLy(Z) for a “random” elliptic curve E over K, cf. [Zywll]. Jones
[Jon10] prove that we have [GLs(Z) : pr(Galg)] = 2 for a “random” elliptic curve E/Q.

1.7. Notation. For a nonzero ideal a of A, we let A, be the inverse limit of the rings A/a’
with ¢ > 1. We have natural isomorphisms

Ao=]]4 and A=]]A,
p

p2a

where the product is over the nonzero prime ideals p of A. Each ring A, is a complete
discrete valuation ring.

Consider a nonzero prime ideal p of A. Define the residue field F, := A/p and denote
its cardinality by N(p). We let deg(p) be the degree of the field extension F,/F,. We have
N(p) = ¢%°&® and deg(p) is also the degree of any polynomial 7 € A with p = (7). Let F,
be the completion of F' at p; it is a local field with valuation ring A,. Let v,: F — Z be
the corresponding valuation normalized so that v,(F,) = Z and we set v,(0) = +o0.

For a field K, let K®P be a separable closure of K and define the absolute Galois group
Galg = Gal(K*P/K).

Let ¢: A — K{7} be a Drinfeld module of rank 2. The j-invariant of ¢ is j, := a?t'/ay €
K, where ¢, =t + a17 + ap72.

2. GROUP THEORETIC CRITERION FOR LARGE A-ADIC IMAGE

Throughout this section, we fix a finite field F and define the ring of formal power series
R :=F[r]. The ring R is a complete discrete valuation ring with maximal ideal p generated
by 7 and has residue field F.

The following proposition gives a criterion to check if a subgroup of GLy(R) is actually
the full group. Note that for a nonzero prime ideal A of A = TF,[t], the ring A, is of the form
Fy[rx], cf. [Ser77, Chapter II §4 Theorem 2|. In particular, Proposition 2.1 gives a group
theoretic criterion to check if ps 2 (Galp) is equal to the full group GLo(A,) for a Drinfeld
A-module ¢: A — F{r}.

Proposition 2.1. Let G be a closed subgroup of GLa(R) that satisfies the following condi-
tions:

(a) det(G) = R*,

(b) the image of G modulo p is GLy(F),

(c) if |F| > 2, then there is an element I + 7B of G with B € My(R) so that B modulo

p is a nonscalar matriz in My (F),
(d) if |F| =2, then the image of G modulo p* is GLo(R/p?),
(e) if |F| = 2, then GNSLy(R) contains an element whose reduction modulo p in SLy(F)

has order 2.
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Then G = GLy(R).

We will prove the proposition in §2.3. When |F| > 3, Proposition 2.1 also follows from
[PR09a, Proposition 4.1].

2.1. Groups over a finite field.

Proposition 2.2. Let G be a subgroup of GLy(FF) that acts irreducibly on F? and contains
a subgroup of cardinality |F|. Then G 2O SLy(IF).

Proof. Let P, be a subgroup of G of order |F|; it is a p-Sylow subgroup of GLy(F), where p
is the characteristic of F. There is a unique 1-dimensional F-subspace W; of F? that is fixed
by every element of P;. If P; is a normal subgroup of G, then W; would be stable under
the action of G which would contradict our irreducibility assumption. Therefore, there is
a second subgroup P» # P; of G with cardinality |F|. Let W5 be the unique 1-dimensional
[F-subspace of F? that is fixed by every element of P,. We have W, # W,. After conjugating
G in GLy(F), we may assume that (1,0) € W; and (0,1) € W3, and hence

Pr={(47):x€F} and P={(;9):2eF}.
Now take any matrix M = (4 B) € SLy(F). First suppose that B # 0. For a,b,c € F, we

have

(a9 (D) (E9) = (aidfoe 14a) -
So setting b = B and solving 1+ bc = A and 1+ ab = D for a and ¢ (recall that B # 0),
we find an expression for M as a product of matrices in P; and P, (that a + ¢ + abec = C'is
automatic since our matrices have determinant 1 and b = B # 0). Therefore M € G. An
analogous argument shows that M € G when C' # 0. Finally in the case B = C' = 0, we
simply note that (' %) = (19) (3 2) (19) (5 2) € . .

Lemma 2.3.
(i) If |F| > 3, then the group SLy(F)/{x1} is nonabelian and simple.
(ii) If |F| > 3, then [SLa(F), SLy(F)] = SLo(FF), i.e., SLo(F) is perfect.
(iii) If |F| > 2, then [GLy(F), GLy(F)] = SLy(F).
Proof. Parts (i) and (ii) are shown in [Wil09, §3.3.2]. Part (iii) follows from (ii) when |F| > 3
and can be checked directly when |F| = 3. O

We define gly(F) := My (F) and we let sly(IF) be the subgroup consisting of matrices with
trace 0. These F-vector spaces are Lie algebras under the pairing [z, y] = zy — yx.

Lemma 2.4. If |F| > 2, then any subgroup of gly(F) that is invariant under conjugation by
GLy(F) either contains sla(IF) or consists only of scalar matrices.

Proof. This is Proposition 2.1 of [PR09a] when |F| > 4. A direct computation shows that
this also holds when |F| = 3. O

2.2. Filtration of a closed subgroup. Consider a closed subgroup G of GLs(R). For each
1 > 0, define the open subgroup

G':={geG:g=1 (modyp")}
of G. For each i > 0, we have a quotient group G := G*/G**!. Reduction modulo p induces

an injective homomorphism v: GI% < GLy(IF) whose image we will denote by G. For i > 1,
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we have an injective homomorphism v;: Gl < M, (F) = gl,(FF) that takes the coset [1+7"B]
to B modulo p; we denote its image by g;.

Take any i > 1. For g = I +7'B € G, we have det(g) = 1 + 7' tr(B) (mod p**'). So for
g € G, we have det(g) =1 (mod p*™!) if and only if v;([g]) lies in sly(F).

Let H be the commutator subgroup of G. With notation as above, we define H C GLy(F)
and b, for i > 1. Using that H C SLy(R), we find that H C SLy(F) and that b; C sly(F) for
all 7 > 1.

The vector spaces g; and b; are invariant under conjugation by G; this follows by consid-
ering the conjugation action of G on G* and H’. The commutator map (g, h) > ghg *h™!
induces a function GI% x G} — H that corresponds to the function

(2.1) Gxgi—bi, (9,2)grg ' —2

via 1y and v;. The commutator map also induces a function GV x Gl — HI+ that
corresponds to the function

(2.2) o1 X 8 = i1, (7,y) = [,y =2y —yx
via v, v; and V1.

Lemma 2.5. With notation as above, assume that g1 = gly(F) and by = slo(F). Then H

is the subgroup of SLy(R) consists of those matrices whose image modulo X lies in [G,G] C
SLy(F).

Proof. We will prove that h; = sly(F) for all ¢ > 1 by induction on i. The base case
h1 = sly(F) is true by assumption so suppose that b; = sly(F) for some fixed ¢ > 1. From
the map (2.2), we find that h;1; C sly(IF) contains the F-subspace spanned by [z,y] with
x € g1 = glL(F) and y € bh; = sly(F). We thus have h;;; = sl5(F) since sly(F) is spanned by
the vectors

[(68), (86 =(80), [(68)-(IDI=—(28) and [(95),(35)=(%'T)-
Since H is a closed subgroup of SLy(R) with b; = sly(F) for all ¢ > 1, we find that H

contains all the A € SLy(R) with A = I (mod A). The lemma is now immediate since
H=I[G,G]. O

2.3. Proof of Proposition 2.1. Let H be the commutator subgroup of G and fix notation
as in §2.2.

Lemma 2.6. We have g; = gly(F).

Proof. The lemma holds if |F| = 2 by (d), so we may assume that |F| > 2. When |F| > 3,
the lemma holds from Proposition 4.1 of [PR09a] . So we may assume that |F| = 3. Using
(¢), we find that g; contains a nonscalar matrix. We have G = GLy(FF) by (b) and hence the
space g is invariant under conjugation by GLy(IF). We thus have g; O sly(F) by Lemma 2.4.

We now suppose that g; # gly(F) and hence g; = sly(F) since |F| is prime. So for all
g € G', we have det(g) = 1 (mod p?). Let W be the subgroup of GLy(R) generated by
G' and H; it is a normal subgroup of G. Note that det(g) = 1 (mod p?) for all g € W
since this is true for all ¢ € G' and we have H C SLy(R). Since det(G) = R* by (a) and
det(W) C 1+ p?R, we find that (R/p?)* is a quotient of G/W.
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Let W be the image of W modulo p. We have

where the last equality uses Lemma 2.3(iii). Since W O G' and W = SLy(F), we find that
the group W is normal in G and G/W = GLy(F)/SLy(F) = F*. This is a contradiction
since (R/p?)* is a quotient of G/W and has cardinality strictly larger than F* = (R/p)*.
Therefore, g1 = gly(F).

Lemma 2.7. We have b; = sly(F) for alli > 1.

Proof. We have G = GLy(F) and g; = gl,(F) by Lemma 2.6. By (2.1), h; C sly(F) contains
the F-subspace spanned by grg~! — x with ¢ € GLy(F) and x € gl,(F). After computing
grg b —zwith g € {(31), (")} and z € {(§9),(99)}, we deduce that h; D sly(F) and
hence by = sl(F).

We now prove the lemma by induction on ¢ > 1. We have already proved the base case
so suppose that h; = sly(IF) for some ¢ > 1. From the map (2.2), we find that b, 1 C sl (F)
contains the F-subspace spanned by [z,y] with z € g, = gly(F) and y € h; = sly(F). We
thus have b1 = sly(F) since sly(F) is spanned by the vectors

[(58), (66 =(66), [(66), (¥ =—(18) and [(V5),(56)=(%'1). O

Lemma 2.8. The commutator subgroup H of G agrees with the subgroup of matrices in
SLy(R) whose image modulo p lies in [GLy(F), GLy(F)]. If |F| > 2, then H = SLy(R).

Proof. Let H' be the group of matrices in SLy(R) whose image modulo p lies in the group
[GLy(F), GLy(FF)]. Since G = GLy(F), the image of H' modulo p is equal to [G,G] = H. For
each i > 1, let H" be the group of g € H' for which g = I (mod p*). The inclusion H C H’
induces an injective homomorphism H'/H™! < H'/H"*! that we view as an inclusion.
Suppose that H # H’'. The group H’ is open in SLy(R) and contains H. Since H is a
proper closed subgroup of H’ that has the same image modulo p, we must have H*/H™! C
H'™1/H" for some i > 1. Since H' C SLy(R), this implies that bh; # sly(F) which
contradicts Lemma 2.7. Therefore, H = H'. If |F| > 2, we have H = H' = SLy(R) by
Lemma 2.3(iii). O

We claim that G O SLy(R). If |[F| > 2, then Lemma 2.8 implies that G O H = SLy(R).
Now suppose that |F| = 2. The group [GLy(F), GLy(F)] has cardinality 3 and has index 2 in
SLy(F). By Lemma 2.8, H is the index 2 subgroup of SLy(R) consisting of matrices whose
image modulo p lies in [GLy(F), GLy(F)]. By (e), there is an element g € G N SLy(R) whose
image in SLy(F) has order 2. Therefore, g represents the nonidentity coset of H in SLa(R).
Since g € G and H C G, we have SLy(R) C . This completes the proof of the claim.

We thus have G = GLy(R) since G O SLy(R) and det(G) = R* by (a). The proposition
follows from this and Lemma 2.8.

2.4. Commutator subgroups of GLy(R) and SLy(R). The following gives some informa-
tion on commutator subgroups that will be useful later.

Proposition 2.9.

(i) If |F| > 2, then the commutator subgroup of GLa(R) is SLa(R).
8



(i) If |F| = 2, then the commutator subgroup of GLa(R) is
{B € SLy(R) : B modulo p lies in [GLy(F), GLy(FF)]}.
In particular, [SLy(R) : [GL2(R), GLa(R)]] = 2.

Proof. Define G := GLy(R). Note that G satisfies all the conditions of Proposition 2.1.
Lemma 2.8 in the proof of Proposition 2.1 shows that [G, G] is the group consisting of all
B € SLy(R) for which B modulo p lies in [GLy(F), GLy(F)]. This proves (ii). Part (i) follows
from Lemma 2.3(iii). O

Proposition 2.10. Suppose |F| > 3,

(i) The group SLy(R) is equal to its own commutator subgroup.
(ii) The only closed normal subgroup of SLo(R) with simple quotient is the group consist-
ing of those matrices A € SLa(R) for which A = £ mod p.

Proof. Define the group G = SLy(R) and let H be its commutator subgroup. With notation
as in §2.2, we have G = SLy(F) and subgroups h; C g; = sly(F) for all ¢ > 1. The image
of H modulo p is H = [G,G] = [SLy(F), SLy(F)] = SLy(F), where the last equality uses
Lemma 2.3(ii).

Take any i > 1. With g = (¢ ') € G and 2z = (§ ') € g, the matrix grg™t —z = (9 })
lies in b; by (2.1). In particular, h; C sly(IF) contains a nonscalar matrix. The group b; is
stable under conjugation by GLg(F) since G is a normal subgroup of GLy(R). Therefore,
h; = sly(F) by Lemma 2.4.

We have shown that H is a closed subgroup of SLy(R) for which H = SLy(F) and b; =
sly(F) for all i > 1. Therefore, H = SLy(R). This proves (i).

Let N be a closed normal subgroup of SLy(R) for which S := SLy(R)/N is simple. The
group S is finite since it is simple and profinite. Let ¢: SLy(R) — S be the quotient map.
The group S is nonabelian since SLy(R) is equal to its own commutator subgroup. Let W
be the closed normal subgroup of SLy(R) consisting of all A € SLy(R) for which A = +1
(mod p). The group W is pro-solvable and hence ¢(W) is a solvable normal subgroup of
S. We have (W) = 1 since S is nonabelian and simple. Therefore, W C N. We have
SLy(R)/W = SLy(F)/{£I} which is simple by Lemma 2.3(i). Therefore, W = N which
proves (ii). O

3. GROUP THEORETIC CRITERION FOR LARGE ADELIC IMAGE

Let G be a subgroup of GLy(A). The goal of this section is to give conditions that ensure

-~

that G and GLg(A) have the same commutator subgroup. For a nonzero ideal a of A, we

-~

will denote by G, the image of G under the projection map GLgy(A) — GLy(A,).
Let A be the set of nonzero prime ideals of A.

Theorem 3.1. Let G be a closed subgroup of GLQ(A\) such that the following hold:

(a) For all A € A, we have Gy D SLy(A,).
(b) For all distinct A1, Ay € A with N(A\1) = N(X2) > 3, G modulo A\ Ay has a subgroup
of cardinality N(A\;)%.
(c) For all distinct A\, Ao € A with N(A\1) = N(X\2) = 2, the group Gyx,x, N SLa(Ax ;)
contains a subgroup that is conjugate in GLa(Axx,) to {(§4) b€ Axnt-
9



(d) Suppose q € {2,3} and let a be the ideal that is the product of the prime ideals of A
of norm q. Then det(G,) = AY.

-~ -~ -~

Then [G,G] = [GLy(A), GLy(A)]. In particular, |G, G| = SLy(A) when q > 2.
3.1. Proof of Theorem 3.1. Define H := [G, G]; it is a closed subgroup of SLy(A).

Lemma 3.2. For any distinct nonzero prime ideals A1 and Ny of A with norm at least 4, we
have H),, = SLa(Ay,) x SLa(Ay,).

Proof. For each 1 < i < 2, we have G, D SLy(A,,) by (a). Since SLy(A,,) is perfect by
Proposition 2.10(i), we deduce that H,, = [G,,,G,,] equals SLy(Ay,). We thus have an
inclusion of groups Hy,», C H), X H,, = SLa(A),) X SLa(A,,) such that each projection
pi: Hyn, — SLa(A),) is surjective. Let Ny and Ny be the kernel of p, and py, respectively.
We may identify N; with a closed normal subgroup of SLy(A,,) and hence have an inclusion
Ny x Ny C Hy,»,- By Goursat’s lemma ([Rib76, Lemma 5.2.1]), the inclusion Hj,,, C
SLa(Ay,) x SLa(A,,) induces a homomorphism

H)\lAQ/(Nl X NQ) — SLQ(A)\I)/Nl X SLQ(A,\Q)/NQ

whose image is the graph of an isomorphism SLy(Ay,)/N; = SLa(Ay,)/Na.

Suppose the group SLo(Ay,)/Ny is trivial. We then have V; = SLy(A,,) for each 1 <1 < 2.
Therefore, SLo(Ay,) x SLa(Ay,) = N1 x Ny € Hy,», € SLo(Ay,) x SLa(Ay,) and the lemma
follows.

We may now assume that SLy(A,,)/N; is nontrivial and hence each N; is a proper closed
normal subgroup of SLy(A,,). By Proposition 2.10(ii), we find that N; C {B € SLy(A,,) :
B =+1I (mod \;)}. Therefore, the homomorphism

H>\1>\2 — SL?(]FM)/{:EI} X SL?(FAQ)/{:EI}

obtained by composing reduction modulo A\; Ay with the obvious quotient map has image
equal to the graph of an isomorphism SLg(Fy,)/{%I} = SLy(F»,)/{£I} of finite simple
groups. By comparing cardinalities of these simple groups, we have N (A1) = N(\y).

Now consider the homomorphism

12 G>\1>\2 — GLQ(FM)/{iI} X GLQ(FM)/{iI}

obtained by reducing modulo A; Ay and composing with the obvious quotient map. From (b),
©(G),a,) contains a group of order N (A1) N (\p); it is a p-Sylow subgroup of GLa(IFy, ) /{£1} x
GLs(Fy,)/{£I} where p is the prime dividing ¢. In particular, there is a g € G, , such that
©(g) = (I, g2), where go € GLy(IFy,)/{£1} has order a positive power of p. We have already
shown that @(H,,y,) is the graph of an isomorphism SLo(Fy,)/{£I} = SLy(Fy,)/{*I}.
So there is an (hy, he) € @(Hy,»,) for which hy and go do not commute (an element in
GLy(Fy,)/{£I} that commutes with SLy(IFy,)/{£I} will be represented by a scalar matrix
and hence has order relatively prime to p). Since H is normal in G, we deduce that

(1, 92)(P1, ho) (1, g2) ™" = (hn, g2hagy )
is also in @(Hy,y,). Since (hi, gohogy ') and (hy, hy) are distinct elements of o(Hy,»,), this
contradicts that the group ¢(H),,) is the graph of a function. O

Lemma 3.3. Let Sy,..., S, be profinite groups that are all perfect with r > 1. Let H be a
closed subgroup of S x --- xS, such that the projection H — S; x S; is surjective for all
1<i<j<r. Then H=5; X+ X 5,.

10



Proof. When the S; are finite, this is [Rib76, Lemma 5.2.2] and follows from Goursat’s lemma.
The general case follows directly from the finite group case since H is closed. 0

Lemma 3.4. Let Ay be the set of nonzero prime ideals of A of norm at least 4. Then the
projection H — [T ca, SL2(Ax) is surjective.

Proof. Let I be any finite nonempty subset of A; with cardinality at least 2. The group
SLs(A,) is perfect for all A € A; by Proposition 2.10(i). For any two distinct Ay, Ay € I, the
projection H — SLo(Ay,) x SLa(A,,) is surjective by Lemma 3.2. Therefore, the projection
H — [],c; SL2(Ay) is surjective by Lemma 3.3. The lemma follows by increasing the set [

-~

and using that H is a closed subgroup of SLy(A) =[], SLa(A,). O

Lemma 3.5. Let Ay be the set of nonzero prime ideals of A of norm at most 3. Then the
projection H — [T5ca,[GL2(Ax), GLa(Ay)] is surjective.

Proof. We may assume that A, is nonempty and hence ¢ € {2,3}. We claim that the
projection

G — ] GLa(A))

€A,

is surjective. The lemma follow immediately by taking commutator subgroups.

Suppose on the contrary that the claim fails. Then there is a minimal nonempty set
A5 € Ay for which G — J],cp, GL2(A)) is not surjective and we denote its image by B. For
any A € A}, we have G = GLy(A,) by (a) and (d), and hence |A}| > 2.

Fix a place A\; € A} and define the groups B; := GLs(A,,) and By := HAeA,Q_{AI} GL2(Ay).
We can view B as a subgroup of By X By. The projections p;: B — B; are surjective by
the minimality of A,. Let N; and Ny be the kernels of p, and p;, respectively. We can
view N; as a subgroup of B; and hence N; x Ny C B. The image of the quotient map
G — Bi/N; x By/Ns is the graph of an isomorphism B;/N; = By/N, by Goursat’s lemma
([Rib76, Lemma 5.2.1]).

If B1/N;y or By/N, is trivial, then Ny = B; and Ny = By and hence B O By X By =
ILe AL GL2(A,) which contradicts our choice of A.

So we may assume each NN; is a proper closed normal subgroup of B;. There are thus proper
closed normal subgroups M; of B; with M; O N; such that the image of G — By /M x By /M,
is the graph of an isomorphism B;/M; — By/M, of finite simple groups. The group B is
prosolvable (this uses that GLy(Fy) and GLy(F3) are solvable). Therefore, By /M, is a cyclic
group of prime order.

Suppose that ¢ = 3. Using that each B;/M; is abelian and Proposition 2.10(i), we find that
M; O SLy(Ay,) and My 2 HAeAg—{Al} SLa(Ay). Since the homomorphism G — By /M; x

By /M, is not surjective, we deduce that the projection det(G) — H)\E[v2 AY is not surjective.

This contradicts (d).

Finally suppose that ¢ = 2. We have Ay = A, = {\;, Ao} for a unique Xs. Since each
B;/M; is abelian and B; = GLa(A,,), we have M; D [GLy(A),), GLa2(Ay,)]. By (d), there
is a g € Gxx, N SLa(Ay,x,) whose projection ¢; in GLy(Ay,) has order 2 modulo A; and
whose projection in GLy(A),) is the identity matrix. We have ¢g; € Ny C M;. Using Propo-
sition 2.9(ii), the group SLg(A),) is generated by g, and [GLy(Ay, ), GL2(Ay,)]. Therefore,

M; D SLay(Ay,). A similar argument shows that My D SLy(A,,). Since the homomorphism
11



G — Bi/M; x By/Mj is not surjective, we deduce that the projection det(G) — H/\eA’Z AS
is not surjective. This contradicts (d). O

Define By := [[,ca, SLa(Ax) and By := []ycp, [GL2(Ay), GLa(Ay)]. We have a natural

inclusion

H C [GLy(A), GLy(A)] =[] [GLa(Ar), GLa(AN)] = By x Bo,
AEAIUA2

where we have used Proposition 2.10(i). The projections H — By and H — By are surjective
by Lemmas 3.4 and 3.5.

Suppose H is a proper subgroup of B; x By. By Goursat’s lemma ([Rib76, Lemma
5.2.1]), there are closed proper normal subgroups N; of B; for which we have an isomorphism
By/N; = Bs/N,. This implies that there is a finite simple group @ that shows up as
a quotient of both By and Bs. The group Bj is perfect by Proposition 2.10(i) so @ is
nonabelian. However, the group By is prosolvable (since G Lo(FFy) and GLo(F3) are solvable)

-~ ~

and hence @ is cyclic. This gives a contradiction and thus H = By X By = [GLa(A), GLy(A)].

-~ -~ -~

Finally when ¢ > 2, we have [GLy(A), GLy(A)] = SLy(A) by Theorem 2.9(i).

4. LOCAL FIELDS AND THE IMAGE OF INERTIA

Fix a nonzero prime ideal p of A. Let K be a finite separable extension of F, which we
consider as an A-field via the inclusions A C F, € K. The integral closure of A, in K is
a complete discrete valuation ring O whose maximal ideal we will denote by m. Define the
residue field F := O/m.

Let v: K* — Z be the discrete valuation corresponding to O normalized so that v(K*) =
Z and we set v(0) = +o00. We will also denoted by v the corresponding Q-valued extension
of v to a fixed separable closure K*P of K. Let Ix be the inertia subgroup of Galgx =
Gal(K*P/K) and let K™ be the maximal unramified extension of K in K*®P.

Let ¢: A — K{7} be a Drinfeld A-module of rank . We shall say that ¢ is defined over O
if ¢, € O{r} for all a € A. The Drinfeld module ¢ has stable reduction (of rank ') if there
exists a Drinfeld module ¢': A — K{7} defined over O such that ¢ and ¢ are isomorphic
over K and the reduction of ¢’ modulo m is a Drinfeld module A — F{7} of rank " > 1.
Recall that ¢ has good reduction if it has stable reduction of rank 7.

Suppose that ¢ has rank 2. The j-invariant of ¢ is jy = a({H/az € K, where ¢, =
t+a17+ay7?. The Drinfeld module ¢ has potentially good reduction if and only if v(j,) > 0,
cf. [Ros03, Lemma 5.2].

4.1. Image of inertia. Let ¢: A — K{7} be a Drinfeld A-module of rank 2. For a nonzero
ideal @ C A, the Galois action on the a-torsion of ¢ gives rise to a Galois representation
Pya: Galg — GLy(A/a). If ¢ has good reduction and p { a, then p,,(Ix) = 1. We now
study the group p,,(Ix) when ¢ has good reduction.

Proposition 4.1. Assume that K/F, is unramified. Let ¢: A — K{1} be a Drinfeld module
of rank 2 that has good reduction. Then one of the following hold:

(a) pyp(Ix) is conjugate in GLy(FF,) to a subgroup of {(§%):a € F),beF,},

(b) pyp(Ix) is a cyclic subgroup of GLy(Fy) of order ¢*9°8» — 1.
12



Proof. We summarize material from §2 of [PR09b]. After replacing ¢ by an isomorphic
Drinfeld module, we may assume that ¢ is defined over O and that reducing modulo m gives
a Drinfeld module of rank 2. Then ¢[p] extends to a finite flat group scheme over O. The
connected and étale components of ¢[p] give an exact sequence 0 — @[p]° — d[p] — ¢[p]¢* —
0 of finite flat group schemes. Taking K*P-points gives a short exact sequence

(4.1) 0 — [p]* (K*P) = lp](K*P) — ¢lp]* (K**) = 0

of Fp-vector spaces that is Galg-equivariant. Let h be the height of the Drinfeld module ¢
modulo p. The F,-vector space ¢[p]°(/*P) has dimension h.

The action of Irc on ¢[p]*(K5P) is trivial from the definition of an étale group scheme. So
when h = 1, (a) follows from the exact sequence (4.1). We may now suppose that h = 2 and
hence ¢[p]®(K*P) = 0. Property (b) then follows from [PR09b, Proposition 2.7(ii)] which
shows that I acts on ¢[p]°(K*P) via a fundamental character whose image is cyclic of order
q2 degp __ 1. O

The following proposition, which we prove in §4.2, gives constraints on py ,(Ix) when ¢
has stable and bad reduction.

Proposition 4.2. Let ¢: A — K{1} be a Drinfeld module of rank 2 that has stable reduction
of rank 1. Consider an ideal a = p¢a’, where e > 0 is an integer and @' is a nonzero ideal of
A that is relatively prime to p.

(i) The group p,.(Galgk) is conjugate in GLy(A/a) to a subgroup of
(4.2) {(¢%):ae(A/a) witha=1 (modd'),beAla, ceF;}.

(ii) The cardinality of py.(Ix) is divisible by the denominator of %](ﬁ)) € Q in lowest
terms.

(iil) If ged(v(jg),q) = 1 and e < 1, then p, (Ix) contains a subgroup that is conjugate in
GLa(A/a) to {({%):be A/a}.

4.2. Proof of Proposition 4.2. After possibly replacing ¢ with a K-isomorphic Drinfeld
module, we may assume that ¢ is defined over O and that the reduction of » modulo m is a
Drinfeld module of rank 1. We have j4 # 0 since ¢ has stable reduction of rank 1.

For a Drinfeld module ¢: A — K{7}, a v-lattice is a finitely generated projective A-
submodule I' of Y/ K¢P that is discrete and is stable under the action of Galg. By discrete we
mean that any disk of finite radius in K®°P, with respect to the valuation v, contains only
finitely many elements of T'.

Associated to ¢, we now recall the construction of its Tate uniformization; it is a pair
(¢, T") which consists of a Drinfeld module ¢: A — K{7} of rank 1 defined over O and a
y-lattice T' of rank 1. For details see Proposition 7.2 of [Dri74] and its proof; for further
details see [Leh09, Chapter 4 §3]. There exists a unique Drinfeld module ¢: A — K{r}
defined over O of rank 1 and a unique series u = 7° + Y °, a;7° € O{{7}} with a; € m and
a; — 0 in K, such that

(43) U% - ¢au

for all @ € A. We can identify u with the power series u(z) = = + >~ a;z% and one can

show that u(z) converges for all z € K*P. By considering the analytic properties of u and
13



(4.3), one shows that the map
(4.4) VKPR — OKP 2 s ()

is a surjective homomorphism of A-modules whose kernel T" is a 1-lattice. Since ¢ has rank
2 and has stable reduction of rank 1, the A-module I' has rank 2 — 1 = 1.

Fix an a € A for which a = (a). From the homomorphism (4.4) of A-modules, we obtain
an isomorphism

(4.5) Yo (D)/T = ¢la] = ¢la], z+T > u(z)

of A-modules that is Galg-equivariant. We also have a Gal g-equivariant short exact sequence
of A-modules:

(4.6) 0 — ¢fa] = ¢;1(0) = ¢, (T)/T 2% T/al — 0.
So by combining (4.5) and (4.6), we obtain a short exact sequence
(4.7) 0— ¢la] = ¢la] > '/al' -0

of A-modules that is Galg-equivariant.

The A/a-module 9[a] is free of rank 1 since ¥ has rank 1. Define the character x; :=
Pypa: Galg — Auta(¥la]) = (A/a)*. Since A is a PID, I is a free A-module of rank 1.
The Galois action on I' is thus given by a character x»: Galg — Auty(l') = A% = F).
The character x» also describes the Galois action on the quotient I'/al’. From (4.7) we may
assume, after making an appropriate choice of basis of ¢[a], that

Peale) = (8 i)

holds for all o € Galg.

To complete the proof of (i), it remains to show that x;(c) =1 (mod «') for all o € I.
Equivalently, we need to show that the action of I on ¢[d’] is trivial. Tt thus suffices to
prove that ¢ has good reduction. We have ¢, = ¢, (mod m) by reducing (4.3) modulo m.
This proves that ¢ has good reduction since ¢ modulo m is a Drinfeld module of rank 1 and
1 has rank 1.

We now prove (ii). Fix a generator v of the A-module I' and choose a z € K*%P for which

Ya(2) = 7.

Lemma 4.3. We have v(z) = (q_vgdj\?(a).

Proof. First suppose that v(z) > 0. Since 1, has coefficients in O, we have v(y) = v(¥,(2)) >
0. Since 7 is nonzero and 0 = u(y) = v+ 3.°°, ;77 , we must have v(v) > v(a;7?) for some
i > 1 with a; # 0. So v(y) > v(a;) + ¢'v(y) > ¢'v(vy) which is impossible since v(y) > 0.
Therefore, v(z) < 0 and hence

v(7) = v(ta(2)) = v(z"") = ¢ 0(2) = N(a)o(2).
By [Ros03, Lemma 5.3], we have v(v) = v(js)/(¢ — 1) and the lemma follows. O

Let d be the denominator of v(j,)/N(a) € Q. Let K* be the maximal tamely ramified
extension of K in K®P. Let L be the minimal extension of K*in K for which Gal(K*P/L)
fixes z + I'. The Galois group Gal(K*P/K") acts trivially on I' since the Galois action
on I' is given by x2. Therefore, L = K'(z). From the isomorphism (4.5), we find that
K'(z) € K'(¢[a]).

14



A rational number occurs as v(«) for some nonzero o € K* if and only if its denominator is
relatively prime to ¢q. By Lemma 4.3, we find that d is the minimal positive integer for which
dv(z) € v(K* — {0}). Therefore, [K'(z) : K'] is divisible by d. So d divides [K*(¢[a]) : K]
and hence also divides |py ,(Ix)|. This completes the proof of (ii).

It remains to prove (iii), so assume ged(v(joo),q) = 1 and e < 1. Let G C GLy(A/a) be
the subgroup (4.2). Since e < 1, the group B :={(}?%) : b € A/a} is a p-Sylow subgroup of
G, where p is the prime dividing q. We have p, ,(I,) € G from (i), so it suffices to show that
Py.a(ly) contains a subgroup of order N(a) (since this will be a p-Sylow subgroup of GG and
hence conjugate to B). The group p, ,(,) contains a subgroup of order N(a) by (i) and our
assumption ged(v(joo), q) = 1.

5. FROBENIUS POLYNOMIALS

Consider a Drinfeld A-module ¢: A — F{7} of rank r. Take any nonzero prime ideal p
of A for which ¢ has good reduction. So after replacing ¢ by an isomorphic Drinfeld, we
may assume that the coefficients of ¢ are integral at p and that reducing modulo p gives a
Drinfeld module ¢: A — F,{7} of rank r.

Let P, (x) € Alz] be the characteristic polynomial of the Frobenius endomorphism 7, :=
Tdesd ¢ Ende(gz_ﬁ); it is the degree r polynomial that is a power of the minimal polynomial
of m, over F'. The following is an easy consequence of [Gos96, Theorem 4.12.12].

Proposition 5.1. Let p be a nonzero prime ideal of A for which ¢ has good reduction. For
any nonzero ideal a of A that is relatively prime to p, p, , is unramified at p and

Pyp(x) = det(x] — py ,(Froby)) (mod a).
We will need to explicitly know some Frobenius polynomials in order to prove Theorem 1.4.

Lemma 5.2. With q fized, let p: A — F{7} be the rank 2 Drinfeld module from Theorem 1./.
(i) If ¢ # 2, then
Py-o(r) =2 —x+(t—0)

for all nonzero c € F,.
(ii) If ¢ = 3, then Py 2ipy0)(x) = 2> + 20 + 12 +t + 2.
(iil) If ¢ = 2, then Py (x) = 2* +t and Py i1y(x) = 2® + o+ ¢+ L.

Proof. We first assume that ¢ # 2 and prove (i). Define the prime ideal q := (f — ¢) of
A; note that ¢ has good reduction at q since ¢ is nonzero. The image of ¢ in [, is ¢, so
the reduction of ¢ modulo q is the Drinfeld A-module ¢: A — F,{r} = F, {7} for which
t=ct1—c" 1% = c+ 7172 The j-invariant j; of ¢ is —1. By [Gek08, Proposition 2.11],
the constant term of P, _.)(z) is equal to —(—1)"'(t —¢) =t —c. We have Py _¢(z) =
22 —ax + (t — ¢) for a unique a € A. By [Gek08, Proposition 2.14(ii)] (with n = 1), we have
a € Fyand a = —17"j; = 1. Therefore, Py o)(v) = 2° —x + (t —¢).

Parts (ii) and (iii) both were found using the algorithm outlined in [Gek08, §3.4] to compute

P(b’p. |:|
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6. DETERMINANT OF THE IMAGE OF (GALOIS

Fix polynomials a; and ay in A with as # 0, and let d be the degree of ay. Let ¢: A — F{r}
be the Drinfeld A-module of rank 2 for which ¢; =t + aT+ as72. The following result gives
an explicit expression for the index of det(p,(Galg)) in A*.

Theorem 6.1. Let ¢ € F) be the leading coefficient of (—1)*ay in A = F,[t] and let e be
the order of ¢ in Fy. Then

-~

(A% : det(py(Galp))] = ged(d — 1, (g — 1)/e).

We also give a condition that can be used to show that the image of p,, has maximal
determinant.

Proposition 6.2. Let a be a nonzero ideal of A and define
g:=ged ({d—1,¢ -1} U{vy(az) : pf a nonzero prime ideal of A}).
If g =1, then det(p, o(Galp)) = (A/a)*.
We will prove Theorem 6.1 and Proposition 6.2 in §6.2.

6.1. Galois image for rank 1 Drinfeld modules. Fix a nonzero A € A and let ¢: A —
F{7} be the Drinfeld A-module of rank 1 for which ¢, = ¢t + A7. For each nonzero ideal a
of A, ¢[a] is a free A/a-module of rank 1 with a Galois action that is described by a Galois
representation

Poa: Galp — Auta(va]) = (A/a)*.

Taking the inverse limit, we obtain an isomorphism p,: Galp — A%, We now state a
theorem of Gekeler that describes the index of the images of p,, , and py.

Theorem 6.3. Let d be the degree of A. Let ¢ € Fy be the leading coefficient of (—1)?A
and let e be its order in Fy.

(i) Take any nonzero ideal a of A. The integer [(A/a)* : p, .(Galp)] is the greatest
common divisor of d — 1, (¢ — 1)/e, and the integers v,(A) for nonzero prime ideals
ptaof A

(ii) The group py(Galp) has finite index in A% and

[A% : py(Galp)] = ged(d — 1, (g — 1) /e).

Proof. Before citing Gekeler’s result (Theorem 3.13 of [Gek16]), we need to match his as-
sumptions and notation. The representation p, , depends only on a and the class of A in
F*/(F*)?1; this can be deduced for example from [Gek16, Lemma 1.8]. So after dividing
A by a suitable (¢ — 1)-th power of a monic polynomial, we may assume that

A= (~1)Pf . Ph

where the P; € A are distinct monic irreducible polynomials with 1 < k; < ¢ — 1. Note that
this does not change the geds in (i) and (ii).

We may order the irreducible polynomials so that P, ..., P, divide a and P,,4,..., P, are
relatively prime to a. Choose a generator ¢ of the cyclic group Fy. We have (—1)%¢ = cko
and ¢ = %o for unique 0 < ko, kj < ¢ — 1. We have k} = ko when (—1)? = 1, i.e., when ¢ is
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even or d is even. When ¢ is odd and d is odd, we have k§ = (¢ — 1)/2 + ko (mod ¢ — 1).
Theorem 3.13 of [Gek16] now says that

[(A/Cl)x . p¢7a<GalF)] = ng(d — 1, q— 1, k37 kr—i—la ey k’s)

Since ¢ = ¥ and c has order ¢—1 in Fx,wehave e = (¢—1)/ ged(g—1, k5). So ged(g—1, kg) =
(¢ — 1)/e and hence

[(A/a)* : 5y o(Galp)] = ged(d — 1, (g — 1)/, krya, - - ko).

Part (i) now follows since the set {k,.1, ..., ks} consists of those nonzero integers of the form
vy(A) for some nonzero prime ideal p { a of A.

When a is divisible by all the irreducible polynomials P, ..., P, we have simply [(A/a)* :
Pya(Galp)] = ged(d — 1,(q — 1)/e). Part (ii) is now immediate since py(Galp) is a closed

subgroup of Ax, ([l

6.2. Proofs of Theorem 6.1 and Proposition 6.2. Let ¢»: A — F{7} be the rank 1
Drinfeld module for which ¢, =t — as7. By Corollary 4.6 in [Ham93|, we have

(6.1) det pg = py.-
Therefore, [AX : det(py(Galp))] = [A* py(Galp)] and hence Theorem 6.1 follows from
Theorem 6.3(ii) with A := —ax.

We now prove Proposition 6.2. We have det p,, = p,,, by (6.1). With A := —ay, Theo-
rem 6.3(i) implies that [(A/a)* : det(p, ,(Galr))] divides g. In particular, det(p,,(Galr)) =
(AJa)* if g = 1.

7. IRREDUCIBILITY

Let ¢: A — F{7} be a Drinfeld A-module of rank 2. Suppose that A is a nonzero prime
ideal of A for which
® psr: Galp — GLy(F)) is reducible,
e ¢ has stable reduction at \.
After conjugating p, ,, we may assume that

. _ (o) =
(7.1) qu,,\(a)— <X10 XQ(U))

for all 0 € Galp, where x1,x2: Galp — FY are characters. In this section, we will give a
bound on the norm of \.

Lemma 7.1. Set n:= (¢ —1)%(¢+1).
(i) The characters Xt and x4 are both unramified at any nonzero prime ideal p # X of
A.

(ii) One of the characters X} or x4 is unramified at \.

Proof. Take any nonzero prime ideal p of A. We shall view ¢ as being defined over F, and
hence py 5, x1 and x» are representations of Galg,. Let I, be an inertia subgroup of Galg,.
Suppose that p = A and ¢ has good reduction. The cardinality of the group p, ,(Galr)
divides ¢9°8*(¢%*8* —1)? by (7.1) and hence p,, ,(Galp) cannot have a subgroup of cardinality
q?9e* — 1. Therefore, property (a) of Proposition 4.1 holds and this implies that x; or x»

is unramified at \. Now suppose that p = A and ¢ does not have good reduction. By
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assumption on A, the Drinfeld module ¢ has stable reduction of rank 1. Proposition 4.2(i)
implies that one of X‘f_l or Xg‘l is unramified at A\. We have thus proved (ii) since ¢ — 1
divides n.

We may now assume that p # X\. We have ¢, =t + a;7 + ap7? with a; € F and a, € F*.
Define m := min{vy(a;)/(¢" — 1) : 1 < i < 2} and take 1 < j < 2 maximal such that
vp(a;)/(¢ — 1) =m. _

Let K be the splitting field of ¥ ~! = a; over F, and fix a root b € K. The extension
K/F, is finite and Galois. The ramification index e := e(K/F},) of the extension K/F,
divides ¢/ — 1. Let Ix be the inertia subgroup of Galx C Galp,. For any o € I, we have
o¢ € Ic. Tt thus suffices to prove that x2/*(Ix) = 1 and x2/°(Ix) = 1.

Let O be the integral closure of A, in K. Let ¢': A — K{7} be the Drinfeld module for
which ¢} = bg;b~'. The Drinfeld module ¢’ is isomorphic to ¢ over K.

Suppose j = 2. Then ¢’ is defined over O and has good reduction. Since ¢’ has good
reduction and p # A, we have p \(Ix) = 1. Therefore, x1(/x) = 1 and x»(Ix) = 1. Since e
divides ¢2 — 1 and hence n, we have y}/*(Ix) = 1 and x3/°(Ix) = 1.

Suppose that 7 = 1. Then ¢’ is defined over O and has stable reduction of rank 1. By
Proposition 4.2(i) and X # p, we have x? ' (Ix) = 1 and x4 ' (Ix) = 1. Since n/e is divisible
by n/(qg—1) = (¢—1)(¢+ 1), we have X?/e(IK) =1 and XQ/E(IK) =1. O

For a monic polynomial P(z) € A[x] and a positive integer n > 1, we let P (x) € A[z] be
the monic polynomial whose roots (with multiplicity), in some algebraic closure, are precisely
the roots of P(z) raised to the n-th power.

Lemma 7.2. Let n be a positive integer for which parts (i) and (ii) of Lemma 7.1 hold.

Then there is a ¢ € F such that quf;)((degp) = 0 in Fy for all nonzero prime ideals p # X of
A for which ¢ has good reduction.

Proof. By assumption, there is an i € {1,2} such that x? is unramified at all nonzero prime
ideals of A.

We claim that x7(Gal(F*P/F,(t)) = 1. Let L be the minimal extension of F,(t) in
F=P for which x?(Gal(F*?/L)) = 1. The extension L/F,(t) corresponds to a morphism

m: C — ]P’% of smooth projective and irreducible curves over F,. From our assumptions on
q
X7, 7 is unramified away from all points of IP’% except perhaps co. The morphism 7« has
q

degree N := [L : F,(t)] which is relatively prime to q. Since L/F,(t) is tamely ramified, the
Riemann-Hurwitz theorem implies that 29 —2 = N(2-0—2)+ > ;_,(e; — 1), where g is the
genus of C' and the e; > 1 are the ramification indices at the s points of C' lying over co.
Since > 7, e; = N, we have 2g =2 — N — s. Since N and s are positive integers and g > 0,
we must have N = 1. This proves the claim.

From the claim X7 factors through a cyclic Galois group Gal(IF,«F'/F) for some d > 1. So
there is a ¢ € FY for which x7(Frob,) = (9°¥ for all nonzero prime ideals p of A. If p # X and

¢ has good reduction at p, then 7' (Frob,) = (8% is a root of det(z/—p,, 5 (Frob,)") = Péf;)(x)
(mod \). O

Proposition 7.3. Let n be a positive integer for which parts (i) and (ii) of Lemma 7.1 hold.
Let d > 1 be an integer for which ¢ has good reduction at multiple nonzero prime ideals of

A with the same degree d. Then deg A\ < 2nd.
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Proof. Let p; and po be distinct prime ideals of A with degp; = degps = d for which ¢
has good reduction. We may assume that A ¢ {p;,p2} since otherwise deg A = d and the
proposition is immediate. For each 1 <1i <2, set Q;(x) := P;)Z) (z) € Alz].

Let r € A be the resultant of the polynomials Q;(z) and Q2(z). By our choice of n and
Lemma 7.2, the polynomials Q;(z) and @Q2(x) have a common root modulo A and hence
r=0 (mod \).

Let L/F be the splitting field of Py, (x) and Py,,(z). Let |- | be an absolute value
on L that satisfies |a|lo, = ¢9°8? for all nonzero a € A. For any root 7 € L of Py, (),
we have |7|o = N(p;)'/? = qldeeP)/2 = ¢4/2 cf. [Gos96, Theorem 4.12.8(5)]. So for any
root 7 € L of Q;(x), we have ||, = ¢"¥2. Recall that the resultant 7 is the product of
7 — Ty as we vary over all roots m; and 7 in L of @ (z) and Qy(z), respectively. Therefore,
|7”|oo < (qnd/2)4 —_ q2nd.

We claim that Q1 (z) and Q2(z) do not have a common roots in L. To the contrary suppose
that 7 € L is a root of Q1(z) and Q2(z). Take any ¢ € {1,2}. From [Gos96, Theorem
4.12.8(1)] applied to the reduction of ¢ modulo p;, there is a unique place of F(7) for which
7 has a zero and it lies over the place of p;. We get a contradiction since p; # po and the
claim follows.

From the claim, we have r # 0. Since r is a nonzero element of A with |r|, < ¢®*?, we
have degr < 2nd. Since r is nonzero and r = 0 (mod A), we have deg A < degr. Therefore,
deg A < degr < 2nd. O

8. HILBERT IRREDUCIBILITY

Fix an integer » > 2 and a nonzero ideal a of A. For any a = (ay,...,a,) € A" with
a, # 0, we let ¢(a): A — F{r} be the Drinfeld A-module of rank r for which ¢(a); =
t+a 7+ +a_177" "+ a,7" and we let

ﬁqﬁ(a),a: GalF — GLT(A/C[)

be the corresponding Galois representation. The goal of this section is to prove the following
theorem which says that py, . is surjective for “most” a.

Theorem 8.1. The set of a € A" such that a, # 0 and py(,) (Galp) = GL.(A/a) has density
1.

8.1. A version of Hilbert’s irreducibility theorem. Fix a positive integer r and a
nonempty open subscheme U of A%. Consider a continuous and surjective representation

p:m(U) = G,

where 71 (U) is the étale fundamental group of U and G is a finite group. Here we are
suppressing the base point of our fundamental group and hence the representation p is only
determined up to conjugacy by an element in G.

Take any point u € U(F') C F". Specialization by u gives rise to a continuous representa-
tion

pu: Galp =5 m(U) L a

that is uniquely determined up to conjugacy in G. In particular, the group p,(Galp) C G
is uniquely determined up to conjugacy in G. We will show that p,(Galg) = G for all

u€ U(F)N A" away from a set of density 0 after first proving an easy lemma.
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Lemma 8.2. Let I be a nonzero ideal of A and fix a subset B C (A/I)". Then the set of
a € A" whose image modulo I lies in B has density |B|/N(I)".

Proof. Consider a positive integer d. Define the reduction map ¢,: A"(d) — (A/I)"; it is
a homomorphism of finite additive groups. By taking d sufficiently large, we may assume
that ¢, is surjective. Therefore, the cardinality of ;' (b) is the same for all b € (A/I)". In
particular, |p;*(B)|/|A"(d)| = |B|/|(A/I)"| for all sufficiently large d. The lemma is now
immediate. U

Theorem 8.3. The set of u € U(F)N A" for which p,(Galp) = G has density 1.

Proof. For a fixed algebraic closure F' of F, we define the group G, := p(m (Ug)); it is
a closed and normal subgroup of G. Let F’/F be the minimal extension in F for which
Gy = p(m1(Upr)). The extension F”/F is Galois and we have a natural short exact sequence

1— G, — G5 Gal(F'/F) — 1.

Take any proper subgroup H of G and let S be the set of u € U(F)NA" for which p,(Galr)
is conjugate in GG to a subgroup of H. We will prove that S has density 0. This will prove
the theorem since G has only finitely many proper subgroups. We have 7(p,(Galg)) =
Gal(F'/F) for all u € U(F), so we may assume that 7(H) = Gal(F'/F') since otherwise
S is empty. We thus have H N G, C G, since H is a proper subgroup of G. Define
C:=U,eqgHg ™" Since G, is a normal subgroup of G and 7(H) = Gal(F'/F), we have

NG, = U g(HﬂGg)g_l = U g(H N Gg)g_l-

geG gelGy

Since H NG, is a proper subgroup of G,, we have C NG, C G, by Jordan’s lemma ([Ser03,
Theorem 4]).

There is a ring R := A[l/n] C F with a nonzero n € A, an R-subscheme U C A%, and a
representation

o:mU) =G

so that Ur = U and base changing g by F' gives p. Take any nonzero prime ideal p of A that
does not divide n. We will also denote the prime ideal pR of R by p; we have R/p = A/p =F,.
For each u € U(Fy), specialization gives a homomorphism wu,: Galg, — (i) and we denote
by Frob, the image of the N(p)-power Frobenius. Note that Frob, in m (i) is uniquely
determined up to conjugacy. Define the set

Q= {u e U(F,) : o(Frob,) € G — C}.

Now take any w € S. We have p,(Galp) € C. If u modulo p lies in U(F,), then p, is
unramified at p and p,(Frob,) lies in the same conjugacy class of G as p(Frob,). So if u
modulo p lies in €, then p,(Froby) lies in G — C' which contradicts that p,(Galr) C C.
Therefore, the image of S modulo p lies in F} — €,. By Lemma 8.2, we have

- [y — | €2
5(9) < L . (1 — _p)’
] e VO ]
where P is any finite set of nonzero prime ideals of A that do not divide n. So to show

that S has denisty 0 it suffices to prove that there is a positive constant ¢ < 1 such that

1 — || /N(p)" < c for infinitely many prime ideals p of A.
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Now take a nonzero prime ideal p of A that splits completely in F” and does not divide n.
Our assumption that p splits completely in F’ implies that o(m (Us,)) C G,.

We claim that o(mi(Ug,)) = Gy for all but finitely many such p. Let R’ be the integral
closure of R in F’. We can base change p to get a surjective representation ¢': m (Up) — G,.
To prove the claim, it suffices to show that o' (7 ((Ur)ry,)) = o' (71 (Ur,)) equals G, for all
but finitely many nonzero prime ideals P of R’. The representation ¢’ corresponds to an
étale cover Y — Up of R'-schemes so that Y@ and (Ugr/ ) = Up are both geometrically
irreducible. For nonzero prime ideals 3 of R', we have an étale cover Yy, — Ur,, of degree
|Gg|. The claim follows from Yr,, and Ug,, being geometrically irreducible for all but finitely
many P, cf. [Gro66, 9.7.8].

So by excluding a finite number of p, we may assume that o(mi(Ur,)) = o(m (Us,)) = G,
Then an explicit equidistribution result like [Ent21, Theorem 3] implies that

Q] = [{u € UTy) : oFrob,) € Gy — (C N Gy)}| = E=EREdN (p) + O(N(p) /%),

where the implicit constant does not depend on p. To apply [Ent21, Theorem 3] we are using
that the “complexity” of Yg,, — U, can be bounded independent of the nonzero prime ideal
P of R’ since they arise from a single morphism Y — Up/.

Therefore, 1 — [ |/N(p)" = |C N G,|/|Gy| + O(N(p)~/2). Since C NG, C G, there is a
constant ¢ < 1 such that 1 — |€,|/N(p)" < ¢ holds for all but finitely many prime ideals p of
A that split completely in F’. The result follows since there are infinitely many prime ideals
p of A that split completely in F”. O

8.2. Proof of Theorem 8.1. Define the F-algebra R := F'[by,...,b,, 1/b,], where by, ... b,
are indeterminant variables over F. Let ¢: A — R{7}, a — ¢, be the homomorphism of
[F,-algebras for which

(8.1) Gp=t+bT+- -+ b T+ b1
it is a Drinfeld A-module of rank r over the scheme U := Spec R. Note that U is a nonempty
open subscheme of A% = Spec F[by,...,b,:]. The a-torsion of ¢ gives rise to a representation

Poa: m(U) — GL.(A/a)
like before.

Take any a = (a1,...,a,) € U(F) C F". We have a, # 0, so (8.1) with b; replaced
by a; gives a Drinfeld A-module ¢(a): A — F{7} of rank r. Specializing p,, at a gives a
representation Galp — GL,(A/a) that is isomorphic to py(,) - Theorem 8.1 will thus follow
from Theorem 8.3 and the following lemma.

Lemma 8.4. We have p, (m(U)) = GL,(A/a).

Proof. Let V' be the closed subvariety of U defined by the equation b, = 1, i.e., corresponding
to the prime ideal B = (b, — 1) of R. Specialization p, , at P gives a representation

o: m (V) — GL,.(A/a).
It suffices to prove that ¢ is surjective. The representation ¢ agrees with p,, , where 1: A —
R'{7}, a — 1, is the Drinfeld A-module with ¢y = t + by7 + -+ + b,_17" ' + 7" and
R = Flby,...,b._1].
Set K := F(by,...,b,_1). Viewing ¢ as a Drinfeld A-module over K, it thus suffices to

show that Gal(K (¢[a])/K) = GL,(A/a), where ¢[a] is the a-torsion arising from ¢ in a
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fixed separable closure of K. In [Brel6, Theorem 6], Breuer proves that Gal(K (¢]a])/K) =
GL,(A/a) which had been earlier conjectured by Abhyankar. O

9. SIEVING

Let B be the set of a = (ay, ay) € A* with ay # 0 for which the following hold:
® psa).(Galp) = GLy(Ay) for all nonzero prime ideals A of A,
e the commutator subgroup of py(q)(Galp) C GLy(A) is equal to [GLy(A), GLy(A)].
The main goal of this section is to prove the following theorem. We will use it in §9.2 to
quickly prove Theorem 1.2 in the case ¢ # 2.

Theorem 9.1. The set B has density 1.

9.1. Proof of Theorem 9.1. Fix an integer m > 2.

e Let R be the set of (ay,ay) € A? for which there are at least two distinct nonzero
prime ideals p of A that satisfy degp > 1, vy(a;) = 0 and vy(az) = 1.

e Let S,, be the set of (ay,as) € A% for which a; #Z 0 (mod p) or ag # 0 (mod p) for
all nonzero prime ideals p of A with degp > m.

e Let 7, be the set of (ay,as) € A? for which there are two distinct prime ideals p;
and py of A of the same degree d < m/(2(q — 1)*(¢ + 1)) for which ay #Z 0 (mod p;)
and as Z 0 (mod po).

e Let Uy, be the set of (a1, az) € A* with ay # 0 for which gy, y2(Galp) = GLy(A/N?)
for all nonzero prime ideals A of A with deg A < m.

Lemma 9.2. For any a € RNS,, N Ty N U, and nonzero prime ideal X of A, we have
p¢(a),,\(Galp) = GLQ(A)\)

Proof. Take any a = (ay,a3) € RNS,, N Ty MU, and any nonzero prime ideal A of A. We
have ay # 0. Define G := py),2(Galp); it is a closed subgroup of GLy(Ay). With R := Ay,
we will show that G satisfies the conditions of Proposition 2.1. Once we have verified that
the conditions hold, Proposition 2.1 will imply that G = GLy(A,).

Since a € R, there is a nonzero prime ideal p # X of A such that v,(a;) = 0 and
vp(ag) = 1. In particular, ¢(a) has stable reduction of rank 1 at p. Define the j-invariant
Jo(a) = al" Jaz € F. We have v,(jg(a)) = —1. Since vy(az) = 1 and p # A, det(G) = A} by
Proposition 6.2. This verifies condition (a) of Proposition 2.1.

Let I, be an inertia subgroup of Galp for the prime p. Take any ¢ > 1. Since p # A
and the denominator of vp(j¢ ))/N(X) = —=1/N(X)" is N())!, Proposition 4.2 implies that
there is a subgroup of {(3%): b € A/X'} of order N(\)" that is conjugate in GLy(A/\Y) to
a subgroup of py,) vi(1p)- So after choosing an appropriate basis for ¢[\] for all i > 1, we
may assume that

(91) {((1) l{) b e A/)\z} - ﬁ¢(a)’A¢(Galp).

We thus have ({}) € G and hence condition (e) of Proposition 2.1 holds. With i = 2,

(9.1) implies that condition (c) of Proposition 2.1 holds. If N(A) =2, then py,) 2(Galr) =

GLy(A/)?) since a € U,, and m > 2; this shows that condition (d) of Proposition 2.1 holds.
It remains to verify that condition (b) of Proposition 2.1 holds, i.e., show that p, \(Galr) =

GLy(F,). Since a € U,,, we may assume that degA > m. Smce a € Sm, we have

a; # 0 (mod A) or as # 0 (mod A). Therefore, ¢(a) has stable reduction at A. Since
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Poa)2(Galp) contains a subgroup of order N(A) by (9.1), Proposition 2.2 implies that
Doy (Galr) 2 SLa(Fy) or py, » is reducible.

Suppose that py,  is reducible. Since a € Ty, there are two distinct prime ideals p; and
po of A of the same degree d < m/(2(q — 1)*(¢ + 1)) for which ¢(a) has good reduction
at both p; and p;. By Lemmas 7.1 and 7.3 with n := (¢ — 1)*(¢ + 1), we have deg A <
2(q — 1)*(q + 1)d < m. This is a contradiction since deg A > m.

Therefore, py,  is irreducible and hence py,) \(Galp) 2 SLy(Fy). Since det(G) = Ag,
we deduce that det(py,) ,(Galr)) = F5 and hence py, 1 (Galr) = GLa(F»). O
-

Lemma 9.3. Take any a € RNS,,N T NUy,. Then the commutator subgroup of ps(Galp)

-~ -~

GLy(A) is equal to [GLy(A), GLy(A)].

-~

Proof. Define G := py(Galp); it is a closed subgroup of GLy(A). We will now verify that
G satisfies all the conditions of Theorem 3.1. For any nonzero prime ideal A of A, we have
Gy = GLy(A,) by Lemma 9.2. This verifies condition (a) of Theorem 3.1.

Now take any distinct nonzero prime ideals A; and s of A. Since a € R, there is a nonzero
prime ideal p of A such that vy(a;) = 0, vy(az) = 1, and degp > 1. In particular, ¢(a) has
stable reduction of rank 1 at p. We have vy (jga)) = —1.

Let I, be an inertia subgroup of Galp for the prime p. Take any ¢ > 1. The denominator of
Vp(Jg(a)) /N (A1A2) = —1/N(A1Ag) is N (A1) N(A2) and hence py g 5,5, (p) contains a subgroup
of cardinality N(A;)N(A2) by Proposition 4.2(ii). In particular, the image of G modulo
A1Ag contains a subgroup of cardinality N(A)N()Xy). This verifies that condition (b) of
Theorem 3.1 holds.

Now suppose that N(A;) = N(Ay) = 2. We have p ¢ {\, Ao} since degp > 1. Take any
i > 1. Proposition 4.2 implies that pj(, i (Ip) is conjugate in GL2(A/(N{AS)) to a subgroup
of {(§1):b€ A/(NAS)} and that py() i (Ip) has cardinality divisible by N(A1A}). So after
choosing appropriate bases for ¢p[Ai\y] for all 4 > 1, we may assume that

{([1) 11)) : b € A)\l)\Q} g p¢(a)7)\1)\2(GalF).

This verifies that condition (c¢) of Theorem 3.1 holds.

Now suppose that ¢ € {2,3} and let a be the ideal that is the product of the prime ideals
of A of degree 1. We have degp > 1. Since vy(az) = 1 and p { a, we have det(p,, ,i(Galr)) =
(A/a")* for all ¢ > 1 by Proposition 6.2. Condition (d) of Theorem 3.1 is now immediate.

-~

We have verified the conditions of Theorem 3.1 and hence G and GLy(A) have the same
commutator subgroup. 0

By Lemmas 9.2 and 9.3, we have an inclusion R NS, N T,, "U,, C B and hence
(9.2) A2 —BC (A2 -R)U (A% - S,,) U (A% =T ) U (A% —U,).
We now bounds the upper densities of the sets in the right-hand side of (9.2).
Lemma 9.4. We have §(A*> —R) = 0.

Proof. Recall that the reciprocal of the zeta function of A}Fq = Spec A is the power series
Hp(l —Td°8¥) where the product is over nonzero prime ideals of A, and it is equal to 1 —¢T.

By considering T = 1/¢, and hence T8 = 1/N(p), we find that limg, 1, degpeall —
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1
N(p)
degree at least 2 such that

. 1 _
(9.3) Jim [I a-s) =0
peP;,degp<d

) = 0. We can choose two disjoint sets P; and Py of nonzero prime ideals of A with

for 1 <3 <2.

Take any 1 < i < 2 and let S; be the set of (a1, az) € A% such that (vy(a1),vy(as)) # (0,1)
for all p € P;. Take any p € P; and let Q, be the set of (b, b)) € (A/p?)? for which by #Z 0
(mod p), by =0 (mod p) and by # 0 (mod p?). Define

2)\2
o = e = 1= e = 1~ (0= i) (vt — wioe) < (= ) (1 w6
where ¢ > 1 is an absolute constant. Note that the image of S; modulo p? lies in (4/p?)*—Q,.
For any positive integer d, Lemma 8.2 implies that

ssy< I s I O—-5)0+552)

peP; degp<d peP;, degp<d

Using the zeta function of A , we find that [, 4., ,<4(1+ W) can be bounded independent
of d. So there is a positive constant C' such that

= 1
ssy<ce I 0-w)
pEP;, deg p<d
holds for any d > 1. By (9.3), we deduce that §(S;) = 0 and hence §(S;) = 0.
We have R D A% —(S;US,) since the sets P and P; are disjoint. Since §(S1) = 0(Ss) = 0,
we conclude that 6(R) = 1. O

Lemma 9.5. For any ¢ > 0, we have 6(A? — S,,) < e for all large enough m > 1.

Proof. Define C := A? — S,,, i.e., the set of (a;,a;) € A? for which a; = 0 (mod p) and
as =0 (mod p) for some prime ideal p of A with degp > m.

Fix an integer d > m. Let P(d) be the set of (a;,as) € A? with deg(a;) < d and
deg(az) < d. Define C(d) :=C NP(d).

Take any (a1,as) € P(d) — {(0,0)} with a; = 0 (mod p) and a; = 0 (mod p) for some
nonzero prime ideal p of A. Fix an 1 <i < 2 for which a; # 0. We have a; =0 (mod p) and
hence degp < dega; < d.

Therefore,

(9.4) c@dl < D B,
p, m<deg p<d

where (,(d) is the number of (a1, az) € P(d) such that a; =0 (mod p) and a; =0 (mod p).
Take any nonzero prime ideal p of A with m < deg(p) < d. The reduction modulo p map
P(d) — Iﬁ‘g is a surjective homomorphism of F,-vector spaces and hence the kernel has

dimension 2(d + 1) — 2deg p. Therefore, 3,(d) = ¢**1=4?)  Using (9.4), we deduce that
C(d)] ~2d ~2d
< q egp < q egp7
[P(d)] 2 2

p,m<degp<d p,degp>m

where we note that the series converges absolutely. So by taking m > 1 large enough, we

will have |C(d)|/|P(d)| < ¢ for all d > m. Therefore, 6(A% — S,,) = 4(C) < e. O
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Lemma 9.6. For any ¢ > 0, we have 6(A> — T,,) < € for all large enough m > 1.

Proof. Let d(m) be the largest integer for which d(m) < m/(2(¢ — 1)*(¢ + 1)). By taking
m large enough, we may assume that there are distinct nonzero prime ideals p; and py of A
with degp; = degps = d(m). Let Q be the set of b € A/(p1p2) for which b = 0 (mod p;)
or b =0 (mod p,). The image of A? — 7,, modulo p;p, lies in Q2. By Lemma 8.2, we have
§(A%2 —T,) = |Q/|A/(p1p2)| < 1/N(p1) + 1/N(p2) = 2/¢%™. Since d(m) — oo as m — oo,

we conclude that §(A? — Ty,) < ¢ for large enough m. O
Lemma 9.7. We have have §(A* —U,,) = 0.
Proof. This follows from Theorem 8.1. O

From the inclusion (9.2), we have
§(A? —B) < §(A? —R)+6(A% = S,) +6(A* = T,) +6(A* —U,,).

Take any ¢ > 0. Using Lemmas 9.4, 9.5, 9.6 and 9.7, we deduce that §(A? — B) < ¢ for all
sufficiently large integers m. Since € > 0 was arbitrary, we have §(A? — B) = 0 and hence
§(A? — B) = 0. Therefore, B has density 1.

9.2. Proof of Theorem 1.2 when ¢ # 2. We assume throughout that ¢ # 2.

Take any a € B. We have pyq)\(Galp) = GLy(Ay) for all nonzero prime ideals A of
A by our definition of B and hence a € S5. We have [GLy(A), GLy(A)] = SLy(A) by
Proposition 2.9 and our assumption that ¢ # 2. By our definition of B, the commutator
subgroup of Pt y(Galp) is SLy(A) and in particular we have py( y(Galp) 2 SLy(A). The
index [GLy(A) : Ps(a)(Galp)] thus agrees with [AX det(pg(q)(Galp))] which divides ¢ — 1 by
Theorem 6.3(ii). Therefore, a € S,. Since a was an arbltrary element of B, we have S, O B
and S3 O B. Theorem 9.1 implies that Sy and S3 have density 1.

Let P be the set of (aj,ay) € A? with ay # 0 for which the leading coefficient of the
polynomial (—1)d¢892+1g, generates the cyclic group F;. The set P has positive density;
moreover, it has density (¢ —1)/(¢ — 1), where ¢ is Euler’s totient function. For a € P, we
have [A* : det(pg(a)(Galp))] = 1 by Theorem 6.1.

We have S D P N B since pya)(Galp) D SLy(A) and det(pyray(Galp)) = A% for all
a € PNB. We have §(PNB) = 6(P) > 0 since B has density 1 by Theorem 9.1. Therefore,

S1 has a subset with positive density.

10. ¢ =2 AND WILD RAMIFICATION AT 00

Throughout §10, we assume that ¢ = 2. The goal of this section is to give a condition
that ensures ps(Galp) equals GLy(A) assuming it contains its commutator subgroup. Let
Uso: F'* — Z be the valuation satisfying v..(a) = — deg(a) for all nonzero a € A.

Proposition 10.1. Let ¢: A — F{r} be a Drinfeld A-module of rank 2 for which vs(je) is
odd and v (js) < —5. Then the homomorphism

Galp — GLy(A)/[GLa(A), GLy(A)]

obtained by composing py with the obvious quotient map is surjective.
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10.1. Maximal abelian quotient. For each i € [y, define the prime ideal \; = (¢ + i) of
A. Define the homomorphism

-~

Yi: GLZ(A) — GLQ(F)\I) = GLQ(FQ) — GLQ(FQ)/[GLQ(F2)7 GLQ(]FQ)] = {ﬂ:l},

where we are composing reduction modulo \; with the quotient map. We obtain a surjective
continuous homomorphism

B: GLy(A) = A% x {£1} x {1}, B+ (det(B),v0(B),11(B)).

Lemma 10.2. The kernel of 5 is [GLa(A), GLy(A)].

~

Proof. We have GLy(A) =[], GL2(A»), where the product is over the nonzero prime ideals
of A. Therefore, the commutator subgroup of GLy(A) is equal to [[,[GL2(Ax), GLa2(A))].

-~ ~

Using Proposition 2.9, we obtain a description of [GLa(A), GL2(A)] that agrees with the
kernel of . [l

10.2. Cubic polynomials. Consider a separable polynomial f(z) = 2® + bz + ¢ € K|z],
where K is a field. Let 71, 75 and r3 be the distinct roots of f(z) in some separable closure
of K and define the splitting field K’ := K(ry,79,73). Using the numbering of the r;, we
have an injective homomorphism ¢: Gal(K’/K) <— &3 to the symmetric group on 3 letters.
Let e: Gal(K'/K) — {£1} be the homomorphism obtained by composing ¢ with the parity
character.

Let L/K be the subfield of K’ fixed by the kernel of e. We want to explicitly describe the
extension L/K. When K has odd characteristic, L is obtained by adjoining to K a square
root of the discriminant of f(x). This is not good enough for our application which concerns
fields of characteristic 2. The following material comes from [Con| and is straightforward to
prove.

Define the polynomial

Ro(x) := (x — (rirg +r3r3 +1r3r)) (@ — (r3ry +rirs +1373)).

When expanded out, the coefficients of Ry(z) are symmetric polynomials in 7,79, r3 and
hence are polynomials in b and c¢. A direct computation shows that

Ro(z) = 2% — 3cx + (b° + 9¢2).

One can then verify that the f(z) and Rs(z) have the same discriminant. In particular,
Ry(z) is separable since f(z) is separable. Note that r2ry +r3r3 +rar; and rir; +r2rs +rir
are both fixed by any even permutation of the r; but are swapped by any odd permutation
of the r;. Therefore, L is the splitting field of Ry(x) in K.

10.3. Proof of Proposition 10.1. By Lemma 10.2, it suffices to prove that Sop,: Galp —
A% x {41} x {£1} is surjective.

Take any ¢ € 5. With 7; as in §10.1, we let L; be the subfield of F* fixed by the kernel
of the homomorphism «; o p,: Galp — {£1}.

Lemma 10.3. We have L; = F(«) with a a root of the polynomial
? —x+js/(t+i)* + 1€ Flz].
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Proof. We have ¢, = t 4+ a7 + as7? for some a; € F and ay € F* and hence ¢,y; =
(t +14) + a7 + a7 We have ¢[\;] = F3, so ¢[\j] = {0,71,79,73} for distinct nonzero
ri, 19,73 € F5P. The values r1, 19,73 are the distinct roots in F* of the polynomial

f(x) =2+ (a1/az)x + (t +14)/ag = a5 'z ((t + i)z + a12® + axz?) € Fla].

We have a character ¢: Galp — {£1} corresponding to f(z) as in §10.2.

With respect to a basis of ¢[\;] = F3, the action of the group GLy(F3) on {ry,re, 73} is
faithful and transitive and induces an isomorphism GLy(F;) = &3. Using this, we find that
¢ agrees with v; o py. Therefore, L; is the subfield of F* fixed by the kernel of €. From
§10.2, we find that L; C F®P is the splitting field over F' of the polynomial

Ry(z) = a? = 3(&)x + (2)” + 9(£4)” € Fa].

Setting y = ay/(t + i) x and using that our field has characteristic 2, we find that L; is the
splitting field over F of the polynomial y*>—y—+a$/(as(t +1)?)+1 = y*—y+j,/(t +i)*+1. O

Lemma 10.4. The homomorphism

B Galp — {1} x {£1}, o= (3(pe(0)), 11(ps(0)))

is surjective and is totally ramified at the place oo of F.

Proof. Let L be the subfield of F* fixed by the kernel of 5’. We have L = LyL;. For
i € Fy, Lemma 10.3 implies that L; = F(«;) with «o; a root of the polynomial f;(z) =
r? — x4 js/(t+149)* + 1.

We claim that each L;/F is a quadratic extension that is totally ramified at the place oco.
Since we are in characteristic 2, the roots of f;(z) in L are a; and a; + 1. In particular,
ai(a; + 1) = jo/(t+1)* + 1. We have vao(Jo/(t +1)?) = vao(Jg) + 2 < 0, where we have used
our assumption that vy (js) < —5. Therefore,

Voo (@it + 1)) = Voo (s ( +1)° + 1) = v/ (t +1)*) = ve () + 2.

Since v (jy) is odd by assumption, we find that v (c;(c; + 1)) is a negative odd integer.

After extending v, to a Q-valued valuation on F*P, we find that one of the rational numbers

Voo () OF Voo (a; + 1) is negative and hence voo(@;) = voo(; + 1) < 0. Therefore, 2vy () =

Voo(@i(a; + 1)) is an odd integer and hence vy (;) ¢ Z. We deduce that L; = F(«;) is a

nontrivial extension of F' that is ramified at co. The claim follows since [L; : F| < 2.
Define « := a + ayq; it is a root of the polynomial

(10.1) 2> —x+ (Jo P+ 1)+ (o /t+ 12+ 1) =27 — 2+ js/(tt + 1))

We claim that F'(a) is a quadratic extension of F' that totally ramified at the place co. The
roots of (10.1) are v and o+ 1, 50 Voo ({4 1)) = v (Jg/ (E(t+1))?) = v (jy) + 4 From our
assumptions on v (jy), we deduce that v (a(or + 1)) is a negative odd integer. Therefore,
Voo (@) = Voo(a + 1) and 2v, () is an odd integer. We have v («) ¢ Z and hence F(a)/F
is a nontrivial extension ramified at co. The claim follows since [F(«) : F| < 2.

We now show that ' is surjective. It suffices to show that [L : F] = 4. Since L = LoL,
with [L; : F] = 2, it suffices to show that Lo # Li. If Ly = Ly, then for any o € Galg, we
have o(a;) = «; for both i € Fy or o(a;) = «a; + 1 for both i € Fy. So if Ly = Ly, then
a = ag + oy is fixed by Galp and hence o € F'. Since F(«)/F is a nontrivial extension, we

deduce that Ly # L;. This completes the proof that 5’ is surjective.
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Suppose that L/F is not totally ramified at co. Since " induces an isomorphism Gal(L/F’)
{£1} x {1}, one of the three quadratic extensions of F' in L must be unramified at oo.
However, the three quadratic extensions of F in L are Ly, L; and F(«), and we have already
shown that they are all ramified at co. Therefore, L/F is totally ramified at occ. 0

Lemma 10.5. The homomorphism det opy: Galp — A% s surjective and tamely ramified
at the place oo of F.

Proof. We have ¢; = t + a17 + ap7* with a; € F and ay € F*. Let : A — F{r} be the
rank 1 Drinfeld module for which ¢, =t — a7 =t + ao7. By Corollary 4.6 in [Ham93], we
have det py = py.

So it suffices to show that p,: Galp — AX s surjective and tamely ramified at co. We
have axyya; b = t-+7. So after replacing ¢ by an isomorphic Drinfeld module, we may assume
that 1 is the Carlitz module, i.e., ), = t + 7. For any nonzero ideal a of A, the extension
F(¢la])/F is tamely ramified at oo and Gal(F(¢[a])/F) = (A/a)*, cf. [Hay74, Theorems 2.3

and 3.1]. The lemma is now immediate. O

We need to show that
Bopy: Galp — A% x {#1} x {£1}

is surjective. Composing [ o p, with the projection to Ax gives the homomorphism det op,,
which is surjective and tamely ramified at oo by Lemma 10.5. Composing 5 o ps with the
projection to {+1} x {1} gives a homomorphism [’ which is surjective by Lemma 10.4.

Suppose [ o p, is not surjective. Goursat’s lemma ([Rib76, Lemma 5.2.1]) implies that
there is a continuous and surjective homomorphism ¢: Galp — @, with ) # 1 a finite
group, that factors through both det ops and f’. The homomorphism ¢ is tamely ramified
at oo since it factors through detop,. However, since ¢ factors through 4’, Lemma 10.4
implies that ¢ is wildly ramified at co. This gives a contradiction since ¢ # 1 and thus 3o py
is surjective.

10.4. Proof of Theorem 1.2 when ¢ = 2. We assume ¢ = 2. Let C be the set of
(a1, as) € A% with ajas # 0 and deg(a;) = deg(as) — 1. For any integer d > 1, we have
d
Cd)|=> (¢-1g " (¢—1)q" = (¢— ’q(¢®™ = 1)/(¢* = 1).
i=1
Therefore,
5(C) = Tim = 1)261(612;’ /=1 _ (a—1°% _1
d—+00 g2(d+1) 22—1) 6

Let B be the set from §9; it has density 1 by Theorem 9.1. We have S3 O B and hence S3
has density 1.

Take any a € B. Theorem 6.3(ii) and ¢ = 2 implies that det(pg()(Galp)) = A Since
pota)(Galp) D [GLy(A), GLy(A)] and det(pyay(Calp)) = A%, Lemma 10.2 implies that
[GLQ(A) : Po(a)(Galp)] divides 4. In particular, a € S;. We have shown that S, 2 B
and hence Sy has density 1.

Now take any a € C N S;. We have jg,) = a?™ Jay = a3 /ay and hence

Voo (Jo(a)) = —Voo(2) + 3vss(a1) = deg(as) — 3deg(ar) = —2deg(as) + 3,
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where the last equality uses that deg(a;) = deg(az) — 1. Therefore, v (jg()) is an odd
integer and Voo (Jp(a)) < —5 when deg(az) > 4. So for any a € C N 82 with deg(ay) > 4,

-~

Proposition 10.1 and pyq)(Galp) 2 [GLa(A), GLy(A A)] implies that Po(a)(Galp) = GLy(A).
The set CN .Sy has density 1 /6 and contains only finitely many a with deg(ag) < 4. Therefore,
S1 has a subset with positive density.

11. PROOF OF THEOREM 1.4

11.1. Proof of Theorem 1.4 when ¢ # 2. Fix a prime power ¢ > 2 and let ¢: A — F{7}
be the Drinfeld A-module for which

Gy =t+1 -1

We will show that p,(Galp) = GLQ(E).

Define the prime ideal p := (¢) of A and let I, be an inertia subgroup of Galp at p.
Observe that p is the only nonzero prime ideal of A for which ¢ has bad reduction. We have
Jo = —1/t7! and hence v,(js) = —(¢ — 1). In particular, ged(vy(jy),q) = 1.

Lemma 11.1. For any nonzero ideal a of A, the character detop, ,: Galp — (A/a)* is
surjective and is unramified at all nonzero prime ideals q 1 a of A.

Proof. Let ¥: A — F{r} be the rank 1 Drinfeld module for which ¢, = t — (=t ') =
t 4+ t7'7. By Corollary 4.6 in [Ham93], we have det ps = p, and hence also det Ppa = Pyp.a-
We have ti;t ! = t + 7 and hence v is isomorphic to the Carlitz module. The lemma is now
an immediate consequence of [Hay74, Proposition 2.2 and Theorem 2.3]. 0

Lemma 11.2. For any nonzero prime ideal A of A, p, , is irreducible.

Proof. We will prove the lemma by contradiction. Suppose that p, , is reducible for some A.
First suppose that A = p = (¢). For each nonzero ¢ € F;, ¢ has good reduction at (t — c).
We have Py _¢)(z) = #* — x +t — ¢ by Lemma 5.2(i). Therefore, g, ,(Galp) € GLy(F,)
contains an element whose characteristic polynomial is 22 — x — ¢ € Fy[z] = F [z]. Since
Dy is reducible, we find that the polynomial 2% — = — ¢ in Fg[x] is reducible for all ¢ € F,.
When ¢ is even, this is impossible since F, has a quadratic extension which must be given
by a polynomial of the form 2* — z — ¢ € F,[z]. When ¢ is odd, this is also impossible since
otherwise (—1)? — 4(—c) = 1 + 4c would be a square in F, for all ¢ € F,. Therefore, A # p.
After conjugating p, ,, we may assume that (7.1) holds with characters xi, xo: Galp —
Y. Since ¢ has good reduction away from p, x; and x» are unramified at all nonzero prime
ideals of A except perhaps p and . Proposition 4.2(i), with a := X and using A # p, implies
that one of the characters x; or xo is unramified at p. Since det op,, \ = x1X2 is unramified at
p by Lemma 11.1, we deduce that x; and x» are both unramified at p. Since p, , is reducible
and ¢ has good reduction at A, Proposition 4.1 implies that y; or ys is unramified at .
We have verified that x; and x, satisfy (i) and (ii) of Lemma 7.1 with n := 1. By
Lemma 7.2, there is a ¢ € F} such that Py,(¢%89) = 0 holds in F for all nonzero prime
ideals q ¢ {p, \} of A.
Assume that ¢ > 3 or degA > 1. Then there are distinct nonzero ¢;,c; € F, with
A€ {(t—c1),(t—co)}. Using Lemma 5.2(i), we have

ca— 1= Py-c)(() = Pst-c)(() =04+0=0 (mod A)

which contradicts that ¢; and ¢y are distinct elements of F,.
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It remains to consider the case where ¢ = 3 and deg A = 1. In particular, A = (¢ — b) with
b € F; and F, = F3. Define the prime ideal q := (t* + ¢ + 2) of A. We have (989 = 1 since
IFX| = 2 = degq. Therefore, Pyq(1) =0 (mod A). We have Pyq(z) = a® + 2z +t* +t + 2
by Lemma 5.2(ii). Therefore,

0=Psq()=1"+2- 140" +b+2=0"+b+2 (mod \)

and hence b? + b+ 2 = 0 since b € F5. However, this is a contradiction since 22 + x + 2 is
irreducible in Fs[z]. O

Lemma 11.3. For any nonzero prime ideal A of A, we have py \(Galp) = GLa(A)).

Proof. Take any nonzero prime ideal A of A. Set G := py(Galp) C GLy(A,). Using
Lemma 11.1 with a = A and ¢ > 1, we find that det(G) = AJ.

Since ged(vy(jg), ) = 1, Proposition 4.2(iii) implies that py (1), and hence also p, y(Galg),
contains a subgroup of cardinality N()). The group p, ,(Galr) acts irreducibly on F3 by
Lemma 11.2. Proposition 2.2 implies that p,,(Galp) 2 SLy(Fy). Since det(G) = Ay, we
deduce that the image of G modulo A is GLy(F)).

Fix a generator 7 of the ideal A. Let P be a p-Sylow subgroup of p ,2(1,), where p is the
prime dividing ¢. Proposition 4.2(ii) and ged(v(jy), q) = 1 implies that the cardinality of P
is divisible by N(A)2. Since a p-Sylow subgroup of GLy(IFy) has cardinality N()), we deduce
that there is a ¢ € P such that ¢ = I + 7B (mod \?) with B € My(A,) satisfying B # 0
(mod \). After conjugating our representation p, 2, we may assume by Proposition 4.2(ii)
that

Pore(lp) C{(al):ae (A/N),be A/N ceF)}.
Therefore, P C {(2%):a € (A/N?)* with a=1 (mod \),b € A/A\?} and hence B modulo A
is of the form (). Since B # 0 (mod A), we find that B modulo \ is not a scalar matrix.

We have now verified the conditions of Proposition 2.1 with ¢ > 2 and hence G = GLy(A,).
O

Set G := py(Galp). We have det(G) = Ax by Lemma 11.1, so it remains to prove that

SLs(A) is a subgroup of G. For each nonzero prime ideal A of A, SLy(A,) is a subgroup of
Gy = pp(Galp) by Lemma 11.3. Take any two distinct nonzero prime ideals A; and Ay of
A. Proposition 4.2(iii) implies that p, y,y,(/y) has a subgroup of cardinality N(A1)N()2). In
particular, G modulo A\; Ay has a subgroup of cardinality N(A1)N()\2). Using Theorem 3.1

~ -~

and ¢ > 2, we deduce that the commutator subgroup of G is SLy(A) and hence G O SLy(A)
as desired.

11.2. Proof of Theorem 1.4 when g = 2. With ¢ =2, let ¢: A — F{r} be the Drinfeld
A-module for which

or =t + 7+ (> +t+ 1)7°

We will show that ps(Galp) = GLy(A). Since ¢ = 2, we have det(py(Galp)) = A Dby
Theorem 6.3(i).

Define the ideal p := (t*+¢+1) of A. Observe that p is the only nonzero prime ideal of A
for which ¢ has bad reduction. Moreover, ¢ has stable reduction of rank 1 at p. We let I, be
an inertia subgroup of Galy for the prime p. We have j, = (£3)7 /(2 +t+1) = /(> +t+1)
and hence v,(j,) = —1.
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Lemma 11.4. The homomorphism Galp — GLy(A)/[GL2(A), GLa(A)] obtained by compos-
ing py with the obvious quotient map is surjective.

Proof. This follows from Proposition 10.1 since v (jg) = —7. O
Lemma 11.5. We have py ,(Galp) = GLy(FF5) for all nonzero prime ideals A of A.

Proof. Assume that p, ,(Galp GLy(Fy) for some \. Proposition 4.2(iii) implies that
@A

Pya(Ip) contains a subgroup of order N(A). The representation p, , is thus reducible by

Proposition 2.2. After conjugating p, ,, we may assume that

ﬁ(b,)\(o-) = (Xléa) X;EU))

for all 0 € Galp, where x1, x2: Galp — FY are characters.
First assume that deg A = 1 and hence A = (¢t 4 4) for some ¢ € Fy. The nonzero elements
of ¢[\] are the roots of the separable polynomial

Qz) = (t+1i) + P2+ (2 +t+ 1)a® € Alz].

We have x; = 1 since F, = FJ and hence there is a nonzero element of ¢[)\] lying in F'. In
particular, Q(x) has a root in F. Therefore, the image of Q(x) in Fy[z] has a root in F, for
all nonzero prime ideals q # (t* + ¢ + 1) of A. However, a computation shows that Q(z) is
irreducible modulo ¢ for some prime q € {(t + 1), (3 + ¢+ 1)}.

Therefore, deg A > 1. Since ¢ has good reduction away from p, we find that x; and xo
are unramified at all nonzero prime ideals of A except perhaps p and \. When \ = p,
Proposition 4.2(i) and F = {1} imply that x; or x» is unramified at p. When \ # p,
Proposition 4.2(i) and F* = {1} imply that both x; and x, are unramified at p. When
A # p, ¢ has good reduction at A and so Proposition 4.1, with the reducibility of p, ,,
implies that x; or x» is unramified at A. In particular, we have verified that parts (i) and
(ii) of Lemma 7.1 hold with n := 1.

By Lemma 7.2 with n = 1, there is a ( € F{ such that P;4(¢%°8%) = 0 in F, for all
nonzero prime ideals q # A\ of A for which ¢ has good reduction. Since deg A > 1, we find
that Py ) (x) and Py (41)(x) have a common root modulo A. Therefore, the resultant » € A
of Py ) (x) and Py ¢+1)(x) is divisible by A. The polynomials Py ) (x) and Py (41)(z) where
computed in Lemma 5.2(iii) and one finds that » = ¢ + 1. Therefore, r =¢t+1 =0 (mod \)
which is a contradiction since deg A\ > 1. 0

Lemma 11.6. We have py\(Galp) = GL2(A)) for all nonzero prime ideals A of A.

~

Proof. Set G := py(Galp). We have det(G) = A since det(pys(Galp)) = A*. The image
of G modulo A is equal to GLy(F,) by Lemma 11.5.

By Proposition 4.2(i) and (ii), p, (/) has a subgroup of cardinality N(A)? that is con-
jugate in GLy(A/A?) to a subgroup of {(¢%):a € (A/A*)*,be A/N*}. So with a fixed
uniformizer 7w of Ay, we find that G contains a matrix of the form I + 7B with B € M(A,)
and B modulo A not a scalar matrix. When deg A > 1 and hence |F,| > 2, Proposition 2.1
implies that G = GLg(A)).

We now assume that deg A = 1 and hence F) = Fy. Since A # p and ged(v(jy),q) = 1,
Proposition 4.2(iii) implies that for any i > 1, p, yi(I,) contains a subgroup that is conjugate
in GLa(A/X) to {(§%): b€ A/X'}. Using that G is closed, we find that G has an element
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that is conjugate in GLy(A,) to a matrix of the form (§ %) with b # 0 (mod A). In particular,
G has an element with determinant 1 whose image modulo A has order 2.

We will now show that G := p, ,2(Galp) is equal to GLy(A/A?). Let S be the subgroup
of SLy(A/A?) consisting of matrices whose image modulo X is equal to [GLy(Fy), GLo(FFy)].
Since Fy = Fy, we have |S| = 2% - 3 and [GLy(A/N?) : S| = 22 The quotient GLy(F,)/S
is abelian and hence the quotient map G — GLy(Fy)/S is surjective by Proposition 10.1.
In particular, [GLy(A/N2) : G] = [S : SN G|. We know that G contains a matrix g
that is conjugate in GLo(A/A) to some (%) with b # 0 (mod ). Also g is not stable
under conjugation by G since the image of G modulo A is GLy(Fy). Therefore, |S N G|
is divisible by 4. The group S N G contains an element of order 3 since the image of G
modulo \ is GLy(Fy) = GLy(Fy) and [GLy(A/N?) : S] = 22, Since |S| = 23 - 3, we find
that [GLy(A/A\?) : G] = [S : SN G| is equal to 1 or 2. If [GLy(A/A?) : G] = 2, then G
is a normal subgroup of GLy(A/A\?) with nontrivial abelian quotient; this would contradict
Proposition 10.1. Therefore, we have index 1, i.e., G = GLy(A/\?).

We have now verified the conditions need to apply Proposition 2.1 with |F,| = 2 to show
that G = GLa(A). O

-~ -~

Lemma 11.7. We have ps(Galp) 2 [GLo(A), GLy(A)].

-~

Proof. Define G := p,(Galp); it is a closed subgroup of GLy(A). We have already observed
that det(G) = AX. The group Gy = per(Galp) is equal to GLy(A,) for all nonzero prime
ideals A of A by Lemma 11.6.

Take any two distinct nonzero prime ideals A; and Ay of A with deg\; = degXy. By
Proposition 4.2(iii), pg x5, (Ip) € Pgr,n, (Galr) has a subgroup of cardinality N (A1) N (A2) =
N(\)%

Now suppose that deg \; = deg Ay = 1 and hence p ¢ {A\, \2}. For any integer i > 1,
Proposition 4.2(iii) implies that pgyiyi(fy) C Pyaini(Galr) contains a subgroup conju-
gate in GLg(A/(N2XS)) to {(§8):be A/(N\Ay)}. Therefore, the closed group Gy, =
Porr, (Galp) contains a subgroup that is conjugate in GLa(Ay,z,) to {(§8) b€ Ay}
We have det(pg 1, (Galp)) = AS 5, since det(pg(Galp)) = Ax

We have verified the conditions of Theorem 3.1 for G and hence G D [G, G] = [GLy(A), GLy(A)].
O

Lemmas 11.4 and 11.7 now imply that p,(Galp) = GLy(A).
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