EXPLICIT OPEN IMAGES FOR ELLIPTIC CURVES OVER Q

DAVID ZYWINA

ABSTRACT. For a non-CM elliptic curve E defined over Q, the Galois action on its torsion points
gives rise to a Galois representation pg: Gal(Q/Q) — GLs (Z) that is unique up to isomorphism. A
renowned theorem of Serre says that the image of pg is an open, and hence finite index, subgroup of
GL» (Z) We describe an algorithm that computes the image of pg up to conjugacy in GLs (Z)7 this
algorithm is practical and has been implemented. Up to a positive answer to a uniformity question
of Serre and finding all the rational points on a finite number of explicit modular curves of genus
at least 2, we give a complete classification of the groups pg(Gal(Q/Q)) N SLa(Z) and the indices
[GL2(Z) : pr(Gal(Q/Q))] for non-CM elliptic curves E/Q. Much of the paper is dedicated to the
efficient computation of modular curves via modular forms expressed in terms of Eisenstein series.

1. INTRODUCTION

1.1. Serre’s open image theorem. Consider an elliptic curve E defined over Q. For each integer
N > 1, let E[N] be the N-torsion subgroup of F(Q), where Q is a fixed algebraic closure of Q.
The group E[N] is a free Z/NZ-module of rank 2. There is a natural action of the absolute Galois
group Galg := Gal(Q/Q) on E[N] that respects the group structure and which we may express in
terms of a representation

PE,N: GalQ — Aut(E[N]) = GLQ(Z/NZ)

By choosing compatible bases and taking the inverse limit, we can combine these representations
into a single representation
pe: Galg — GL2(Z)

that encodes the Galois action on all the torsion points of E. Here the ring 7 is the profinite
completion of Z. The representation pg is uniquely determined up to isomorphism and hence the
image pp(Galg) is uniquely determined up to conjugacy in GLo (2)

With respect to the profinite topology, we find that pr(Galg) is a closed subgroup of the compact
group GLQ(z). In [Ser72], Serre proved the following theorem which says that, up to finite index,
the image of pg is as large as possible when E is non-CM (it was actually shown for elliptic curves
over a general number field, but we will restrict our attention to the rationals).

Theorem 1.1 (Serre’s open image theorem). Let E be a non-CM elliptic curve defined over Q.
Then pg(Galg) is an open subgroup of GLo(Z). Equivalently, pr(Galg) is a finite index subgroup
of GLo(Z).

The group pgr(Galg), when known, will have a simple description since it is open in GLg(i),
i.e., it is given by its level N and a set of generators for its image modulo N in GLy(Z/NZ). For
a definition of the level and other conventions see §1.12. Unfortunately, Serre’s proof is in general
ineffective.

The goal of this work is to explain how, given a non-CM elliptic curve E/Q, we can compute the
group pg(Galg) up to conjugacy in GLy (i) The algorithm we obtain is practical. For example, we
have used it to compute the image of pg, up to conjugacy, for all non-CM elliptic curves E/Q with
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conductor up to 500000 (on the machine we ran it on, it took on average 0.015 seconds per curve);
these images are publicly available in the L-Functions and Modular Forms Database (LMFDB)
[LMFDBJ. Our algorithms are implemented in Magma [BCP97] and the code can be found in the
public repository [Zyw23].

A large part of Serre’s paper [Ser72] is dedicated to showing that pp , is surjective for all suffi-
ciently large primes ¢. Serre asked whether there is a constant C, not depending on FE, such that
pE, is surjective for all primes £ > C, cf. [Ser72, §4.3]. Moreover, he asks whether pg ¢ is surjective
for all £ > 37 [Ser81, p. 399]. We pose as a conjecture a slightly stronger version (it was conjectured
independently in [Zyw15b] and [Sut16]). We denote the j-invariant of E by jg.

Conjecture 1.2. If E is a non-CM elliptic curve over Q and £ > 13 is a prime, then either
pE’g(Gal@) = GLQ(Z/EZ) or

(¢,jg) € { (17, -17%.101%/2), (17, —17-373%/2'7), (37, -7-11%), (37, —7-137%.2083°) }.

~

Assuming Conjecture 1.2, one can show that the indices [GL2(Z) : pgp(Galg)] are uniformly
bounded as we vary over all non-CM elliptic curves E/Q, cf. [Zyw15a, Theorem 1.3]. Based on the
computations arising in this paper, we make the following prediction.

Conjecture 1.3. We have [GLy(Z) : pe(Galg)] <2736 for all non-CM elliptic curve E over Q.

Remark 1.4. An elliptic curve E/Q with j-invariant —7-11% or —7-1373-20833 satisfies [GLa(Z) :
pe(Galg)] = 2736. Such non-CM elliptic curves E//Q are special because they have an isogeny of
degree 37 defined over Q. In particular, the upper bound in Conjecture 1.3 would be best possible.

We now make a braver conjecture on the possible values of the index [GLa(Z) : p £(Galg)]. This
conjecture holds assuming Conjecture 1.2 and assuming that we have not missed any rational points
on the high genus modular curves that arise in our computations.

Conjecture 1.5. If E is a non-CM elliptic curve defined over Q, then [GLy(Z) : pe(Galg)]| lies in
the set
2,4,6,8,10,12,16, 20, 24, 30, 32, 36, 40, 48, 54, 60, 72, 80, 84, 96, 108,
112,120, 128, 144,160, 182,192, 200, 216, 220, 224, 240, 288, 300, 336,
360, 384, 480, 504, 576, 768, 864, 1152, 1200, 1296, 1536, 2736

Remark 1.6. All of the integers in the set from Conjecture 1.5 actually occur as an index [GLy(Z) :
pe(Galg)] for some non-CM elliptic curve E/Q.

In our arguments, it will often be convenient to work with the dual representation
pg: Galg — GLy(Z)
of pg, i.e., pi (o) is the transpose of pg(c~!). Similarly, we can define p% y (o) to be the transpose

of pgn(c71). Of course, computing the images of p% and pg are equivalent problems and their

images have the same index in GLy(Z).
For a prime /¢, let pg ¢~ : Galg — GL2(Zy) be the representation obtained by taking the inverse
limit of the pg ¢n; equivalently, pg ¢~ is the composition of pr with the f-adic projection.

1.2. The Kronecker—Weber constraint on the image. For a fixed non-CM elliptic curve E/Q,
consider the group Gg := pj;(Galg) C GL2(Z). The group G is open in GL(Z) by Theorem 1.1.
We have det(Gg) = Z* since det op}, = X&lc, where xcye: Galg — Z* is the cyclotomic character,
cf. §2.

We also have the following important constraint on Gg that arises from the Kronecker—Weber

theorem. For a group G, we will denote its commutator subgroup by [G, G].
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Lemma 1.7. We have Gg N SLy(Z) = [Gg, Gg). In particular,
[GL2(Z) : G = [SL2(Z) : [GR, GEll.

Proof. Let Q*" C Q be the maximal abelian extension of Q. Since Gal(Q/Q?") is the commuta-
tor subgroup of Galg, we have p%(Gal(Q/Q*)) = [Gg,GE]. By the Kronecker-Weber theorem,

Q2P is the cyclotomic extension of Q. Since X;ylc = detopy, we deduce that Gg N SLQ(A) =
P (Gal(Q/Q?P)). We obtain Gg N SLQ(Z) [GE,GE] by comparing our two deSCI‘IptIOIlS of
P (Gal(Q/Q?P)). Since det(Gg) = Z*, we have [GLa(Z ) Gg| = [SLQ( ) G N SLQ( )]. The

O

lemma is now immediate.

Ezample 1.8. The commutator subgroup of GLy(Z) is an index 2 subgroup of SLy(Z), cf. Lemma 7.7,
so the index of [Gp,Gg| in SLy(Z) is even. Therefore, the index of G in GLy(Z) is even by
Lemma 1.7. In particular, Gg # GLQ(Z); this was first observed by Serre, cf. Proposition 22 of
[Ser72]. Moreover, the image of G lies in a specific index 2 subgroup of GLq (Z), cf. §1.6.

1.3. Modular curves. Let E/Q be a non-CM elliptic curve and set Gg := p}j;(Galg). Our main
tool for studying the group Gg is the theory of modular curves. R

Consider any open subgroup G of GLy(Z) that satisfies det(G) = Z* and —I € G. Associated
to G, we will define a modular curve X, cf. §3. The modular curve X is a smooth, projective and
geometrically irreducible curve defined over Q that comes with a morphism

TG : Xg%P(l@:AbU{OO}.

For our applications to Serre’s open image theorem, the key property of the curve Xg is that
G is conjugate in GL2(Z) to a subgroup of G if and only if the j-invariant jp of E lies in the set
7¢(Xa(Q)) € QU {oo}. We say that a point P € Xg(Q) is non-CM if 7 (P) € QU {oo} is the
j-invariant of a non-CM elliptic curve.

The pairs (X, 7¢), as we vary over all G, will thus determine the image of Gg in GLg(Z)/{:l:I}
up to conjugacy. However, this is an impractical approach for finding Gg since there are infinitely
many groups G to consider. In fact, infinitely many open subgroups of GLg(Z) can arise as Gg as
we vary over all non-CM elliptic curve E/Q.

In 85, we will describe a method for computing an explicit model for the modular curve X¢g
given a group G. We are also interested in computing 7w in terms of our model. Our approach
to computing modular curves is via related spaces of modular forms that we study in §4. Our
application involves computing thousands of modular curves, so we are especially interested in
finding efficient techniques.

1.4. Agreeable closures. Instead of computing Gg = pE(GalQ) directly, we first find a larger
and friendlier group. We say that a subgroup G of GLQ( ) is agreeable if it is open in GLQ( ), has
full determinant, contains all the scalar matrices, and the levels of G and G N SLQ( ) in GLQ(Z)
and SLo (2), respectively, have the same odd prime divisors.

There is a unique minimal agreeable subgroup Gg satisfying Gg C Gg which we call the agreeable
closure of G, cf. §8. The group Gg is normal in Gg and the quotient group Gg/Gg is finite and
abelian, cf. Proposition 8.1.

We claim that [GE, Gg| = [Gr,GE]. We have [Gg,Gr| C G since Gg/Gp is abelian and hence
[Gg,Gr] € G N SLy(Z). By Lemma 1.7, this gives the inclusion [Gz, Gg] C [Gp, Gg]. The claim
follows since the other inclusion is a consequence of Gg C Gg.

In particular, the agreeable group Gp determines Gpg N SLQ( [GE,GE], up to conjugation

) =
in GLy(Z), and also determines the index [GLy(Z) : Gg] = [SLa2(Z) : [GE,Gr]]. The advantage of
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agreeable groups is that are far fewer of them to consider. In fact, if Conjecture 1.2 holds for E,
then any prime dividing the level of Gg in GL2(Z) must lie in the set

£:={2,3,57,11,13,17,37},

cf. Lemma 10.1. From this, one can show that there are only finitely many agreeable groups of the
form Gg as we vary over all non-CM elliptic curves E/Q for which Conjecture 1.2 holds.
The following theorem summarizes some details of our computations.

Theorem 1.9. We can compute a finite set </ of agreeable subgroups that are pairwise non-
conjugate in GLa(Z) and satisfy the following conditions:

(a) For every group G € o, the level of G is not divisible by any prime £ ¢ L.
(b) Let G be any agreeable subgroup of GLg(z) for which the level of G is divisible only by
primes in the set L and for which Xg(Q) has a non-CM point.
o If X(Q) is infinite, then G is conjugate in GLQ(z) to some group G € .
o If X(Q) is finite, then G is conjugate in GLQ(Z) to a subgroup of some G € &/ with
Xg(Q) finite.
(¢) If G € & is a group for which Xg(Q) is finite, then Xc(Q) is infinite for all agreeable
groups G C G C GLy(Z).
(d) If G € o is a group for which Xg has genus at most 1, then Xg(Q) has a non-CM point.
(e) For any group G € & for which X¢g has genus at most 1, we can compute a model for the
curve Xg and, with respect to this model, compute the morphism wg from Xg to the j-line.
(f) For any group G € o/ and rational number j € Q — {0,1728}, we can determine whether
wg(P) = j for some P € Xg(Q).

Our set &7 contains 315 groups G for which Xg has genus 0 (and hence Xg is isomorphic to I%
since it has a rational point). Our set &/ contains 139 and 17 groups G for which X¢ has genus 1
and X¢g(Q) is infinite or finite, respectively.

Our original set &7 constructed contained thousands of groups G for which X¢g has genus at least
2. For each such group G, Xg(Q) is finite by Faltings; unfortunately, X¢(Q) can sometimes be
extremely difficult to compute. Observe that whenever one can show that X¢g(Q) has no non-CM
points, then we can remove G from o/. In our set o7, we know of 53 groups G for which Xg has
genus at least 2 and X¢g(Q) has a non-CM point; these give rise to 81 exceptional j-invariants of
non-CM elliptic curves.

We will now outline how to compute Gg, up to conjugacy in GLo (2), for a fixed non-CM elliptic
curve E/Q. Again recall that once we know Gg, we can then compute Gg N SLQ(Z) = [GE,GE] up
to conjugacy in GLo (2) (see §7.3.1 for how to compute commutator subgroups). We can thus also
compute the index [GL2(Z) : pp(Galg)] = [GL2(Z) : Gg| = [SL2(Z) : [GE, GE]].

Consider the case where Conjecture 1.2 holds for F/Q and jg is not in the finite set
(1.1) J = U 76(Xc(Q)).

Ged, X (Q) finite

We can verify whether E/Q satisfies these conditions by using the algorithm from [Zyw22] and
Theorem 1.9(f). (For non-CM elliptic curves over Q that do not satisfy these conditions, we will
take any alternate and more direct approach later.)

Let us now explain how Theorem 1.9 allows us to compute the group Gg up to conjugacy; more
details can be found in §10. We have jr € mg,(Xg,(Q)) since p};(Galg) C Gg. In particular,
X¢,(Q) contains a non-CM point. Our assumption that Conjecture 1.2 holds for E implies that
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the level of Gg is not divisible by any prime ¢ ¢ L, cf. §10.1. If Gg is conjugate in GLQ(Z) to a
subgroup of some group G € &/ with X¢(Q) finite, then we have jg € 7g(Xg(Q)) which contradicts
je ¢ J. Therefore, Gg is not conjugate in GLQ(Z) to a subgroup of any G € & with Xg(Q) finite.
Applying Theorem 1.9(b), we deduce that Gg is conjugate in GLQ(z) to a unique group G € 7. So
let G be a group in &/ with maximal index in GLa (Z) amongst those that satisfy jp € 7g(Xg(Q));
this can be found using Theorem 1.9(f). Then the explicit group G is conjugate in GLQ(z) to the
agreeable closure Gg of Gg.

1.5. Finding the image of Galois. Let F be a non-CM elliptic curve over Q. Suppose that
we have found an agreeable subgroup G of GLQ@) such that, after possibly conjugating Gg :=
pi(Galg) in GLg(i), G is a subgroup of G satisfying Gg N SLg(i) =[G, 3G]. In particular, Gg is a
normal subgroup of G and G/Gp is finite and abelian. As noted in §1.4, the agreeable closure Gg
of G will satisfy these properties and is computable. R R

Choose an open subgroup G of G satisfying det(G) = Z* and G N SL2(Z) = [G,G]. Note that
such a subgroup G exists since the (unknown) group G will have these properties. In practice,
we choose G with minimal possible level. Note that G is a normal subgroup of G and that G/G is
finite and abelian.

Let ag: Galg — G /G be the homomorphism that is the composition of pp: Galg - Gg C G
with the quotient map G — G/G. Since G/G is abelian, there is a unique homomorphism

e L — GG
satisfying g (Xeyc(0) 1) = ag(o) for all o € Galg. Now define
(1.2) Heg:={9€G:9-G=~gr(detg)};

it is a subgroup of GLg(z) and the following lemma shows that it is the image of p7, up to conjugacy.

Lemma 1.10. The groups Gg = p;(Galg) and Hg are conjugate in GLy(Z).
Proof. For any o € Galg, we have
pi(0) - G = ap(0) = Yu(Xeye(0) ") = yr(det(ph(0))).
In particular, Gg is a subgroup of Hg. By assumption, we have Gg N SLQ(Z) =[G, G] and hence
Hp NSLy(Z) = GNSLy(Z) = [G,G] = Gp N SLy(Z).

Since G is a subgroup of Hg with Gg N SLQ(Z) =HgN SLg(i) and det(Gg) = 2X, we deduce
that GE = HE OJ

Since G is conjugate in GLQ(z) to the group Hp, computing the image of p}, reduces to the
problem of finding vg.

Remark 1.11. The notation ag, vg and Hg suppresses the dependence on the choice of conjugate

of p}, for which p},(Galg) € G. However, the group Hg, up to conjugacy in GL2(Z), depends only
on F.

We now give an alternate description of vg and an overview of how we will compute it.

Define the open subvariety Ug := Xg — ﬂgl({O, 1728, 00}) of Xg. In §11, we shall describe a
particular étale cover ¢: Y — Ug that is Galois with group G/G. When —I € G, we will have
Y = Ug C X and ¢ will be the natural morphism. The main task in §11 is computing models
for Y and Ug, with the action of G/G on Y, and finding the corresponding ¢ with respect to these
models. Note that from §1.4, we need only consider a finite number of agreeable groups G if we
restrict to non-CM E/Q for which Conjecture 1.2 holds.
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Since G is conjugate in GL2(Z) to a subgroup of G and we have a model for Ug, we can choose
an explicit rational point v € Ug(Q) such that 7g(u) = jg. The fiber ¢~ (u) C Y(Q) has a simply
transitive G/G-action. We also have a Galg-action on ¢~ '(u) since ¢ and u are defined over Q.
The actions of G/G and Galg on ¢~ !(u) commute. Fix an element y € Y (Q) with ¢(y) = u. For
each o € Galg, we have

U(y) = au(a) Y
for a unique a,(c) € G/G. In this manner, we obtain a homomorphism «,,: Galg — G/G. Since
G/G is abelian, «,, does not depend on the choice of y. Our models produce an explicit description
of ay,. For any sufficiently large prime p, by reducing our models modulo p we will be able to verify
that «,, is unramified at p and also compute «,,(Frob,) € G/G.

After possibly replacing p}, by an isomorphic representation that still satisfies G := pj;(Galg) C
G and Gg N SLz(i) = [G,G], we will show in §11.2 that ap = x4 - o, where x4: Galpg —
Cal(Q(vd)/Q) — {#1} is the quadratic character arising from a certain squarefree integer d
(the d is chosen so that the quadratic twist of E by d is isomorphic to an explicit elliptic curve over
Q with the same j-invariant). With this ag and any sufficiently large prime p, we can verify that
Xa and «,, are unramified at p and compute ag(Frob,) = x4(Frob,)o, (Froby).

The homomorphism ap factors through pj n, where N is the level of G. Therefore, ap is
unramified at all primes p { M, where M is the product of N and the primes p for which F has
bad reduction. So the corresponding g factors through a homomorphism

Ve Ly /(Zy) — G/G,
where e is the exponent of the group G/G and Zjy; = Hz\M Zy. So to compute g, it suffices to find
Ye(p- (Z3;)¢) = ag(Frob,) ™t € G/G for a finite set of primes p { M that generate the finite group
Ziyy [ (Zyy)°.
So by computing ag(Frob,) for enough primes p { M, we obtain vg and hence can compute the

group Hp. This will complete the computation of p},(Galg), up to conjugacy in GLs (Z), since it
is conjugate to Hp.

Remark 1.12. Let us make clear what we mean that Hg is computable. That we have computed
~vg means we have a positive integer D > 1 such that v factors through an explicit homomorphism
(Z/DZ)* — G/G. We also know the groups G and G, i.e., we have an integer N > 1 that is divisible
by the levels of G and G, and we have a set of generators for the image in GL2(Z/NZ) of G and

G. Let N’ be the least common multiple of N and D. Then Hp is an open subgroup of GLy(Z)
whose level divides N’ and we can find explicit generators for the image of Hp in GLo(Z/N'Z)
under reduction modulo N’.

1.6. Example: Serre curves. Let us consider the largest agreeable group G := GLo (2) The com-
mutator subgroup [G, G] is the unique subgroup of SLy(Z) with level 2 and index 2, cf. Lemma 7.7.
Let G be the unique subgroup of G = GLy(Z) with level 2 and index 2. We have GNSLy(Z) = [G, G,
det(G) = Z*, and G/G is cyclic of order 2.

For a squarefree integer d, let v4: 7% =G /G be the unique homomorphism for which Galg —
G/G, o+ Ya(Xeye(d)™) factors through Gal(Q(vd)/Q) — G/G. After fixing an isomorphism
G/G = {#£1}, v, factors through the Kronecker character of Q(v/d). Define the group

Gy ={9€G:9-G=na(detg)}.
Observe that G, is an open subgroup of G = GLy(Z) with index 2 that satisfies det(G,,) = hs
and G, NSLy(Z) = GNSLy(Z) = [G,G]. We have G, =G.
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Now consider any non-CM elliptic curve E/Q and set Gg := p};(Galg). As noted in Remark 1.8,
the index of Gg in GLo (Z) is always divisible by 2. Moreover, we can show that G is contained in
an explicit index 2 subgroup of GlLg (Z) Let ap: Galg — G/G be the composition of p}, with the
obvious quotient map. Let vg: ZX — G/G be the homomorphism satisfying ve(xcyc(0) ') = ap(o)
for all o € Galg. We have 7g = 74 for a unique squarefree integer d and hence

Gg C G'Yd

since pi(0) - G = ap(o) = YE(Xeye(0)™!) = va(det pi;(0)). Since G has level 2, the integer d can
be found by studying the 2-torsion of E. A direct computation shows that d € A - (Q*)?, where A
is the discriminant of a Weierstrass model of E/Q. One can show that A - (jg — 1728) is always a
square in Q so d € (jp — 1728) - (Q*)2.

Following Lang and Trotter [LT76], we say that a (non-CM) E/Q is a Serre curve if [GLy(Z) :
Gg|] = 2. Thus Serre curves are elliptic curves E/Q for which the image of pg is as “large as
possible”. Equivalently, a non-CM elliptic curve E/Q is a Serre curve if and only if Gg = G, for
the unique squarefree integer d € (jg — 1728) - (Q*)2. The first examples of such curves were given
by Serre, see the end of §5.5 of [Ser72].

Now consider a Serre curve E/Q. We have Gg = G, for a unique squarefree integer d. If d is
divisible by an odd prime, then G, is not agreeable since the level of G is divisible by an odd prime

and the level of Gg N SLQ(Z) =GN SLg(z) is 2. So for d ¢ {£1, £2}, the agreeable closure of Gg
is GL2(Z). For d € {£1,+2}, the group G, is agreeable (and so G is its own agreeable closure).

However, we cannot have Gg = G, for d € {1}, since in these cases [G.,,G,] € G, N SLy(Z).
Proposition 1.13. For a non-CM elliptic curve E/Q, let Gg be the agreeable closure of Gg. Then
E is a Serre curve if and only if Gg is equal to GLa(Z), G, or G_,.

Proof. One direction we have already proved. Now suppose that Gg is GLQ(Z), G, or Gy_,. In all

~ ~

three cases, we have [Gg,Gg] = [G,G]. So [GL2(Z) : Gg] = [SL2(Z) : [G,G]] = 2. O
Remark 1.14.
(i) With notation as in §1.5, there should be a related étale cover ¢: Y — Ug of degree
G/G| = 2. We have Ug = Ag — {0,1728} and Y = Ug.
There is a model Ug = {t € A}@ : t(t2 4+ 1728) # 0} with morphism ¢: Ug — Ug given by
o(t) = t2+1728. For each j € Ug(Q) = Q— {0, 1728}, the fiber ¢~1(j) C Ug(Q) consists of
two points and the action of Galg on it factors through a faithful action of Gal(Q(v/d)/Q),
where d is the unique squarefree integer in (j — 1728) - (Q*)2.

(ii) “Most” elliptic curves over Q are Serre curves, cf. [Jonl0].

(iii) For number fields K # Q that contain no nontrivial abelian extension of Q, one can show
that there are elliptic curves E over K with p},(Galg) = GLy(Z), cf. [Zyw10]. Note that
when K # Q, the maximal abelian extension of K is strictly larger than the cyclotomic
extension and hence the constraint of Lemma 1.7 need not hold.

1.7. An example with the largest known index. Let E/Q be the non-CM elliptic curve defined
by the Weierstrass equation y? 4+ xy +vy = 23 +x? — 82 +6; it has j-invariant —7-113 and conductor
52 .72. This curve F is special since it has an isogeny of degree 37 defined over Q. Without giving
all the details, we now explain what goes into computing the group Gg := p}j;(Galg). In particular,
this elliptic curve arises from a rational point on a modular curve of genus 2, i.e., X((37).

For every prime ¢ # 37, we have pg ¢~ (Galg) = GL2(Z¢). After choosing bases appropriately,
the image of p*E737 will lie in the group of upper triangular matrices in GLy(Z/37Z). Therefore, Gg
is a subgroup of N

G:={geGLa(Z):g=(§%) (mod 37)}.
7



Making use of our explicit modular curves from Theorem 1.9, we find that G = G, i.e., G is the
agreeable closure of G .

The commutator subgroup [G,G] is the level 2 - 37 subgroup of SLy(Z) consisting of matrices
whose image modulo 2 lies in the unique index 2 subgroup of SLy(Z/2Z) and whose image modulo
37 is of the form (}%). As noted in §1.4, since G is the agreeable closure of Gg we will have

Gg NSLy(Z) = [G,G] and
[GLy(Z) : Gg] = [SL2(Z) : [G,G]] = 2 - | SLa(Z/37Z)| /37 = 2736.

~

Let G be the open subgroup of GLg(Z) of level 2 - 37 consisting of matrices whose image modulo
2 lies in the unique index 2 subgroup of GLo(Z/27Z) and whose image modulo 37 is of the form
(£%). Note that G is an open subgroup of G that satisfies det(G) = Z* and G N SL2(Z) = [G, G].

Let x1: G — {£1} be the homomorphism obtained by composing reduction modulo 2 with the
only nontrivial homomorphism GLy(Z/2Z) — {£1}. Let x2: G — (Z/37Z)* be the homomorphism
that takes a matrix (‘; 2) to d modulo 37. The kernel of the homomorphisms x; and 2 both contain
G and together they induce an isomorphism

(1.3) G/G = {1} x (Z/3TZ)*.

Let ap: Galpg — G/G be the homomorphism obtained by composing pj,: Galg — G with the

quotient map G/G. Since G/G is abelian, there is a unique homomorphism g : 7X =G /G satis-
fying YE(Xeye(0) 1) = ag(o) for all 0 € Galg. Once we have found vg, Lemma 1.10 implies that

~

G is conjugate in GLa(Z) to the explicit group Hg :={g € G:g -G =~ygr(detg)}.

Let y1: 2% — {£1} and ~v2: 7% — (Z/37Z)* be the homomorphism obtained by composing vg
with x;1 and x2, respectively.

We first describe ;. The extension Q(E[2])/Q is a Galois extension with group isomorphic to
CLy(Z/27). So Q(E[2]) contains a unique quadratic extension; it is Q(v/A), where A = —5372 is the
discriminant of the Weierstrass model of E. Therefore, Q(1/—5) is the unique quadratic extension of
Qin Q(E[2]). Using this, we find that 1 0 xeye: Galg — {£1} factors through Gal(Q(v/—5)/Q) —
{#1}. Therefore, v, is obtained by composing the reduction modulo 20 homomorphism 7% —
(Z/20Z)* with the unique Dirichlet character (Z/20Z)* — {£1} of conductor 20.

We now describe . There is a unique subgroup H C E[37] of order 37 that is stable under
the action of Galg; the z-coordinates of the nonzero elements of H are the roots of a degree 18
polynomial f(z) € Z[x] that can be found by factoring the 37-th division polynomial of E. Let
B: Galg — (Z/37Z)* be the homomorphism for which o(P) = (c)-P for all P € H and ¢ € Galg.
We have

pr31(0) = (3 B(U*)’l)
for 0 € Galg. From this, we find that v2(xcyc(0)) = B(0) for ¢ € Galg. The representation
p*E737, and hence also 3, is unramified at all primes p {5 - 7 - 37 since the conductor of E is 52 - 72.
Therefore, v2 factors through a homomorphism 7y: (Z/(5-7-37)Z)* = (Z/1295Z)* — (Z/37Z)*
satisfying 4, (p) = B(Froby) for all primes p { 5-7-37. We can compute (Frob,) for any prime

p15-7-37 by working modulo p (for any point P € E(FF,) whose z-coordinate is a root of f, we
have Frob,(P) = S(Frob,) - P). In particular, we find that:

(1.4) 5(Fr0b13) = 6, 5(Fr0b19) = 26, B(Fl"obgg) = 36.

Since 13, 19 and 29 generate (Z/1295Z)*, the values (1.4) determine 7, and hence also ~o.
The homomorphism vg: Z* — G/G is thus the map a — (y1(a),v2(a)) composed with the

inverse of (1.3). Now that we know G and g, we can compute Hg which gives the image of p};
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up to conjugacy. A direct calculation shows that Hg has level 4-5-7-37 = 5180 and the image of
‘Hr modulo 5180 is generated by the matrices:

(1.5) (6%, (sr38)s (Fogor)s (52350), (D %), (531i%)-

Note that the first two matrices generate the image of [G, G| modulo 5180 while the other matrices
are chosen to have determinants 3, 11, 13 and 19, respectively (these primes generate the group
(7,/5180Z)*).

1.8. An involved example. We now give a more complicated example involving the étale mor-
phism ¢: Y — Ug from §1.5; it will arise from our computations.

Let G be the open subgroup of GLQ(Z) of level 27 whose image modulo 27 is generated by the
matrices: (31), (12), (21). We have det(G) = Z*, —I € G, and [GLq(Z) : G] = 36.

The curve Xg is isomorphic to IP’}@ and G is one of the agreeable groups in our set &/ from
Theorem 1.9. Moreover, Q(Xg) = Q(¢) for some ¢ so that the map 7g to the j-line is given by the
rational function

(3 +3)3(tY + 95 + 2743 + 3)3
t3(t6 + 9t3 + 27)

m(t) ==
We have 7(t) — 1728 = ('8 + 18¢15 + 135¢12 + 504¢° + 8915 + 48613 — 27)2/(¢3(t5 + 913 + 27)). So

Ug = SpecQlt, 1/f] C SpecQ[t] = Ag,

where f = t(t3 4+ 3)(t? + 95 + 273 + 3)(¢18 + 1815 4 135¢12 + 504t + 891¢° + 48613 — 27).

Let G be the open subgroup of GLg(z) of level 54 whose image modulo 54 is generated by
the matrices: (5 9), (738), (¥7). We have det(G) = Z*, -1 ¢ G, G C G, and [G : G] = 36.
The group G is normal in G and GNSLy(Z) = [G, G]. The quotient group G/G is abelian of order 36.

As mentioned in §1.5, in §11 we describe a particular étale cover ¢: Y — Ug that is Galois
with group G/Gj it is used for computing groups p};(Galg) whose agreeable closure is conjugate in

~

GL2(Z) to G. We now state ¢ with respect to the explicit models that occur in our computations.
For each 1 < ¢ < 9, define a homogeneous polynomial F; € Z[zy,...,zs] and a polynomial
¢i € Zt] as follows:

2 2 2 2 2 2
Fy =27 + 2124 + 25 + 2225 + 25 + 2326 + 25 + 25 + 25,
Iy := 11203 — 125 + T2T4 — T2Te + T3T4 + T3T5 + T4Ts,
F3 :

T1T2 — T1T6 + T2X3 + T2Zq + T3Tq + T3T5 + T4T5 + TsTe,
2 2 2 2 2 2
Fy = 27zy + 21205 + 25205 + 225 + 2326 + T325,
Frooo— g2 2 29 2 2 9 2 9 2 2 2
5= X703 + X7 — X125 + 2010304 + X105 — XoX3 + 2T004X5 + XoXg + 2X3T5T6 — TyxXe + XaX5 + T52g,
3 2 3 2 3 2 3 3 3
Fs := a7 + 3z724 + o5 + 325205 + 23 + 32306 — X — T5 — T,
Fooo— g2 2 9 2 2 2 2 9 9 2 2 2
7= 2702 + X7%5 + 2T1T2T4 — 1203 + X1X5 + X3X3 + T3Te + 2X2X3%5 + 2X3T4T6 — T4T5 + a4y — T5Te,
2
F8 P {E7,

2
Fg = Ty,



c1 = 2(t° 4+ 9t* + 27),

o 1= —(t5 + 9t +27),

c3 = —(t° + 9t + 27),

ey = — (2% + 2t — 3) (1% 4+ 9% + 27),

= 3(t — 1)(t + 2)(t° + 9t® + 27),

co := —(2t — 3)(t* + 3t + 3)(t° + 9¢* + 27),

cr = (3t% + 4t — 3)(t° + 9t + 27),

cg = t(t% 4+ 9t3 + 27),

co i= —3t(t* + 3)(t° + 9> + 27)(t” + 9t + 27¢3 + 3)(¢'® + 18¢"° + 135¢"2 + 504t + 891¢° + 486t — 27).

C

ot

Let Y be the closed subvariety of Spec Q[x1, ..., zs,t,1/f] defined by the equations
Fi(zy,...,28) = ¢i(t)

with 1 <7 <9. Let ¢: Y — Ug be the morphism given by (z1,...,xg,t) — t.

We now describe an action of G/G on Y. Choose matrices g1, g2 and g3 in G that are congruent
modulo 54 to (3§ 42), (33%) and (' %)), respectively. We have a unique isomorphism of abelian
groups

12 Z)9Z X T)27 x )27 = G |G
for which (1,0,0) — ¢1G, (0,1,0) — g2G and (0,0,1) — g3G. So it suffices to describe the action

of each ¢;G on Y. For any point y = (ay,...,a9) € Y(Q), we have

91G -y := (a2, a3, a4, a5, a6, —a1 — a4, a7, a3, a9),
QQG Y = (alu az,as, a4, as, e, —ar, as, ag)a

92G -y = (a1, a2, a3, a4, a5, as, a7, —ag, ag).

The action of G/G on Y is faithful and does not affect the morphism ¢. In fact, ¢: Y — Ug is an
étale morphism of degree 36 that is Galois with the action of G/G giving its Galois group. The
curve Y is defined over (Q and is smooth and geometrically irreducible. This completes our explicit
description of ¢: Y — Ug.

As an example of how to use these equations, consider the elliptic curve E/Q give by the Weier-
strass equation

Y +y=2"+2>+u.
The curve E has j-invariant 32768/19 and conductor 19. We have jp = 7(—1) € mg(X¢g(Q)), so

GE = py;(Galg) is conjugate in GLQ(Z) to a subgroup of G. So after replacing pj}, by an isomorphic
representation, we may assume that Gg C G. In particular, the agreeable closure Gg of G is a
subgroup of G. Using our groups and modular curves from Theorem 1.9, we find that Gg = G.

Fix u := —1 € Ug(Q) = Q — {0}. The fiber ¢~1(u) is the subscheme of A(% = Spec Q[z1, . .., zs]
defined by the equations Fj(z1,...,x8) = ¢;(—1) with 1 <7 < 9; it is reduced of dimension 0, has
degree 36, and G/G acts faithfully on the Q-points. Let ay,: Galg — G/G be the homomorphism
such that o(y) = ay(0) -y for any o € Galg and any y € Y (Q) with ¢(y) = u.

Take any prime p 1 6 for which the Z,-subscheme Z C A%p = Spec Zy[x1, ..., xg] defined by the
equations Fj(z1,...,28) = ¢;(—1) with 1 <4 <9, is smooth and Zp, has degree 36. The action of
G/G on Z(F,) is simply transitive. Using Hensel’s lemma and the smoothness of Z, we find that
Frob,(y) = au(Froby,) -y for all y € Z(F,). This gives our computable description of cv,(Frob,);
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find a point y € Z(FF,), raise its coordinates to the p-th power and find the unique o, (Frob,) € G/G
for which Frob,(y) = cu(Froby) - y. In this way, one can show that:

(1.6) ay(Frobs) = ¢((2,0,1)), ay(Frobyi) = ¢((6,0,1)), ay(Frobig) =¢((4,1,1)).

With notation as in §11.2, we define ag := x - a,: Galg — G/G, where x: Galg — {£1} is the
homomorphism that factors through Gal(Q(v/—19)/Q) < {£1}. By Lemma 11.1, after replacing
Py by an isomorphic representation, we may assume that Gg C G and that the composition of p%,
with the quotient map G — G/G is ap.

Let R

ve: X — G/G
be the homomorphism such that vz (Xeye(0) ') = ag(o) for all o € Galg. With M =2-3-19 and
e = 18, we can argue as in §1.5 that vz factors through a homomorphism ¥g: Zj,/(Zy,)¢ = G/G
such that p - (Z3;)¢ — ag(Frob,)~! for all primes p f M. In particular,

(L.7) Te() =u(7,0,1)),  7Fp(11) =«((3,0,1)), Fp(13) = —u((5,1,1)) = «((5,1,0)).

Since the primes 5, 11 and 13 generate Z;,/(Zy,)¢, we deduce that vg is determined by M and the
values (1.7). Using this, we can show that g is the composition of the reduction homomorphism
Z* — (Z/57Z)* with the unique homomorphism (Z/57Z)* — G /G for which 5 — ¢((7,0,1)) and
13— o((5,1,0)).

Now that we know G and yg, we can compute the group Hg from (1.2). The group Hg is an
open subgroup of GLQ(Z) with level 2 - 27 - 19 = 1026 and its image modulo 1026 is generated by

the matrices:

(fo57), (i) (B75), (i), (889700);

the first three matrices also generate the image of Hg N SLQ(z) modulo 1026. By Lemma 1.10, this
gives the image of p3, up to conjugacy.

1.9. Some related results. There has been much research on modular curves and the image of
Galois representations associated to non-CM elliptic curves over Q. We now give a brief and in-
complete description of some related recent progress.

Given a fixed non-CM elliptic curve E/Q, we can determine the (finite) set of primes ¢ for
which pg ¢(Galg) # GL2(Z/{Z) using the algorithm in [Zyw22] (it is based on Serre’s original proof
in [Ser72]). For each prime ¢ for which pg/ is not surjective, we can also compute the subgroup
pe(Galg) € GLo(Z/¢Z) up to conjugacy using [Zyw15b] or [Sut16] (the first reference uses explicit
modular curves while the second reference uses Frobenius matrices to give a probabilistic algorithm).

Consider primes £ > 13. There has been much progress towards Conjecture 1.2. If pg 4 is not sur-
jective for a non-CM elliptic curve E/Q, then E gives rise to a rational non-CM point on a modular
curve X¢ with G a maximal subgroup of GLa(Z/(Z) satisfying det(G) = (Z/¢Z)*. When G is the
subgroup of upper triangular matrices, Mazur [Maz78| has found the rational points of Xy(¢) := Xg.
The curve Xo(¢) has no non-CM rational points for £ > 17 and ¢ # 37 (for ¢ € {17,37}, there are
non-CM rational points which lead to the j-invariants in the statement of Conjecture 1.2). When
G is the normalizer of a split Cartan subgroup, Bilu, Parent and Rebolledo [BPR13] have shown
that X has no non-CM points. When the image of G in GLo(Z/¢Z)/((Z/¢Z)* - I) is isomor-
phic to &4, the modular curve X(Q) has no non-CM points, see the remarks on page 36 of
[Maz77b]. The remaining modular curves to consider are the curves X (¢) := X¢, where G is
the normalizer of a non-split Cartan subgroup of GLg(Z/¢Z). There has been recent progress on
finding the rational points on X% (¢) for small £ using generalized versions of Chabauty’s method,
cf. [BDM 19, BDM 23], but the general case remains open.
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Now consider the images of the f-adic representations pg . If pg(Galg) = GL2(Z/lZ) for a
non-CM elliptic £/Q and a prime ¢ > 5, then we have pg ¢~ (Galg) = GLa(Zy), cf. §7.9. Taking
Conjecture 1.2 and our above discussion of modulo ¢ representations into account, it makes sense to
focus on ¢-adic projections for the primes ¢ € {2,3,5,7,11,13,17,37}. For the prime ¢ = 2, Rouse
and Zureick-Brown [RZB15] gave a complete description of the images pg ¢~ (Galg) € GL2(Zy),
up to conjugacy, for all non-CM elliptic curves E/Q (they found models of all relevant modular
curves and computed their rational points). For each prime ¢, Sutherland and Zywina [SZ17] de-
scribed all open subgroups G of GLg(Z;) with det(G) = Z, for which X(Q) is infinite and then
computed a model for X along with the morphism to the j-line. In [RSZB22], Rouse, Sutherland
and Zureick-Brown gave a complete description of /-adic images up to possible counterexamples to
Conjecture 1.2 and determining the rational points on a finite number of explicit modular curves
X¢ of genus at least 2.

Once one gets a handle on the ¢-adic Galois images, it is natural to consider the image modulo
integers divisible by several distinct primes. There has been much recent work on understanding and
classifying “entanglements”; for example, see [DLRM23, DM22, JM22, Mor19, BJ16]. For relative
prime positive integers m and n, we say that E has a (m, n)-entanglement if Q(E[m|)NQ(E[n]) # Q;
equivalently, pg mn(Galg) can be viewed as a proper subgroup of pg ,(Galg) X pgn,(Galg). In
particular, entanglements describe constraints on the image pg(Galg).

While the work in this paper does give some information, we have avoided a general study of
possible entanglements. What may seem surprising at first, is that to compute the group pg(Galg)
we do not first compute the ¢-adic projections pg ¢ (Galg); even though they can be found using
[RSZB22]. The approach of computing the ¢-adic images and then describing all the possible entan-
glements seems to lead to an excessive number of cases. Of course once we have found pg(Galg),
up to conjugacy, we can then easily compute the ¢-adic projections pg ¢~ (Galg).

There has also been some more general study on the image of pg. Jones has produced upper
bounds for the level of pp(Galg) in GLy(Z) for non-CM elliptic curves E/Q, cf. [Jon20, Jon09].
The paper [Jonl5] of Jones contains a lot of group theoretic information about the image of pg;
in particular, he generalizes the notion of a Serre curve, cf. Remark 14.3. The doctoral thesis of
Brau Avilo [BA15] appears to be the first place to explicitly point out that there is an algorithm to
compute pg(Galg). His algorithm first finds the level m of pg(Galg) and then computes pg ., (Galg)
by making use of division polynomials; it it not practical in general.

Define the set of integers

2,4,6,8,10,12, 16, 20, 24, 30, 32, 36, 40, 48, 54, 60, 72,
=< 84,96,108,112,120,144,192, 220, 240, 288, 336, 360,
384,504,576, 768,864, 1152, 1200, 1296, 1536

In [Zyw1bal, it is shown that there is a finite set J C Q such that for any elliptic curve E/Q with
JjE ¢ J and pg(Galg) = GL2(Z/{Z) for all primes ¢ > 37, we have [GLy(Z) : pe(Galg)] € Z.
Moreover, Z is the smallest set with this property. The results of this paper can be used to give an
elaborate alternate proof of this result (in [Zywlb5a], modular curves are used but no models are
computed). Note that the only new integers that arise in Conjecture 1.5 are: 80, 128, 160, 182,
200, 216, 224, 300, 480, 2736.

Rakvi [Rak21] has recently given a description of the pairs (X, 7g), up to a suitable notion of
isomorphism, as we vary over all open subgroups G of GLg(z) satisfying det(G) = 7x, —I € G,
and X¢g = P(b (see the end of §14 for details).
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The above results, and similar ones, are often phrased in the context of progress towards the
following overarching program:

Mazur’s Program B. [Maz77a] Given a number field K and a subgroup H of GLa (Z) = [[, GLa(Zp)
classify all elliptic curves E/K whose associated Galois representation on torsion points map

Gal(K/K) into H C GLy(Z).

1.10. Overview. We briefly outline the structure of the paper. In §2, we recall the connection
between p}, with the cyclotomic character and explain how the image of p%, changes when we replace
FE by a quadratic twist.

Consider a subgroup G C GL2(Z/NZ) satisfying det(G) = (Z/NZ)* and —I € G. In §3, we
give a quick definition of modular curves X¢ in terms of their function fields (which will be fields
consisting of modular functions). The curve comes with a non-constant morphism 7g: Xg — Pb =
A}@ U {oo} from Xg to the j-line.

In §4, we will define a finite dimensional Q-vector space M, ¢ consisting of modular forms for
each integer £ > 2. There will be a natural isomorphism M}, ¢ ®g C = My (Tq), where ' is the
congruence subgroup of SLy(Z) consisting of matrices whose image modulo N lies in G and M (T'¢)
is the usual space of weight £ modular forms on I'g. Much of §4 is dedicated to describing how to
compute an explicit basis of M}, g; our approach makes use of Eisenstein series and a theorem of
Khuri-Makdisi. Our modular forms will be expressed in terms of their g-expansion at every cusp
(and for which we can compute arbitrarily many terms of each g-expansion).

In §5, we explain how to compute a model for the modular curve X and in some cases compute
the morphism mg. The key observation is that our space of modular forms M}, ¢ is the global
sections of a line bundle on the modular curve X for even k. For k even and sufficiently large,
this line bundle will be very ample and a basis for M}, ¢ will allow us to compute an explicit model
of X¢ in some projective space Pf.

Let Ug be the open subvariety X — 7@1({0, 1728, 00}) of X¢. In §6, we use modular functions
to construct an explicit representation g: m(Ug) — G of the étale fundamental group of Ug.
For each rational point u € Ug(Q), the specialization of ¢ at u will be a Galois representation
Galg — G C GL2(Z/NZ) that is isomorphic to pp y: Galg — GL2(Z/NZ) for a certain elliptic
curve E/Q with j-invariant wg(u).

After recalling group theoretic results concerning subgroups and quotients of SLg(z) and GLQ(z)
in §7, we will study agreeable groups in §8. In particular, in §8 we will prove the existence of
agreeable closures and we will also explain how to find the maximal agreeable subgroups of an
agreeable group.

In §9, we prove Theorem 1.9. In §10, we explain how to find the agreeable closure of Gg :=
pr(Galg), up to conjugacy, for a non-CM elliptic curve £/Q. In §12, we finally explain how to
compute Gg, up to conjugacy, after understanding how to construct a certain homomorphism ~g
in §11.

In §13, we give some insight into computing universal elliptic curves; this will follow quickly from
earlier sections but we state it separately for easy reference. Finally in §14, we make some remarks
concerning “families” of groups.

1.11. Implementation. As already noted, our algorithms have been implemented in Magma [BCP97]
and code can be found in the repository [Zyw23|:

https://github.com/davidzywina/Openlmage

This also includes files containing all the relevant groups and modular curves (unfortunately, the
number of cases makes it infeasible to express in a reasonable length table).
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https://github.com/davidzywina/OpenImage

This motivation to have a practical algorithm underlies much of the exposition and structure of
this paper. At the onset of the project, it was unclear if the approach presented here was going
to be computationally feasible; for example, some modular curves took hours to find models for,
using known approaches, and we had thousands of curves to study. The precomputation required
for our algorithms, which are not especially optimized, took less than half a day.

1.12. Notation. We now set some notation that will hold throughout. All profinite groups will
be viewed as topological groups with their profinite topology. In particular, finite groups will have
the discrete topology. For a topological group G, we define its commutator subgroup [G, G] to be
the smallest closed normal subgroup of G for which G/[G, G| is abelian. Equivalently, [G, G] is the
topological subgroup of G generated by the set of commutators {ghg='h=':g,h € G}.

For each integer N > 1, we let Zy be the ring obtained by taking the inverse limit of the
Z/N°Z with e > 1. Let Z be the ring obtained taking the inverse limit of Z/nZ over all positive
integers n. With the profinite topology, Zx and Z are compact topological rings. We have natural

isomorphisms
Zy =12 and Z=2zy x[]2=]]2%.
oN #N [4
where the product is over primes £. The symbol ¢ will always denote a rational prime.

The level of an open subgroup G of GL3(Z) is the smallest positive integer n for which G contains
the kernel of the reduction modulo n homomorphism GL2(Z) — GL2(Z/nZ). The level of an open
subgroup G of GLy(Zy) is the smallest positive integer n that divides some power of N and for
which G contains the kernel of the reduction modulo n homomorphism GLy(Zy) — GL2(Z/nZ).

Similarly, we can define the level of open subgroups of SLg(z) and SLy(Zy).

1.13. Acknowledgements. Thanks to Eray Karabiyik for his comments and corrections.

2. CYCLOTOMIC CONSTRAINTS ON THE IMAGE OF (GALOIS

With a fixed non-CM elliptic curve E defined over Q, we consider the group Gg = p};(Galg)

~

which from Serre we know is an open subgroup of GLy(Z).

2.1. Kronecker—Weber constraint. Let xcy.: Galg — Z* be the cyclotomic character, i.e., the
continuous homomorphism such that for every integer n > 1 and every n-th root of unity ¢ € Q
we have o(¢) = (Xeve(@) modn o1 )] 5 € Galg. By considering the Weil pairing on the groups E[n],
we know that det opg = Xcye and hence det op}, = Xc_ylc In particular, we have

det(GE) = Xeye(Galg) = Z*.
By Lemma 1.7, which makes use of the Kronecker—Weber theorem, we have
(2.1) GgNSLy(Z) = [Gg, GEl.

and [GLy(Z) : G| = [SLa2(Z) : [G, Gg]]. One consequence of (2.1) is that it is possible to compute

~

the index of G in GLy(Z) using a group that is possibly larger than Gpg.

Lemma 2.1. Suppose G C GLQ@) is a group such that Gg is a normal subgroup of G and G/Gg is
abelian. Then Gg and G have the same commutator subgroup. In particular, we have GgpNSLe(Z) =
G,G] and

[GLy(Z) : Gg| = [SL2(Z) : [G, G]).
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Proof. We have [G,G] C Gg since G/Gg is abelian. Therefore, [G,G] C Gg N SLQ(Z) = |Gg,GEgl,
where the last equality uses Lemma 1.7. The opposite inclusion [G,G] O [Gg,Gg]| is clear since

G O Gpg. Therefore, [G,G] = [Gg,GE|. The final statement about Gg N SLy(Z) and the index
follows from Lemma 1.7. t

2.2. Quadratic twists. Fix a squarefree integer d and let E’/Q be the quadratic twist of E by d.
In this section, we describe how the images of p}, and p},, are related.
Let xq4: Galg — {£1} be the homomorphism that factors through Gal(Q(vd)/Q) — {£1}.

There is a unique homomorphism ) : 7% — {#£1} such that x4 =1 o ng{:. Define
H:={¢(detg)-g:9€ G}
it is an open subgroup of GLg(z).

Lemma 2.2. The groups p},(Galg) and H are conjugate in GLQ(Z).

Proof. After replacing p}, with an appropriate isomorphic representation, we may assume that
P = Xd - pg- For any o € Galg, we have

P (0) = Xa(0) - pE(0) = Y(Xeye(0) 1) - ps(0) = P(det(p(0)) - pis(0),
where we have used that det op}, = Xc_ylc Therefore, p}, (Galg) = {¢(detg) - g : g € pj;(Galg)}. O

Now suppose that we know the group Gg. More specifically,, we have an integer N > 1 divisible
by the level of Gg and a set of generators of Gg modulo N. The homomorphism 1t is easy to find;
it factors through a Dirichlet character (Z/DZ)* — {£1}, where D is the discriminant of Q(v/d).
Let N’ be the least common multiple of N and D. Then the level of H divides N’ and we can find
generators for the image of  modulo N’. By Lemma 2.2, we have thus computed the image of pJ,
up to conjugacy in GLg(z).

In particular, once we know the image of p7,, we can easily obtain the image for any quadratic
twist of E (equivalently, any elliptic curve over Q with the same j-invariant). In practice, when
computing the image of p%,, we will first replace F by a quadratic twist that has a minimal set of
primes of bad reduction.

3. THE MODULAR CURVE Xg

The goal of this section is to give a quick definition of the modular curve X, where G is either an
open subgroup of GLy(Z) with det(G) = Z* or a subgroup of GLy(Z/NZ) with det(G) = (Z/NZ)*.
While we could define X as a coarse moduli space, we will instead define it by explicitly giving
its function field. Let ¢y be the primitive N-th root of unity e/ in C.

3.1. Modular functions. The group SLs(Z) acts by linear fractional transformations on the com-
plex upper half-plane H and the extended upper half-plane H* = H U QU {o0}.

Let T' be a congruence subgroup of SLy(Z). The quotient Ap := I'\H* is a smooth compact
Riemann surface (away from the cusps and elliptic points, use the analytic structure coming from
H and extend to the full quotient). Denote by C(AT) the field of meromorphic functions on Ap.

Fix a positive integer N. Every f € C(Xp(y)) gives rise to a meromorphic function on H that

satisfies
F0) =3 enlP)ay

ne”

for 7 € H, where gy := e2™/N and the cn(f) are unique complex numbers that are nonzero for
only finitely many n < 0. This Laurent series in gy is called the g-expansion of f (at the cusp o).
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Let Fn be the subfield of C(AXp(y)) consisting of all meromorphic functions f such that c,(f)
lies in Q(¢w) for all n € Z. For example, F; = Q(j), where j is the modular j-invariant.

Lemma 3.1. There is a unique right action x of GLa(Z/NZ) on the field Fn such that the following
hold for all f € Fp:

e For A € SLy(Z/NZ), we have (fxA)(1) = f(vyT), where v € SLa(Z) is any matriz congruent
to A modulo N.

e For A= ((1) 3) € GL2(Z/NZ), the q-expansion of [ * A is Y, ca(ca(f))dR, where og is
the automorphism of the field Q(Cn) that satisfies oq((n) = (%

Proof. This follows from Theorem 6.6 and Proposition 6.9 of [Shi94]. O

For a subgroup H of GLy(Z/NZ), let Fi be the subfield of Fy fixed by H under the action of
Lemma 3.1.

Lemma 3.2.
(i) The matriz —I acts trivially on Fyn and the right action of GLe(Z/NZ)/{xI} on Fn is

faithful.
(ii) We have Fy 2N = 7 = Q(j) and F* NP = Q(ew) ().
(iii) The field Q({n) is algebraically closed in Fy .
Proof. This also follows from Theorem 6.6 and Proposition 6.9 of [Shi94]. O

3.2. Modular curves for finite groups. Let G be a subgroup of GLo(Z/NZ) that satisfies
det(G) = (Z/NZ)*. By Lemma 3.2 and our assumption det(G) = (Z/NZ)*, the field F§ has
transcendence degree 1 and Q is algebraically closed in .7-"](\?.

Definition 3.3. The modular curve X is the smooth, projective and geometrically irreducible
curve over Q with function field ]-"ﬁ.

3.3. Modular curves for open groups. Consider an open subgroup G of GLQ(Z) that satisfies
det(G) = Z*. We define the modular curve associated to G to be the curve

XG = X@a
where N is a positive integer that is divisible by the level of G and G C GLy(Z/NZ) is the reduction

of G modulo N. Note that the function field Q(X¢g) = }"g, and hence also X, does not depend
on the choice of N.

Remark 3.4. We will make use of both descriptions X and Xz of a modular curve interchangeably.
Working with open groups G is more natural for our application and finite groups G is better when
dealing with computational issues.

In the special case G = GLQ(Z) and using Q(X¢g) = Q(j), we make an identification Xg = IP’}@
and call it the j-line.

Consider a larger group G C G’ C GLy(Z). The inclusion Q(X¢) 2 Q(X¢) of fields induces
a morphism X¢ — X¢ of degree [£G’ : £G]. In the special case G' = GLQ(Z), we denote the
morphism by mg: Xg — P(b (or m5: Xg — }P’(b)

Let ' be the congruence subgroup SLa(Z) NG of SLy(Z); equivalently, the group of A € SLy(Z)
for which A modulo N lies in the group G above. We have an inclusion C - Q(X¢g) C C(Ar,)
of fields that both have degree [GL2(Z/NZ) : £G| = [SLa(Z) : £I'¢] over C(j). Therefore,
C(Ar,) = C(X¢). Using this equality of function fields, we shall identify X (C) with the Riemann
surface Ar,. Taking complex points, 7 gives rise to the morphism X, — Xg1,(z) = PYHC) of
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Riemann surfaces obtained by composing the natural quotient map with the isomorphism given by
j.

The following property of X« is fundamental to our application to elliptic curves; it follows from
Proposition 6.4 which we will prove in §6.3.

Proposition 3.5. Let G be an open subgroup of GLg(z) that satisfies det(G) = Z* and —I € G.
Let E be any elliptic curve defined over Q with jg ¢ {0,1728}. Then p}(Galg) is conjugate in

GLg(z) to a subgroup of G if and only if jr is an element of T1¢(Xa(Q)) C QU {oo}.

Remark 3.6. As a warning we observe that in the literature, the notation X sometimes denotes
the modular curve that we call X¢:, where G* is the group obtained by taking the transpose of the
elements of G. The advantage of this alternate definition is that Proposition 3.5 could be stated
with pg instead of the dual representation py,. Our definition is more natural when working with
the right actions of G on spaces of modular forms.

4. MODULAR FORMS

In this section, we recall what we need concerning modular forms. For a modular form, we
are particularly interested in computing arbitrarily many terms of the g-expansions at every cusp.
For the basics on modular forms see [Shi94]. For an overview on computing modular forms see
[BBB*21]; we will take our own approach using Eisenstein series that treats all the g-expansions
at each cusp with equal importance.

For a subgroup G of GLo(Z/NZ) with det(G) = (Z/NZ)* and an even integer k > 2, we are
especially interested in computing the space of modular forms M}, ¢ from §4.6. We will see later
that M}, g is the global sections of a line bundle on the modular curve Xg. For k large enough, the
line bundle will be very ample and M}, ¢ will allow us to compute an explicit model of Xg in I%
for some n.

Fix a congruence subgroup I' of SLy(Z). For a positive integer N, define the primitive N-th root
of unity ¢y = >/ in C.

4.1. Setup and notation. The group SLg(Z) acts by linear fractional transformations on the
complex upper half-plane H and the extended upper half-plane H* = H U QU {oo}. The quotient
Ar = T'\'H* is a smooth compact Riemann surface (away from the cusps and elliptic points use
the analytic structure coming from H and extend to the full quotient).

Let g be the genus of the Riemann surface Xp. Let Pi,..., P, be the cusps of AT, i.e., the
I-orbits of P1(Q) = QU {oo}. Let Q1, ..., Qs be the elliptic points of AT and denote their orders
by e1,...,es, respectively. Each e; is either 2 or 3. Let vy and v3 be the number of elliptic points
of AT of order 2 and 3, respectively.

Consider an integer k > 0. For a meromorphic function f on H and a matrix v € GLa(R) with
positive determinant, define the meromorphic function f|zy on H by (f|x7)(7) := det(y)*/?(cr +
d)~* f(y7); we call this the slash operator of weight k.

4.2. Modular forms. For an integer k > 0, we denote by M (T") the set of modular forms of weight
k onT'; it is a finite dimensional complex vector space. Recall that each f € M(T") is a holomorphic
function of the upper half-plane H that satisfies f|py = f for all v € T with the familiar growth
condition at each cusp. For each modular form f € M (T), we have

10 =Y anl) a
n=0
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2miT Jw

for unique a, (f) € C, where w is the width of the cusp co of I and ¢,, := ¢ . We call this power

series in ¢y, the g-expansion of f (at the cusp oo). For a subring R of C, we denote by M (T, R)

the R-submodule of M (T") consisting of modular forms whose g-expansion has coefficients in R.
Define the graded C-algebra of modular forms on I' by

Rp := P M(T)

k>0

where k varies over all nonnegative integers. The C-algebra Rr is finitely generated.

4.3. g-expansion at cusps. We now consider g-expansions at all the cusps P, ..., P, of A1. For
each 1 < i < r, choose a matrix A; € SLa(Z) so that A; - co € QU {oo} is a representative of
the cusp F;. Let w; and h; be the minimal positive integers m for which ((1) ) lies in AZIFAZ»
and Ai—l(:l:F)Ai, respectively. We say that P; is a regular cusp of I'' if w; = h;; otherwise, it is an
irregular cusp and we have w; = 2h;.

Consider a modular form f € My(T"). For 1 <i <r, we have

(4.1) (fleda)( Zam Gus,

for unique a,;(f) € C, where ¢, = e?™7/wi  In particular, we can identify f|,A; with a power

series in C[gy,;]. The ring C[quy,] is a discrete valuation ring and we denote the corresponding
valuation by ordg,, : C[gu,] - Z U {+o00}. Define the value

h;
vp,(f) = o ordg, (flkA:).

4.4. Modular forms as global sections. Fix an even integer k > 0. Take any modular form
f € My(T'). Using that f|xy = f for all v € I', we find that the differential form

(4.2) (2mi)E/2 £ (7) (dr )2 = /2 ( Z ol > (de> k/2

Qw

on H induces a meromorphic differential k/2-form wy on Ar.

Let div(wy) = > pcy. np - P be the divisor of wy. We now describe the integer np in terms
of f, cf. equations (2.4.4) and (2.4.5) of [Shi94]. If P is a cusp, then np = vp(f) — k/2 and
hence np + k/2 > 0. Now suppose P € AT is not a cusp. Choose a z € H that lies over P
and let e be its order, i.e., the order of the cyclic group {y € I': v-z = z} /(' N {£I}). We have
np =v,(f)/e—k/2-(1—1/e), where v,(f) is the order of vanishing of the meromorphic function f at
z. Since f is holomorphic at z, we have np+|k/2-(1—1/e)| > —k/2-(1—-1/e)+|k/2-(1-1/e) > —
Sonp+ |k/2-(1—1/e)] > 0 since np is an integer. Therefore, div(wy) + Dy, > 0 where Dy, is the
divisor

(4.3) > k2 P+ ) |k/2-(1-1/e)] - Qi
=1 =1

So we have an injective C-linear map
d}ki Mk(l“) —)HO(XF,[,k), fr—)LL)f,

where L}, is the invertible sheaf Q?}?/ 2(Dk.) on the Riemann surface Ar.
Moreover, v, is an isomorphism. Indeed, given a differential form w € HY(AT, L), it lifts to a
differential form (4.2) on H, where f is a meromorphic function on # that satisfies f|py = f for

all v € I'. That f is holomorphic on H and has the desired conditions at the cusps follows from
18



div(w) + Dy > 0.

The invertible sheaf £, has degree By :=k/2- (29 —2) + k/2-r + |k/4] - vo + |k/3] - v3. We
have

(4.4) Bpr < k/12 - [SLy(Z) : +T

since g — 1 +va/4 + v3/3 +1/2 = [SLa(Z) : £I']/12 by [Shi94, Proposition 1.40].
When k& > 2, we have deg L > 2g — 2, cf. [Shi%4, §2.6] and use r > 1. So if k > 2, the
Riemann—Roch theorem implies that

(4.5) dimg My(T') =dimcdeg(Ly) —g+1=(k—1)(g—1)+k/2-r+vy- |k/4] +v3- |k/3].

In the excluded case k = 0, we have My(I') = C. We now describe how many terms of the
g-expansions of a modular form f are required to determine it.

Lemma 4.1 (Sturm bound). For any f, f' € My(T), we have f = f' if and only if 37", vp,(f —
f) > By

Proof. If f = f', then 3%, vp,(f — f') = +00. So take any distinct f, f' € My(I"). It remains to
show that Z;Zl vp,(f — f') < Bgr. Without loss of generality, we may assume that f # 0 and
f'=o.

The coefficient of the divisor div(wys) + Dy, at the cusp P; is (vp,(f) —k/2) +k/2 = vp,(f). Since
div(wy) + Dy > 0, we have Y., vp,(f) < deg(div(wy) + Dy) = k/2 - (29 — 2) + deg Dy, = By .
Therefore, > ., vp,(f) < By as required. O

Now assume further that —I € T" and hence My(T") = 0 for odd k. Using that £y ® L C L ipr
for any even non-negative integers k and k', we find that the isomorphisms v, combine to give an
isomorphism of graded C-algebras:

Y: Rp = @ HO(Xp, Ly).

k>0 even

4.5. Actions. Fix positive integers k and N. Since I'(N) is normal in SLs(Z), the slash operator of
weight k gives a right action of SLy(Z) on M (I'(N)). Take any modular form f =322 ja,(f)g in
My (T'(N)). For every field automorphism o of C, there is a unique modular form o(f) € My (I'(N))
whose g-expansion is Y > o (an(f)) ¢%. This defines an action of Aut(C) on M(T).

The following describes how these actions of SL(Z) and Aut(C) interact; it is [BN19, Theo-
rem 3.3] (they give two proofs, one using Katz modular forms and another making use of a result
of Khuri-Makdisi on Eisenstein series, cf. Theorem 4.9).

Lemma 4.2. Toke any modular form f € Mi(I'(N)). Take any o € Aut(C) and let m be the
unique element of (Z/NZ)* for which o({n) = (¥. Take any v = (¢54) € SLo(Z) and let o' be
any element of SLy(Z) congruent to (% ™) modulo N. Then o(f|y) = o(f)|iY .

m~lc d
Using Lemma 4.2 with 0 € Aut(C/Q(¢{x)) and v € T'(N), we find that the action of SLs(Z) on
M (T'(N)) via the slash operator gives rise to a well-defined action on My (T'(N), Q({n))-
We have an isomorphism (Z/NZ)* = Gal(Q(¢{n)/Q), d + o4, where o4((n) = (%. We now
recall an action of GLa(Z/NZ) on Mi(T'(N),Q((n)) viewed as a Q-vector space.

Lemma 4.3. There is a unique right action * of GLo(Z/NZ) on M(T'(N),Q(¢{n)) such that the
following hold:
o if A€ SLy(Z/NZ), then fx A = f|ry, where 7y is any matriz in SLo(Z) that is congruent
to A modulo N,

o if A=(}9), then fx A= o0y4(f).
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Proof. See [BN19, §3]; it is Lemma 4.2 that allows us to show that the actions in the two parts are
compatible. ]

Remark 4.4. We obtain a right action * of GL2(Z/NZ) on the graded ring B>, M (I'(V), Q(¢n))
that respects multiplication. If f and f’ # 0 are modular forms in My (I'(N),Q((wn)), then f/f" €
Fn and for A € GLo(Z/NZ), we have (f/f")x A= (f « A)/(f * A) with the action from §3.1.

Now suppose that k % 1. The natural map
M(T(N), Q(CN)) ®@q(ey) € = Mp(T'(N))

is an isomorphism of complex vector spaces, cf. [Kat73, §1.7]. For any congruence subgroup I' C
SLa(Z) whose level divides N, taking I'-invariants shows that the natural map

(4.6) M;(T', Q(CN)) ®gey) € = Mi(T)

is an isomorphism of complex vector spaces.

4.6. The spaces M}, ;. Fix a positive integer N and let G be a subgroup of GL2(Z/NZ) that
satisfies det(G) = (Z/NZ)*. For each integer k > 0, we define the Q-vector space

My, == Mp(T(N),Q(¢w))€,

where we are considering the subspace fixed by the G-action * from Lemma 4.3. Let I'g be the

congruence subgroup of SLy(Z) consisting of matrices that are congruent modulo N to an element
of H:=GnN SLQ(Z/NZ) Note that Mk,G - Mk(F(N),Q<CN))H = Mk(l“(;, @(CN))

Lemma 4.5. The natural homomorphisms

My, ®9 Q(¢N) = Mp(Tg,Q(Cy))  and  Mig ®q C — Mi(l'g)
are isomorphisms for k # 1.

Proof. Since H is normal in G, we have a right action of G/H on M (T'(N), Q(¢w)H = Mp(Ta, Q(¢n)).
Let ¢: G/H — Gal(Q(¢{x)/Q) be the homomorphism satisfying ¢(A4)({n) = ($'4; it is an iso-
morphism since det(G) = (Z/NZ)*. Since G/H is abelian, the isomorphism ¢ induces a (left)
action e of Gal(Q(¢n)/Q) on M(I'¢,Q(¢x)). We have o e (cf) = o(c)(o e f) for all ¢ € Q({n),
fe M(Tq, Q(n)) and o € Gal(Q({n)/Q). By Galois descent for vector spaces (see the corollary
to Proposition 6 in Chapter V §10 of [Bou03]), the natural homomorphism

Mic ®g Q(¢n) = My(T'a, Q(¢n)) @D 00 Q(¢n) — Mi(Ta, Q(¢n))

is an isomorphism of Q({y)-vector spaces. The lemma follows by tensoring this isomorphism up to
C and using (4.6). O

Later we will need the following which guarantees the existence of nonzero weight 3 modular
forms whenever we have —I ¢ G.

Lemma 4.6. If —I ¢ G, then M3 g # 0.

Proof. We need only verify that M3(T'g) # 0 by Lemma 4.5. There is an explicit formula for the
dimension d of M3(I'g) over C, cf. [Shi94, Theorem 2.25]. From this formula, we will clearly have
d > 1 when I'g has genus at least 1. In the genus 0 case, we verified that d > 1 by using the
classification of genus 0 congruence subgroups from [CP03]. O

In §4.8, we will describe how to compute a basis of M}, ¢ using Eisenstein series when &k > 2.
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4.7. Eisenstein series. We now describe some explicit modular forms. See [Kat73, §3] for the
basics on Eisenstein series. For further information, we refer to §§2-3 of [BN19] where all the basic
results below are summarized and referenced (except for the explicit constant ¢y in Lemma 4.7, see
[Brul7, Lemma 3.1] instead).

Fix positive integers k and N. Take any pair a € (Z/NZ)? and choose a, b € Z so that a = (a, b)
(mod N). With 7 € H, consider the series

1) _ g
(47) B = B0 s (TR
WEZALT

w#—(at+b)/N

The series (4.7) converges when the real part of s € C is large enough. Hecke proved that E&k) (1,5)
can be analytically continued to all s € C. Using this analytic continuation, we define the Eisenstein
series

EP(r):= EP(r,0).
When k > 3, we can also obtain E&k) (1) by simply setting s = 0 in the series (4.7).
For v € SLy(Z), we have

k k
EM wy = BE),

where oy € (Z/NZ)? denotes matrix multiplication. In particular, EW is fixed by T'(N).

Lemma 4.7. Suppose that k > 1 and k # 2. Then E&k) is a modular form of weight k on I'(N)
with q-expansion

k—1 ~bn _mn k k—1—bn_mn
co + E n" RN+ (—1) E n" TN AN
m,n>1 m,n>1
m=a mod N m=—a mod N

where ¢y is an element of Q({n). When k =1, we have

0 ifa=b=0 (mod N),
co = %ig{i ifa=0 (mod N) andb#0 (mod N),
35— 9% ifa#0 (mod N),

where 0 < ag < N s the integer congruent to a modulo N.

Remark 4.8. For the excluded case k = 2, one should instead consider E(g?) — E((g)o) which belongs

to Ms(I'(IV)) and has a computable g-expansion.

Remarkably, we can recover all higher weight modular forms from the Eisenstein series of weight
1.

Theorem 4.9 (Khuri-Makdisi). Suppose N > 3. Let Ry be the C-subalgebra of Rp(ny = @j>q Mi(I'(N))
generated by the Eisenstein series EC(,}) with o € (Z/NZ)%. Then Ry contains all modular forms

of weight k on T'(N) for all k > 2.

Proof. This particular formulation of results of Khuri-Makdisi [KM12] is Theorem 3.1 of [BN19]. [

For our applications, the important part of this theorem is we have an explicit set of modular
forms that span Mi(I'(N),Q({x)) and that we understand the action * of GLg(Z/NZ) on these
modular forms.

Corollary 4.10. Fix integers k > 2 and N > 3.
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(i) The Q(¢n)-vector space M(T'(N),Q((n)) is spanned by the set
{EQ}---E&Q Can,...,ax € (Z/NZ)? — {0}}.
(ii) For ai,...,an € (Z/NZ)? and A € GLo(Z/NZ), we have
(B A= B, B,

Proof. Let S be the set of modular forms EE}RE&IQ with «; € (Z/NZ)?>. We have S C
My(T'(N),Q(¢n)) by Lemma 4.7. As noted in §4.5, the natural map My (I'(NV), Q((n)) @q(cy) C —
My(T'(NV)) is an isomorphism. Since S spans My (I'(N)) by Theorem 4.9, we deduce that S spans
the Q(({n)-vector space M (I'(N),Q(¢xn)). This proves part (i) after noting that E(((l)?o) =0.

We now prove (ii) for a fixed matrix A € SLo(Z/NZ). Choose any 7 € SLa(Z) for which v = A
(mod N). We have Eéli)h’y = &11)7 = ES)A for 1 <4 < k and hence

i

(EQ - EWyx A= (EQ .. EN|py = (EW]17) - - (BV]17) = Eéll)A"'Eéi)A-

a1l O

It thus suffices to prove (ii) for any matrix A = (}9) € GL2(Z/NZ). If a; = (a;, b;) € (Z/NZ)?,

the explicit g-expansion of Ec(yll) in Lemma 4.7 gives us that O'd(E((yli)) = E((Clb) bid) = E(()}ZZL1 Therefore,
1 1 1 1 1 1
EY . B« A=oyEBY . EY) = E&RA . 'Ec(xk)A‘ 0

Corollary 4.11. Fiz integers k > 2 and N > 3. Let G be a subgroup of GLo(Z/NZ) that satisfies
det(G) = (Z/NZ)*. Then the Q-vector space My, g is spanned by the set of modular forms of the
form

(4.8) Z C{Vde‘ﬂg gD .. g

alg kg
geqG

with o; € (Z/NZ)? — {0} and 0 < j < ¢(N) := |(Z/NZ)*|.

Proof. Define the Q-linear map T': My (I'(N),Q(Cw)) = My, by [+ > e f*g. The map T is
surjective since it is multiplication by |G| when restricted to My, .

Let S be the set of modular forms C?;,E&ll) . E&lk) with a; € (Z/NZ)? — {0} and 0 < j < ¢(N).
By Corollary 4.10(i), we find that S spans M (I'(IV),Q(¢n)) as a Q-vector space. Therefore, the
Q-vector space Mj, ¢ is spanned by the set T'(.5).

The corollary follows by noting that T(Q{,Egl) e E((Xlk) ) agrees with (4.8) by Corollary 4.10(ii). O

4.8. Finding a basis for M}, . Fix a positive integer N and let G be a subgroup of GL2(Z/NZ)
that satisfies det(G) = (Z/NZ)* and —I € G. Let I'c be the congruence subgroup of SLy(Z)
consisting of matrices whose image modulo N lies in GG. Fix notation as in §4.1 with I' := I'g. In
particular, let Py, ..., P, € QU{oco} be representatives of the cusps of Ap. The cusps are all regular
since —I € I'q.

Fix an integer £ > 0. In this section, we describe how to compute a basis of M} . A modular
form in our basis will be explicitly given by its g-expansions at each cusp of At with enough terms
computed to uniquely determine it. Moreover, we will be able to compute arbitrarily many terms
of these g-expansions.

We may assume that k is even since —I € G implies that Mj, ¢ = 0 when k is odd. We may
assume that k£ > 2 since My = Q. We can further assume that N > 3 (when N < 2, we can
replace G by its inverse image under the reduction map GLo(Z/4Z) — GLo(Z/NZ); this does not
change M}, ).
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Let d be the dimension of M}, ¢ over Q; it agrees with the dimension of the complex vector space
M}, (T'¢) and hence is computable by (4.5). We may assume that d > 1 since otherwise M}, ¢ = 0.
Set By, ¢ = By, and let by ¢ be the smallest integer satisfying

(4.9) bk, > Bi - N/[SL2(Z) : Tql.

Define m := Y., m;, where m; := [w;by, ¢/N1.
For each 1 < i < r, we have chosen a matrix A; € SLy(Z) satisfying A; - oo = P; and this gives
rise to g-expansions (4.1). Define the Q-linear map

or: Mia — Q(Cn)™,
e (a0 (), ami—1.1(f), ao2(f) - ame—12(f), ---y aop(f)s-- s am—1.(f))-
Lemma 4.12. The map . is injective.

Proof. Take any f € ker ¢y. For each 1 <14 < r, we have
vp,(f) = ordg, (f) = mi > wibk,c/N

and hence > ., vp,(f) > > iy wi-bycg/N. We have Y ;_, w; = [SLa(Z) : I'g]; one way to see this
is to add the ramification indices of the cusps with respect to the natural morphism Xr, — Xsr,,(z)
of degree [SLy(Z) : £T'¢] = [SLa(Z) : T'g]. Therefore, i, vp,(f) > [SL2(Z) : T'q] - by,/N > By
We have f = 0 by Lemma 4.1. O

Remark 4.13. Of course the map ¢ remains injective if we replace b, ¢ by any larger integer b. In
particular, any integer b > kN /12 will work by (4.4).

Algorithm 4.14. This algorithm computes a basis /3 of the Q-vector space ¢y (My. ).

(1) Compute the g-expansion EY + O(q%) for all a € (Z/NZ)? — {0} using the explicit ex-
pression from Lemma 4.7.

(2) Let S be the set of all k-tuples (ar,...,ax) with o; € (Z/NZ)? — {0}. Set 3 := 0.

(3) Choose a k-tuple (a1, ...,ax) € S. For each integer 0 < j < ¢(N), define the modular form

de
(4.10) fi=> " EY, B
geG

it lies in M}, ¢ by Corollary 4.11. Using our approximations of the E((xl) from Step 1, compute

(4.11) FilkAi+0(d) =Y ED BN L+ 0(dk)
geG

for all 1 <4 < r. Since fj|pA; € Q((N)[quw,;], this gives us f;|xA; + O(qy?) where m; =
[w;b/N7]. In particular, we can compute the vector ¢ (f;) € Q(¢n)™
Running over the integers 0 < j < ¢(NN), if ¢r(f;) is not in the span of 5 in Q({n)™ as
a Q-vector space, then adjoin ¢g(f;) to the set j.
(4) Remove from the set S all k-tuples of the form (ay(1)g, ..., axr)g) for some o € & and
some g € G. If || < d, then return to Step 3.

Since ¢y, is injective and dimg M} g = d, if the algorithm terminates, then it will produce a
basis 3 of the Q-vector space ¢ (Mj ). The modular form (4.10) does not change if we replace
(@1,..., ) with a k-tuple (ag(1)g, .-, axr)g) With o € & and g € G; this justifies the elements
removed from the set S in Step 4 (they would not produce new modular forms). Corollary 4.11
ensures that we will eventually find enough modular forms so that the algorithm halts with a set
B of cardinality d.
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This algorithm computes the basis of M}, ¢ in the sense that there is a unique basis F1,..., Fy
of My, ¢ as a Q-vector space so that @i (F1),...,pr(Fy) is the ordered basis 5. For each 1 <e < d,
the modular form F, will be of the form (4.10) for explicit j and (a1, ...,ax). By computing the
g-expansions of the relevant Eisenstein series to higher precision, one can compute an arbitrary
number of terms in the g-expansion of F, at each cusp. By Lemma 4.5, Fy,..., Fy; is also a basis
of the complex vector space My(T'q).

Remark 4.15.

(i) Since our basis of My g is given by a g-expansion at each cusp, we can also compute
subspaces obtained by forcing vanishing conditions at the cusps. For example, let Sj ¢ be
the Q-subspace of M}, ¢ consisting of modular forms f € M}, ¢ that satisfy ag;(f) = 0 for all
1 <4 <r. Alternatively, the group GL2(Z/NZ) acts on the cusps forms Si(I'(N), Q({n))
via * and we have S, o = Sp(D(N),Q(¢n))E. Thus ©(Sk.c) is an explicit subspace of
©(Mp, ) and a basis can be computed.

(ii) Once you have a basis of M}, g, you can construct a “nicer” one. We have (2N)¥ - ¢, (8) C
Z[¢n]™ by considering the g-expansion in Lemma 4.7. Let

v ZICN]™ S5 (28IN)ym = ze(N)m

be the isomorphism of Z-modules obtained by applying to the coordinates the map Z[(n] —

N) Zf;(zlv) aiC]i\fl — (aq,..., a¢(N)). Define C := L((2N)k ~or(B)) C Z9N)m

Let L be the subgroup of Z#(N)™ generated by C' and let L' be its saturation, i.e., the
group of a € Z#N)™ such that da € L for some positive integer d. Let C’ be a basis of the
free abelian group L’; applying the LLL algorithm [Coh93, §2.6] will produce basis elements
with small entries. Define 8’ := .~(C"); it is also a basis of the Q-vector space ¢y (M )
but with integral (and in practice simpler) entries that the original basis f.

(iii) When some modular forms f € M}, ¢ are already known, we can adjoin the vectors ¢ (f)
to the set 8 before beginning the algorithm (making sure the set 3 is linearly independent
over Q). For example, some modular forms in M}, ¢ can be obtained from modular forms
of lower weight or from a larger group.

(iv) Set H := G N SLa(Z/NZ) and let R be a set of representatives of the cosets G/H. With
notation as above, we have

det (1 1
Tk =3 G (30 Bl Elyna, )
gER heH

The inner sums of this expression can be computed first and used for all j.

Another observation that makes computing f;|;A; quicker is that its g-expansion is a
power series in q,, = q]]\\,[/ " Let U; be the subgroup of AT LH A; generated by (1 “’1) and

let R; be a set of representatives of the cosets (4; 'HA;)/U;. We then have

D _ (1) D
> Ena Egna, = 2 Baypan Eulan= ( >~ Eayan Eulya, h) * U

heH hEAi_lHAi uelU; heR;

An easy computation shows that for a modular form f = > ¢,qy of weight k, we have

[ee]
Zf*u:g Z Cnqn-

uel; v n=0
n=0 (mod N/wj;)
(v) Consider a subgroup G C GL2(Z/NZ) that satisfies —I € G. Let Lg be the subfield of
Q(¢n) fixed by the group {04 : d € det(G)}. We have Lg = Q if and only if det(G) =

(Z/NZ)*. We can define My, ¢ as before. Now M}, ¢ is an Lg-vector space of dimension d
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and hence a Q-vector space of dimension d - [Lg : Q] = d[(Z/NZ)* : det(G)]. Some easy
changes in the above algorithm can be made to compute a basis of M}, g over Q or Lg.
(vi) Much of this section can be easily generalized to deal with odd weights k£ > 3.
(vii) There are other methods for constructing a basis of M}, ¢ whose g-expansions at each cusp
we can compute arbitrarily many terms of.

In [Zyw20], we explained how to compute an explicit basis of My(T'(V),Q(¢x)) and
express the right action of SLy(Z) with respect to this basis (we did numerical computations
and then identified the algebraic numbers that arose). From this, we can then compute
Mj, . We did not take this approach since My (I'(N),Q(¢n)) is often significantly large
than My, . It should be possible to adapt the methods of [Zyw20] to be more appropriate,
but we instead have used Eisenstein series since they were more algebraic in flavour.

4.9. Explicit slash action. Fix a modular form f € M) ¢ with assumptions as in §4.8. Now
consider any matrix B € GLy(Q) with positive determinant. We shall explain how the g-expansion
of f at all the cusps allows us to find the Fourier expansion for f|;B.

It is clear how scalar matrices act, so we may assume that B is in M3(Z) and that the greatest
common divisors of its entries is 1. There is a unique 1 < j < r and a matrix v € I" such that
B - 00 = (yA;) - co. Therefore,

B =ev4;(§})
for some ¢ € {£1} and integers a,b,d € Z with a and d positive and relatively prime. Since
fle(=I) = (=1)*f and f|iy = f, this implies that f|,B = e*(f|x4;)|x (&4). Using (4.1), we
deduce that

(FeB)(T) = (X ang(h) -4, )|, (84) = @/ Y an(f)Ch, - i,
n=0 n=0

5. COMPUTING MODULAR CURVES

Fix a positive integer N and let G be a subgroup of GL2(Z/NZ) that satisfies det(G) = (Z/NZ)*
and —I € G. In this section, using modular forms, we describe how to compute an explicit model
of the curve Xg.

5.1. Modular forms revisited. The cusps of At, = X¢(C) are precisely the points lying over
oo via mg. The elliptic points of A1, of order 2 and 3 are the points P € Ar for which 7 is
unramified and 7g(P) is 1728 and 0, respectively. In particular, the cusps, elliptic points of order
2, and elliptic points of order 3 define subschemes of Xg.

Fix an even integer k > 0. Let Dy, be the divisor of Ar, = X¢(C) given by (4.3) with I' = T'¢.
Note that Dy, is also a divisor of X defined over Q. Define the invertible sheaf &, := Q?él;/ 2 (Dy)
on Xg. Note that &, gives rise to the invertible sheaf £, on Xg(C) = A, with notation as in
§4.4 with T' = I'g. In particular, we have an inclusion H(X¢, %) € H°(Xrg, Lx) which induces
an isomorphism H(X¢, %) ®g C — H°(Xrg, L)

Recall from §4.4, we have an explicit isomorphism

U My(Tg) = H(Xrg, Lr).

Under the isomorphism 1)y, we now show that H( X, %) corresponds to the Q-subspace My, ¢ of
My(Tg) from §4.6.

Lemma 5.1. The map vy, restricts to an isomorphism My, g = HO(Xg, 2 of vector spaces over

Q.
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Proof. The isomorphism 9, induces an isomorphism M ¢ ®g C = H(X¢, %) ®g C of complex
vector spaces. Therefore, the Q-vector spaces My ¢ and H Y%(Xg, %) have the same dimension.
Since )y, is an isomorphism, it thus suffices to prove that wk_l(HO(Xg, 21)) € M.

Take any differential form w € H(Xg, %) € H%(AXrg, L1). Choose an element u € F§ — Q.
Since Q(X¢g) = fﬁ, there is a unique v € fﬁ such that w = v (du)*/2. Via the quotient map
H — Xr., w = v(du)*/? pulls back to the differential form v(7)u'(1)*/2(dr)*/?> on H. So f :=
w,;l(w) € My(Tg) is given by f(7) = (2mi)~*/2v (7 )/ (7)*/2.

Taking the derivative of the g-expansion u = Y~ _, ¢n(u)q}y gives v/ (1) = -, o5 2min/N cp(u)qRy.
Therefore, f(7) = (X ,cz cn(V)q%) - (X ez /N cn(u)q]’{,)kﬂ. In particular, we find that f is an
element of My (I'¢,Q({x)) since the g-expansions of both v and v have coefficients in Q({x).

Now take any A € G. Set m := det(A) € (Z/NZ)* and take any matrix v = (24) € SLy(Z)
for which A=~ (§2) (mod N). We have ulpy = 0,,,}(u) and v|py = 0,,,} (v) since u x A = u and
v+ A = v. The equality uloy = 0,,'(u) is the same as u(y7) = 3, c7 o' (cn(u))gR and taking
derivatives of both sides gives u/(y7)(ct +d) ™2 =210y, ., n/N o,  (cn(uw))q. Therefore,

Fley = @mi) ™2 0]y (u]2y)*/2

— (2mi) 2 o 0) (2 3 % o enlu)ad)

nez
— o (L ead) (3 2 eatwar)”) = o).
E€Z €7

Since f|ry = 0,1 (f), we have f *+ A = f. Since A was an arbitrary element of G, this implies that
f= @Z)lgl(w) lies in My(T'q,Q(¢n))E = My, . We have w,;l(HO(Xg,.ﬁfk)) C My, g since w was an
arbitrary element of H%(Xq, %). O

Combining the 1, we obtain an isomorphism
P M = P H (X6, %)
k k
of graded Q-algebras, where the sums are over even integers k > 0.

5.2. Galois action on the cusps. Let U be the group of upper triangular matrices in SLa(Z); it
is generated by —I and ({ }). Let Uy C GL2(Z/NZ) be the image of U modulo N. Define the set
of double cosets ¢ := G\ GLa(Z/NZ)/Uy. In this section, we explain how to identify € with
the set of cusps of Ar, = X(C) and describe the Galois action on it.

The map SLa(Z) — QU {0} = PYQ), A — A - oo is surjective and induces a bijection
v: SLo(Z)/U — PY(Q). The map ¢ respects the natural SLo(Z)-actions and hence gives a bi-
jection between the set of double cosets I'g\ SL2(Z)/U and the set of I'g-orbits of P1(Q), i.e., the
set of cusps of Ar,. With notation as in §4.3, the matrices Ay,..., A, are representatives of the
double cosets I'¢\ SLa(Z)/U. Using that the level of ' divides N and det(G) = (Z/NZ)*, we find
that the map I'¢\ SL2(Z)/U — % obtained from reduction modulo N is also a bijection. This
allows us to identify €5 with the cusps of Ap, = X (C).

For anm € (Z/NZ)* and a cusp P := G-A-Uy € 6 C X(C), definem-P:=G-A(} V) -Un.
This is well-defined and gives an action of (Z/NZ)* on Uy.

Lemma 5.2. The cusps of X¢g are all defined over Q((n). For a cusp P € Xq(Q({n)) and an
m € (Z/NZ)*, we have o,,(P) =m - P.
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Proof. Take any m € (Z/NZ)* and choose any automorphism o of C for which o({nx) = (}.
Take any cusp P € 45 C X¢(C). Fix matrices A, A" € SLy(Z) for which A - co and A’ - 0o are
representatives of the cusps P and m - P, respectively. There are g € G and v € Uy such that
A(§2)=gAu (mod N).

Consider a rational function f € Q(X¢) that does not have a pole at any of the cusps. Consider
the g-expansion floA = >, .7 caq. We have ¢, = 0 for all n < 0 since f does not have a pole at

P and we have ¢g = f(P). We have

(floA") * = fx (gA'u) = f+ (A(§0)) = (floA) * (§ %) = D_ omlen)aly
nez
and hence f(m - P) = op(co) = o(f(P)). So f(m-P) = f(o(P)) for all f € Q(Xg) that do not
have poles at any cusps. Therefore, m - P = o(P). Since o|g(cy) = Om, it remains to show that P
lies in X (Q(¢n))-
Since m € (Z/NZ)* is arbitrary, we have shown that for an automorphism o of C, o(P) depends
only on the restriction of o to Q({x). Therefore, P € X (Q(¢n)). O

5.3. Constructing a model of Xg. Fix notation as in §5.1 with an even integer &k > 2. Let
P, ..., P, be the cusps of X¢(C) = Ar,.

Take any divisor E := ), ;P of X with integers e; > 0 that is defined over Q. Note that
the divisor E is defined over Q if and only if the integer e; depends only on the Galois orbit of P,
(such FE can be constructed using the explicit Galois action on cusps from Lemma 5.2). Define the
Q-vector space

Vi={feMyg:vp(f)>eforalll <i<r}

From §4.8, there is an algorithm to compute a basis of M}, ¢ with enough terms of the g-expansions
known in order to find an explicit basis of V. Each modular form in the basis is given by its
g-expansion at all the cusps of X and we can compute arbitrarily many terms of each expansion.

We now assume that dimg V' > 2. Set d := dimg V' — 1 and denote our basis of V by fo,..., fq.
For each 0 < i,j < d, we have f;/f; € FG = Q(Xg). Let

p: Xg—>]P>fé

be the morphism defined by ¢(P) = [fo(P),..., fa(P)] for all but finitely many P. For a fixed
0 <4 < d and all but finitely points P of Xq, we have ©(P) = [(fo/fi)(P),-..,(fa/fi)(P)]. Up to
composition with an automorphism of ]P’(é, ¢ does not depend on the choice of basis of V.

Set C':= p(Xqg) C I%; it is a curve since d > 1 and hence fy/f1 is non-constant. Let I(C) be the
homogeneous ideal of Q[zo,...,z4] of C C Pfi@. We have the usual grading I(C) = @,,5¢ 1(C)n,
where I(C),, consist of homogeneous polynomials of degree n. Note that for a homogeneous poly-
nomial F' € Qlxo,...,z4|, the polynomial F lies in I(C) if and only if F(fo,..., fs) =0.

For a fixed integer n > 0, let us now explain how to compute a basis of the Q-vector space
I(C),. Let M, be the set of monic polynomials in Q[xo,...,z4] of degree n. With notation as
in §4.8, we have an injective Q-linear map ¢,r: Mpp.q — Q(¢w)P for an explicit integer h > 1.
For each m € M, we can compute v, := @ur(m(fo,..., f1)) € Q(Cy)" assuming we have com-
puted enough terms of the g-expansions of the f;. We can then compute the Q-vector space
W= {(cm) € QM 2 32, ot CmUm = 0}. The injectivity of ¢y, implies that the map W — I(C)y,
(em) = D mea, Cmm is an isomorphism of vector spaces over Q and we have found /(C),. In prac-
tice, to produce a “nice” basis of W, we apply the LLL algorithm to W N ZMx.
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Define the invertible sheaf F := £, (—F) on X. The isomorphism 9, restricts to an isomorphism
V = HY%(Xq, F) of Q-vector spaces; use Lemma 5.1 and the description of ¢y, from §4.4. We have

(5.1)  deg F = deg % — Zi:ﬂ' =k/2-(29—2)+k/2 -7+ |k/4] -vo + |k/3] - v3 — Zizlei'
Using the Riemann—-Roch theorem, we have d = deg J — g when deg F > 2g — 2.

5.3.1. Large degree case. Assume that deg F > 2g + 1. By the Riemann—Roch theorem, F is very
ample and hence ¢ is an embedding giving an isomorphism between X and C. The homomorphism

Qlzo, ...,z /1(C) - @ H* (X, F&)

n>0

of graded Q-algebras given by z; — ¥(f;) is an isomorphism (the surjectivity follows from [Mum?70,
Theorem 6] and our assumption deg F > 2g + 1). The ideal I(C) C Q[zo, ..., xq| is generated by
I(C)2 and I(C)s, cf. [SD72]. If deg F > 2g + 2, then the homogenous ideal I(C') is generated by
just I(C)e, cf. [SD72].

Consider the special case where deg F = 2g + 1. When g = 0, we have C = IP’}@. When g = 1,
the curve C' C IP’?Q is a plane cubic.

Remark 5.3. Suppose deg F > 2g + 2. Consider a fixed positive integer b. Suppose we have
computed the g-expansions f;|xA; +O(q%) for all 0 < j < d and 1 < i < r. From these expansions,
we can find a basis of the Q-vector space W := {F € Qlzo,...,zql2 : F(fo,..., fa) + O(qﬂ’v) =
0+ O(q%)}. Let C’ be the subvariety of IP’le defined by a basis of W. We have C' C C since
I(C)y € W and I(C) is generated by I(C)2. So if C’ is not zero dimensional, we have C' = C
and I(C)y = W. Of course, we will have I(C)e = W by taking b sufficiently large. The benefit
of this approach is that we can often use a b that is significantly smaller that the one arising from
applying the Sturm bound.

5.3.2. Canonical map. Consider the special case where g > 3, k=2, and E =), , P,. We have
f = fg(—E) = QXG(DQ — E) = QXG-

Sod=g—1and ¢: Xg — IP)gi1 is the canonical map. Define C := p(X¢g) C P%ﬁl. We now recall
some basic details, see [Zyw20, §7] for further details and some computation details.

First suppose that X¢ is (geometrically) hyperelliptic. Then the curve C' has genus 0 and the
morphism ¢: Xg — C has degree 2. The ideal I(C) is generated by I3(C) and dimg I2(C) =
(9—1(g—2)/2

Suppose that X is not hyperelliptic. Then ¢ is an embedding and in particular C' is isomorphic
to X¢. The dimension of I(C) and I3(C) over Q are (g —2)(g —3)/2 and (g — 3)(g92 + 69 — 10)/6,
respectively. If g > 4, the ideal I(C) is generated by I>(C) and I3(C). If g = 3, then I(C) is
generated by I4(C) and dimg I4(C) = 1.

We can compute I5(C') and its dimension over Q determines whether or not X is hyperelliptic.
Assume X is not hyperelliptic. Then by computing I3(C'), and I4(C) when g = 3, we can find
equations for the curve C' C P(l@.

5.3.3. Computing a model for Xg. If g > 3, we can first compute the image of the canonical map
p: Xg — I%_l and find equations defining the image C' := ¢(X¢), cf. §5.3.2. If C' does not have
genus 0, i.e., C is not hyperelliptic, then C' is a model of X¢. If C has genus 0 and C(Q) = (), then
Xc(Q) = 0 (which in our application means we do not need to compute a model of X¢).
Now consider the general case. Choose the smallest even integer k£ > 2 such that
k/2-(29g—2)+k/2 -7+ |k/4] -va+ |k/3] - v3 > 29 + 1.
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Such an integer k exists since g — 1 + v2/4 4+ v3/3 + 1/2 = [SL2(Z) : £T'¢]/12 by [Shi94, Proposi-
tion 1.40]. Choose an effective divisor E := Y., €; P; of X defined over Q so that the right hand
side of (5.1) is at least 2¢g + 1 and is as small as possible. By our choices, we have deg F > 2¢g + 1.
One can then compute a model as in §5.3.1.

5.3.4. Cusps of our model. With fo,..., fqg € My ¢ defining the morphism ¢: Xg — C C PL . we
now describe the image of the cusps of Xg.

Take any 1 < j < r. From Lemma 5.2, we know that ¢(P;) will lie in C(Q({x)). There is an
0 <m < d such that for all 0 < i < d, the g-expansion of f;/ f, at the cusp P; is a power series for
all 0 <14 < m; denote its constant term by ¢; € Q({n). Note that f;/fn € Q(Xg) is regular at P;

and (f;/fm)(Pj) = ci. So we have o(P;) = [co, ..., ca] € PYQ(CN)).

5.4. Curves of genus 0 and 1. Assume that X has genus at most 1. Such curves are important
in our application since they potentially could have infinitely many rational points.

Assume that we have found an explicit smooth projective model C' C Pg for the modular curve
X as in §5.3. In particular, we have modular forms fy, ..., fg in M}, ¢ for some even k > 2 such
that C' is defined by the homogeneous polynomials F' € Ql[zy, ..., zq4| for which F(fo,...,fqs) =0.

5.4.1. Finding a simple model. Suppose we have found a rational point P € C(Q). See §5.4.4 for
details on how we check if there is a rational point.

If X has genus 0, then using the point P, we can compute an isomorphism v: C = IP’}@. Using
the modular forms f; and 1, we can then compute a modular function f for which Q(X¢g) = Q(f).
Note that f is given by its g-expansions at the cusps of Xg and we can compute arbitrarily many
terms of each expansion.

If X has genus 1, then using the point P, we can compute an isomorphism ¢: C = E, where
E is an elliptic curve over Q and 1 (P) = 0. Using the modular forms f; and v, we can compute
modular functions x and y for which Q(X¢) = Q(z,y) and for which z and y satisfy a Weierstrass
equation with rational coefficients defining £. Note that z and y are given by their g-expansions
at the cusps of X and we can compute arbitrarily many terms of each expansion.

5.4.2. Recognizing elements of the function field. Assume we have found a model for Xg as in
§5.4.1. In particular, Q(Xg) is Q(f) or Q(x,y) if X has genus 0 or 1, respectively.

Now suppose we have a function h € Q(X¢) given by a g-expansion at each cusp of X for which
we can compute arbitrarily many terms. Also suppose we also have an upper bound on the number
of poles, with multiplicity, of h. When h is a quotient of two elements of M} ¢ for some even k',
then the number of poles of h is bounded above by k’/12-[SLa(Z) : £T'¢] = k¥'/12-[GL2(Z/N7Z) : G]
(the divisor of a nonzero modular form in My ¢, cf. [Shi94, §2.4], is effective and its degree can be
computed using Propositions 2.16 and 1.40 of [Shi94]).

We want to express h in terms of the generators of the field Q(f) or Q(z,y).

One approach is just to brute force search for an expression. Consider the genus 0 case. For a fixed
integer d > 0, one can look for a relation h = Fy(f)/F»(f) where F} and F, are polynomials in Q[¢]
of degree at most d. For each cusp of X, substituting our g-expansions in the expression Fy(f)h —
Fi(f) = 0, we obtain a homogeneous system of linear equations over Q({y) whose unknowns
are the coefficients of the polynomials F; and F5. For the minimal d for which such a relation
exists, these linear equations will have a 1-dimension space of solutions over Q((x) and scaling will
produce a solution in rationals unique up to scaling by a nonzero rational. To rigorously verify
that Fy(f)h = Fi(f), with specific coefficients, is 0 it suffices to compute enough terms of the
g-expansions at the cusps so that we have more zeros at the cusps, with multiplicity, than poles
(we assumed we had a bound on the poles of h and f has a single simple pole). We can increase
d > 0 until we find a relation.
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In the special case where there is a degree 1 rational function b € Q({x)(t) such that b(h) €
Q(¢n)(X¢) has all its poles at the cusps, we can take a more direct approach. Since we know the
g-expansions of f at the cusps, we can find a partial fractions decomposition of b(h) in Q({n)(f)
and then find the desired expression for h since b has degree 1.

Similar remarks hold when X has genus 1 except now we are looking for a relation h = (Fy(z)+
Fy(z)y)/Fs(x), where Fy, F3 € Q[t] have degree at most d and Fy € Q[t] has degree at most d — 1.

5.4.3. Constructing the map to the j-line. We want to describe the natural morphism 7g from Xg
to the j-line. Since we are interested in rational points, we shall assume that X has a rational
point and that we have found a model for X¢ as in §5.4.1. In particular, Q(Xq) is Q(f) or Q(z,y)
when X has genus 0 or 1, respectively.

For simplicity, suppose that X¢ has genus 0 and hence Q(X¢) = Q(f). Since the modular j-
invariant j lies in Q(X¢), the morphism 7 is given by the unique 7(t) € Q(t) for which «(f) = j.
We can find 7(¢) using the methods from §5.4.2 and use that 7 (¢) has degree [GL2(Z/NZ) : GI.

In practice, it is more efficient to make use of intermediate fields lying between Q(j) and Q(f).
We can assume that G # GLy(Z/NZ) since otherwise X is the j-line. Choose a group G C G C
GL2(Z/NZ) for which [Go : G| is minimal. Then Q(X¢,) = Q(f’) and hence f’ = ¢(f) for a unique
rational function ¢(t) € Q(t) of degree [Gp : G]. We can then find ¢ using the methods from §5.4.2.
This reduces the computation to the curve X, and we can continue in this manner until we get
to the j-line. The advantage of working with intermediate subfields is that in the method of §5.4.2
we require less terms of the g-expansions.

Similar remarks hold when X has genus 1 except now X, will have genus 0 or 1.

5.4.4. Determining whether there is a rational point. We are interested in determining whether X¢,
equivalently C, has a rational point. We first check whether X has a local obstruction to rational
points.

For real points this can be done without the model since we know that Xg(R) # 0 if and
only if G contains an element that is conjugate in GL2(Z/NZ) to (§ %) or (§2y), cf. [Zywl5a,
Proposition 3.5].

Using our explicit model, we can verify whether C(Q,) is empty for any given prime p. If
Xa(R) =0 or C(Qp) = 0 for some prime p, then we of course have X;(Q) = 0.

When X has genus 0 and X (R) is nonempty, we know that we will either be able to find a
rational point on C' or we will be able to find a prime p such that C(Q,) = 0.

Remark 5.4. There is a more general definition of X as a coarse moduli space that would realize
it as a smooth scheme over Z[1/N]. For a prime p { N, the reduction (X¢)r, would then be a
smooth projective and geometrically irreducible curve of genus at most 1 over I, and hence have
an Fp-point. Hensel’s lemma would then implies that X4 (Q,) # 0. So when looking for local
obstructions, we limit ourselves to primes p dividing N.

Now suppose that X is genus 1 for which we have not found a rational point and we have
found no local obstructions. The Jacobian of C' is an elliptic curve E over Q. Using our embedding
C C P(‘é, we find that C is a principal homogeneous space of F that has order n := d + 1 in the
Weil-Chatelet group of E.

When n < 5, there are explicit equations for F and for a covering map ¢: C — E of degree n
(when base extended to a field where C' and E are isomorphic, it corresponds to multiplication by
non E). When n < 4 or n =5, see [AKM"01] and [Fis08], respectively. Note that these construc-
tions have been implemented in Magma. If C' has a rational point, then we find that ¢(C(Q)) is a
coset of nF(Q) in E(Q). We can compute the weak Mordell-Weil group E(Q)/nE(Q). For points
P € E(Q) that represent the elements of the finite group E(Q)/nE(Q), we can check whether
the fiber ¢ ~!(P) C C has any rational points. If not, then we have verified that C(Q) is empty
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(otherwise, we have found a point).

In our application, the above determines whether X5 has a rational point for all but a few
cases we consider. In the cases where this does not apply (i.e., n > 5), there was always a group
G C Gy C GL2(Z/NZ) for which [Go : G] = 2 and Xg, = Pb. In these cases, we could find an
alternate model C’ of X given as a hyperelliptic curve over Q. The above reasoning then applies
to check whether there are rational points; the relevant morphism ¢: C’ — E now has degree 22.

5.5. Some alternate models for curves. Assume that Xg has genus at least 2 and choose a
group G C Gy C GLy(Z/NZ) for which X, has genus at most 1. In practice, one chooses Gy with
[Go : G| minimal. We shall assume that X, has a rational point; we are interested in knowing
the rational points of X¢ and there are none if X, (Q) = (. Assume we have found a model as in
§5.4.1 with Q(X¢g,) of the form Q(f) or Q(z,y).

5.5.1. Minimal polynomial. Let S be a set of matrices in SLg(Z) whose reductions modulo N
represent the cosets G\Gp.

Consider a modular function h € Q(X¢) for which we have computed arbitrarily many terms of
the g-expansion at each of the cusps of X. Using these expansions and §4.9, we can compute the
g-expansions of h|;yA for all A € S. Assume that h|yA # h for all A € S and hence Q(X¢,)(h) =
Q(Xg). To construct a suitable element h € Q(X¢), we can look at the quotient of nonzero
elements in My, ¢ for even k > 2; there will be such modular forms for k large enough by §5.3.3.

Define the polynomial

P(t) == [t - hlxd).
AeS
By our choice of S, P(t) is a polynomial of degree [Gy : G] with coefficients in Q(X¢, ) that satisfies
P(h) = 0. The coefficients of P(t) line in Q(X¢,) and can be given explicitly in Q(f) or Q(z,y) by
the method described in §5.4.2 (the methods of §4.9 can be used to take the g-expansions, which
are in terms of the cusps of X¢, to those at cusps of X¢,).

Since Q(Xg,)(h) = Q(X¢), the polynomial P(t) gives rise to a possibly singular model of
the curve X¢g in IF% or IP’(?@ with a rational map to X¢, corresponding to the natural morphism
Xe — Xg,- In many situations, a singular model of X will be preferably to a model that
lies in some large dimensional ambient space. An important special case is when [Gp : G] = 2 and
Xag, = IP’}@ since then we can use the singular model to find a smooth model of X as a hyperelliptic
curve.

5.5.2. Serre type. Now suppose that N = N; Ny with N7 > 1 a power of 2 and No odd. Set
G1 = GL2(Z/N1Z). Suppose further that there is a subgroup G of GLy(Z/N2Z) such that G is an
index 2 subgroup of Gy := G1 x G2 C GLy(Z/NZ) so that the projective map G — G is surjective
for i € {1,2}.

The kernel of the projection maps G — G and G — G5 are of the form {I} x Hy and Hy x {I},
where H; is an index 2 subgroup of G;. Note that Hy x Hy, C G C G X Gs.

Take any ¢ € {1, 2} and suppose that det(H;) = (Z/N;Z)*. Asin§5.5.1, we can find ah € Q(Xp;,)
such that Q(Xpg,) = Q(X¢g,)(h) and compute an irreducible polynomial of degree 2 in Q(X¢,)[x]
with root h. By taking the discriminant of the polynomial, we obtain an element ¢; € Q(X¢,) that
is a square in Q(Xp,) but not in Q(X¢g,). Note that ¢; is unique up to multiplication by a nonzero
square in Q(Xgq,).

Take any i € {1,2} and suppose that det(H;) # (Z/N;Z)*. The group det(H;) is an index
2 subgroup of (Z/N;Z)*. Let K; C Q be the corresponding quadratic extension of Q, i.e., the
quadratic extension for which the image of xcyc(Galg,) C Z* modulo N; is the group det(H;). Let
¢; be the unique squarefree integer for which K; = Q(,/¢;).
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When i = 1, a computation shows that ¢; can always be chosen to lie in the set {—1,4+2,+(j —
1728), £2(5 — 1728)}.

Putting everything together, we find that there is a y € Q(X¢) such that y? = cjco and Q(Xg) =
Q(Xg,)(y). Therefore, y*> = cico defines a singular model of Xg. In the special case where
Xag, & IP’}Q, this gives rise to a hyperelliptic model.

Remark 5.5. Though this might seem like a very niche case, groups with the above conditions arise
frequently in our application to Serre’s open image theorem and are often the slowest to deal with
using the strategy from §5.5.1.

6. A GENERIC FAMILY AND MODULAR FUNCTIONS

Let & be the elliptic curve over Q(j) defined by the Weierstrass equation
(6.1) y? = — 27 j(j — 1728) - x + 54 - j(j — 1728)%,
where j is the modular j-invariant. The elliptic curve £ has j-invariant j.

Fix an integer N > 3 and a nonzero modular form fy € M3(I'(N),Q((n)). Let Fn be the
field of modular functions of level N whose g-expansions have coefficients in Q({y), cf. §3.1. We

have f2/E¢ € Fn, where Eg is the usual Eisenstein series of weight 6 as given by (6.2). In a field
extension of Fp, choose a (3 satisfying

8% =+ f3/Ee.
Note that 8 need not be a modular function.
In §6.1, we will show that Fx (/) is a minimal field extension of Q(j) for which all of the N-
torsion points of £ are defined. Let Galg(;) be the absolute Galois group of Q(j) for which the

implicit algebraic closure contains Fy(3). With respect to a suitable basis of E[V], we will show
that there is a surjective Galois representation

pgNZ GalQ(j) — GLQ(Z/NZ)
that satisfies
a(f)=f*pgn(o)™
for all o € Galg(j) and f € Fi, where the * action is described in §3.1. For details, see §6.2. In
particular, pg  induces isomorphisms Gal(Fn(8)/Q(j)) = GL2(Z/NZ) and Gal(Fn/Q(j)) =
GL2(Z/NZ)/{xI}.

6.1. N-torsion points of £. Define the usual Eisenstein series

oo e o]
(6.2)  Ea(r)=1+240> n’¢"/(1-¢") and FEg(r)=1-504» n°¢"/(1—q");
n=1 n=1

they are modular forms on SLg(Z) of weight 4 and 6, respectively. Define the weight 12 modular
form A(1) = q[[°2,(1 — ¢™)?* on SLa(Z). We have relations Ef — EZ = 1728A, j = E}/A
and j — 1728 = E2/A. For 7 € H, let p(z;7) be the Weierstrass elliptic function for the lattice
Zt 4+ 7 C C. Let ¢'(z;7) be the derivative of p(z;7) with respect to z.

Take any nonzero o € (Z/NZ)? and choose integers r and s such that « is congruent to (r, s)
modulo N. Let z, and u, be the function of the upper half-plane defined by

To(T) 1= 36 El(;)(f?(ﬂ . (2m')_2p(%7' + 3 7)
)2
uq(7) 1= 108 f(fj)(A)(T) . (27?2')73@/(% “TH NI T)
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These definitions do not depend on the choice of r and s since p(z;7) and p/(z;7) are unchanged
if we replace z by z + w with w € Z7 4+ Z.

Lemma 6.1.

(i) For any nonzero o € (Z/NZ)?, x4 and u, are elements of Fy.
(ii) The field Fn is the extension of Q(j) generated by o with nonzero a € (Z/N7Z)2.
(iii) Take any nonzero a € (Z/NZ)? and A € GL2(Z/NZ). We have

Ta*A=ooa and us*xA= f({TOAuaA~
In particular, uq * A = uga if fox A= fo.
Proof. Take any nonzero o € (Z/NZ)?. Fix integers 0 < r < N and s so that (r,s) is congruent
to a modulo N. Our function z, agrees with the function f/n /n) from §6.1 of [Shi94] up to

multiplication by a nonzero rational number. Part (ii) follows from Proposition 6.9(1) of [Shi94];
this implies (i) for the function z,,.

Let ho be the function of the upper half-plane defined by (271) 3¢/(% - 7 + £;7). We now
explain why h, lies in M3(I'(N),Q((y)). Recall that for 7 € H, we have the notation g = >
and gy = e2™7/N . We have

(271_7;)72@( _9 Z anmn + Zne27rznu + Z Z ( 2Tinu mn +e 2Trinuqmn);

m=1n=1 m=1n=1

see the proof of Proposition 6.9 on p. 140 in [Sh194] (with w; = 7, we = 1, and v in loc. cit. should
be defined as u/wg). Therefore,

(27” Z”Q 2minu + Z Z ( 2minu mn _ 6727rinuqmn>‘

m=1n=1

With u=r/N -7+ s/N, we have 627”“ = (}r¢ and hence

(6.3) Zn Canrn + Z Z (Canrn mn C&an&rnqmn>‘

m=1n=1
Since 0 < r < N, this shows that he has a g-expansion that is a power series in gy with coefficients

in @(CN)
Take any matrix y = (24) € SLa(Z). Since ¢'(u;7) =3\ czriz —2/(u+ A)?, we have

(hals)(7) = (cr + )~ (2mi) ) —

AEZAT+HE (F T+ &+ A7

-2
= (2mi) ) r 5 3
AEZ(aT+b)+Z(cT+d) (3 (a7 +0) + F(er+d) +A)

3 —9
B B T+ T+ 3
S0 hql3y = hay for all v € SLa(Z). In particular, ha|3y = ho for all v € T'(IN). We conclude that
hq is an element of M3(I'(IV), Q(¢n)) since the g-expansions of hq |37 = hay is a power series in gy
with coefficients in Q((x) for all v € SLa(Z).

For any A € GL9(Z/NZ), we claim that hy * A = hyq. From our above proof, this holds when
A € SLy(Z/NZ), so we need only prove the claim in the case where A = (é 2). Applying o4 to
the coefficients of the expansion (6.3) gives the expansion where we replace s by ds. Therefore,
ha * A = haa as expected.
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That u, lies in Fy is clear since it is the quotient of modular forms on I'(V) with coefficients in
Q(¢n) and it has weight 2-6 —3 — 12+ 3 = 0. Take any A € GL2(Z/NZ). Since E4 and FEg are
modular forms on SLy(Z) with coefficients in Q, we find that

E§ Jo Eg Jo
Jor AR e A= FR g B EK hea = R e
We have proved the parts of the lemma concerning the functions u,,.

Now take any nonzero a € (Z/NZ)2. It remains to prove that z, * A = x4 for all A €
GL2(Z/NZ). For A € SLa(Z/NZ), this follows from equation (6.1.3) of [Shi94]. It remains to

prove it for A = ((1) 2); this follows from the g-expansion of z,, see equation (6.2.1) of [Shi94]. O

U * A = 108 108

Recall that we fixed a nonzero modular form fy in M3(I'(N),Q(¢x)) and chose a 8 satisfying
B% =j- f2/E¢ € Fy. For each nonzero o € (Z/NZ)?, define y, := - us € Fn(B) and the pair
Py = (wcwya)'

Lemma 6.2.

(i) For every nonzero a € (Z/NZ)?, P, is a N-torsion point in E(Fn(5)).

(ii) We have a group isomorphism

in: (Z/NZ)? =5 E[N], a > P,
where Pg o) is defined as the identity of €.

Proof. Fix any 7 € H satisfying j(7) ¢ {0,1728} and fo(7) # 0. Let & be the elliptic curve over
C defined by the Weierstrass equation y? = 42% — go(7)z — g3(7), where go and g3 are modular
invariants. Note that go/(27i)* = E;/12 and g3/(27i)% = —Eg/216. Let & be the elliptic curve
over C defined by the equation
(6.4) (1) fo(r)?/EBs(7) -y = ® = 27 j(7)(j(7) — 1728) - & + 54 - j(7)(j(7) — 1728)*.

Define ¢ := 36(2mi) " 2E4(7)Es(7)/A(7) and d := 108(27i) 2 Eg(7)/(A(T) fo(7)). By using j =

E3/A and j — 1728 = E2/A, and dividing (6.4) by ¢®/4, we find that
4 j(n)fo(r)? AB4(7)* Eg(7)* ABy(7)*Eo(7)*
c3 Es(7) 4 2A(T)? ABA(T)3
(z/c)® — (2mi) Ey(7)/12 - (z/c) + (2mi)S Eg(7) /216

(2/0)° = ga(7) - (x/c) — g3(7).

4(x/c)® — 27

(x/c)+ 54

4
4

Observing that

1O B (A 1
3 FEg(r) A3 A(1)Eg(T) 108 Eg(7) d’

we deduce that the map (x,y) — (2/c,y/d) defines an isomorphism &’ — & of elliptic curves over
C. Using this isomorphism and properties of the Weierstrass function, we obtain an isomorphism
C/(Zt + Z) = &.(C) of complex Lie groups which maps a nonidentity element z + (Z7 + Z) to
(cp(2;7),dg@' (2;7)). In particular, we have a group isomorphism Z2/NZ? = &'[N] which away
from the identity is defined by

(6.5) (rys) + N27 s (cp(%T + XiT)s dp'(%T + % 7')) = (za(7),ua()),

where « is the image of (r,s) modulo N.

We now view 7 as a variable again. Letting &’ be the elliptic curve defined by (6.4), say over the
field of meromorphic functions of H, we find that (6.5) also defines an isomorphism Z?/NZ? — &'[N]
(the points are torsion and satisfy the expected property since they hold for all but finitely many
specializations of 7).
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Now by our choice of 3, we deduce that the points P, = (Zq,yq) lie in E(Fn(5)) and that
(Z/NZ)* — E|N], a + P, is an isomorphism. Note that 3 is not a function of the upper half-
plane, so we avoided using it when we fixed specific values of 7. O

6.2. Galois representations of £. Fix an integer N > 3. Fix notation as in §6.1; in particular,
we have a basis P(1 o) and P 1y of the Z/NZ-module £[N] C £(Fn(5)). With respect to the basis

{Pa,0), Pony}, let

PEN - Gal@(j) — GLQ(Z/NZ)
be the associated Galois representation, where the implicit algebraic closure of Q(j) used for the
absolute Galois group contains Fy (). So for a € (Z/NZ)? and o € Galg(j), we have 0(P,) = Paa

where A := pe n(0)! = P},N(U)i

Lemma 6.3.
(i) We have Q(j)(€[N]) = Fn(B).
(ii) We have pg y(Galg(y)) = GL2(Z/NZ) and pjgyN(Gal@(j)) = SLe(Z/NZ).
(iii) For o € Galg(;) and f € Fn, we have

o(f) = f*pen(o) "
(iv) Composing pg y with the quotient map to GLo(Z/NZ)/{=I} induces an isomorphism

Gal(Fx/QUj)) = GLa(Z/NZ) {1},

(v) Let G be a subgroup of GLe(Z/NZ) that satisfies det(G) = (Z/NZ)* and —I € G. Then
p}}N(GalQ(XG)) =G.

(vi) For o € Galg(j), we have o(3) = fof—zA - B, where A := pgN(O')_l.
Proof. Part (i) follows from Lemma 6.1 and the definition of our points P,. Take any nonzero
a € (Z/NZ)? and o € Galg(;). Define A := P n(0)™1 = pen(0)t. By our choice of basis in
defining ps v, we have 0(P,) = Pya. We then have o(2,) = £o4 by considering z-coordinates. By
Lemma 6.1(iii), we have o(z,) = x4 * A. Since o was an arbitrary nonzero element of (Z/NZ)?,
Lemma 6.1(ii) implies that o(f) = f x A for all f € Fy. We have thus proved (iii).

Using o(P,) = Py and taking y-coordinates, gives o(8)o(uq) = fuqa. Therefore, we have

o(B) - ua*x A=0(B)o(ua) = Puqa =B - % CUg kA,

where we have used part (iii) and Lemma 6.1(iii). Part (vi) follows by cancelling u,, * A from both
sides.

By (iii), composing pz N Wwith the obvious quotient map gives an injective homomorphism
Gal(Fn/Q(j)) = GL2(Z/NZ)/{+1}; it is an isomorphism since we know the degree of the exten-
sion Fy/Q(j), cf. Lemma 3.2(i). Therefore, +pg y(Galg()) = GL2(Z/NZ) and +p y(Galg;)) =
SL2(Z/NZ) by Lemma 3.2. We have p}jN(Gal@(j)) = SLy(Z/NZ) since there is no proper subgroup
H of SLa(Z/NZ) for which £H = SLo(Z/NZ), cf. Lemma 7.8. Part (ii) now follows.

Finally take G as in (v). From parts (i) and (iii) and —I € G, the subfield of Fx(f) fixed by
(pZ,N)_l(G) is F§. Part (v) is now immediate since F§ = Q(Xg). O

6.3. Specializations. Define U := A}@ —{0,1728} = SpecQlj,7 7%, (j — 1728)7!] and view it as
an open subvariety of the j-line. Let m1(U,7) be the étale fundamental group of U, where 7
is the geometric generic point of U corresponding to our choice of algebraic closure of Q(j). The
Weierstrass equation (6.1) has discriminant 2!23'252(j —1728)2 and hence defines an elliptic scheme
& — U whose generic fiber is the elliptic curve £ over Q(j).
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Let &[N] be the N-torsion subscheme of &. We can identify the fiber of &[N] — U at 77 with
E[N]. We can view &[N] as a rank 2 lisse sheaf of Z/NZ-modules over U and it thus corresponds
to a representation

os.n: T (U, ) = Aut(E[N]) = GLy(Z/NZ).
By making an appropriate choice of basis, we may assume that the specialization of
QZ‘”,N: 7T1(U, 77) — GLQ(Z/NZ)

at the generic fiber of U gives our representation pi : Galg(;) — GL2(Z/NZ). The representation
0% y is surjective by Lemma 6.3(ii).

Take any subgroup G of GLy(Z/NZ) satistying det(G) = (Z/NZ)* and —I € G. Let ng: Ug —
U be the étale cover corresponding to the subgroup (¢j ~) H(G) of (U, 7). The function field
of Ug is FG = Q(Xg) by Lemma 6.3(v). So we can identify Ug with an open subvariety of the
modular curve X and the morphism g extends to the morphism from Xg to the j-line that we

had also denoted by mg. In particular, Ug is the open subvariety of X that is the complement of
75 ({0,1728,00}). (When —1I ¢ G, we will simply define Ug to be X¢ — 75 ({0, 1728, 00}).)

Proposition 6.4. Let G be a subgroup of GLo(Z/NZ) satisfying det(G) = (Z/NZ)* and —1I € G.
Let E be an elliptic curve defined over a number field K with jg ¢ {0,1728}. Then p}; y(Galk) is
conjugate in GLo(Z/NZ) to a subgroup of G if and only if jp = wg(u) for some u € Ug(K).

Proof. We may assume K C Q. Define the surjective homomorphism o := O N m(U,7) —
GL2(Z/NZ). For each uw € U(K) = K — {0,1728}, let p,: Galg — GL2(Z/NZ) be the specializa-
tion of g at wu; it is uniquely determined up to conjugation by an element of GLo(Z/NZ).

We claim that g,(Galk) is conjugate in GLy(Z/NZ) to a subgroup of G if and only if u = 7g(P)
for some P € Ug(K). Let ¢: Y — U be the étale cover corresponding to g; the curve Y is defined
over Q but need not be geometrically irreducible. The group GL2(Z/NZ) acts on Y and acts simply
faithful on the fiber ¢~ !(u) := {P € Y(Q) : ¢(P) = u}. The group Galg acts on ¢~ !(u) since
¢ and u are defined over K. There is a point Py € ¢~ !(u) such that o(Py) = 0u,(c) - Py for all
o € Galg (a different choice of Py results in a conjugate of g, ). The G-orbits of ¢ ~!(u) correspond
with the points P € Ug(Q) that satisfy mg(P) = u via the natural morphism Y — Ug. Since ¢ and
u are defined over K, those G-orbits of ¢ ~!(u) that are stable under the Galx-action correspond
with the points P € Ug(K) that satisfy mg(P) = u. Therefore, there is a point P € Ug(K) with
7g(P) = u if and only if there is a point Py € ¢~ !(u) such that for each o € Galg, we have
o(Py) = g- Py for some g € Gj; equivalently, o0, (Galg) is conjugate to a subgroup of G. This proves
the claim.

The specialization g,: Galgy — GL2(Z/NZ) of p at w is isomorphic to the representation
Pg, n Galg — GLo(Z/NZ), where &, is the elliptic curve over K defined by the Weierstrass
equation (6.1) with j replaced by w. Since &, has j-invariant u, the above claim proves the lemma
in the case where E = &,.

Since —I € G, it now suffices to show that +p3(Galk) and +p} (Galk) are conjugate in
GL2(Z/NZ) where u := jp € K —{0,1728} = U(K). The curve E and &, are quadratic twists
of each other since they have the same j-invariant which is neither 0 or 1728. So after choosing
compatible bases, there is a quadratic character x: Galg — {%1} such that p}m N=X Ppy-In

particular, £p% y(Galk) = £pp v(Galk). O

6.3.1. Elliptic scheme for the group G. Let G be a subgroup of GL2(Z/NZ) satistying det(G) =

(Z/NZ)* and —I € G. Let &g — Ug be the elliptic scheme obtained by base extending & — U

by the étale morphism 7g: Ug — U. Then we can construct a representation g}& ~v:mUa,n) =

GL2(Z/NZ) as before, where now 77 denotes the geometric generic point of Ug corresponding to
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our choice of algebraic closure of Q(j) (which contains Q(X¢)). The morphism 7 allows us to
view m(Ug,7) as a subgroup of 71 (U,7); we may assume that our representation was chosen so
that the restriction of g}, ~ to m(Ug,7) agrees with QZOG n- In particular, we have a surjective
homomorphism

05, n: ™ (Ug, ) = G.

Take any number field K C Q and point u € Ug(K). Let (65). be the elliptic curve over K that
is the fiber of &g — Ug over w; it is isomorphic to the elliptic curve over K defined by (6.1) with j
replaced by mg(u). The specialization of g,  at u is a representation Galg — G C GL2(Z/NZ)
that is isomorphic to pz‘gg)m N

7. SOME BASIC GROUP THEORY

We now collect some basic group theoretic results that we will use. Most of it concerns the
groups SLo(Z,) and GLa(Z¢), with ¢ prime, and the groups SLs(Z) and GLy(Z).

7.1. Goursat’s lemma. We will make frequent use of the following in §8.

Lemma 7.1 (Goursat’s lemma, [Rib76, Lemma 5.2.1]). Let G1 and G2 be two groups and let H
be a subgroup of G1 x Gy so that the projection maps p1: H — G1 and pa: H — Go are surjective.
Let N1 and Na be the normal subgroups of G1 and Ga, respectively, for which ker(pa) = N1 x {1}
and ker(p1) = {1} x Na. Then the image of H in (G1 x Ga)/(N1 x Na) = G1/N1 x Ga/N3 is the
graph of an isomorphism G1 /Ny = Ga/Ns.

7.2. Determining closed subgroups by their reductions.

Lemma 7.2. Fiz an integer N = Hp P > 1 with ex # 1. For each prime £ dividing N, define the

integer
Ny := (% H P;
p|N,p?=1 mod ¢
it is a divisor of N. Let G be a closed subgroup of GLa(Zy). For each prime ¢ dividing N, assume
that the image of G in GLo(Z/NylZ) contains all matrices that are congruent to I modulo Ny. Then
G is an open subgroup of GLo(Zy) with level dividing N.

Proof. We first consider the special case where N = (° > 1 is a prime power (with ey > 2if ¢ = 2).
For ¢ > 1, define the group H; := G N (I + ¢'M3(Zy)). We have an injective homomorphism

¢i: Hi/Hiy1 — g, 14+ 0°A— Amod/,

where g := My (Fy).

We claim that ¢; is surjective for all ¢ > e,. We shall prove this by induction on i. We have
Ny = £°¢ and the homomorphism ¢, is surjective by our assumption that the image of G in
GLo(Z/NelZ) = GLao(Z/l*T1Z) contains all matrices that are congruent to I modulo ¢¢. Now
consider any ¢ > ey for which ¢; is surjective. Take any B € g. Since ¢; is surjective, there is a
matrix A € My(Zy) such that I + ¢*A € G and A = B (mod /). Raising to the ¢-th power, we
find that g := (I 4 £*A)’ is an element of G with g = I 4+ £*T'A (mod ¢+2) (this uses that (f) =0
(mod ¢) when 0 < j < £ and that ¢ > 2 when ¢ = 2). So g € H;i11 and ¢;11(9- Hiyo) = A= B
(mod ¢). Since B € g was arbitrary, this proves that ¢;y; is surjective. The claim follows by
induction.

For any i > ey, the above claim implies that the image of G in GLo(Z/{'Z) contains all matrices
A € GLo(Z/#Z) with A =T (mod ¢°). Since G is a closed subgroup of GLa(Z,), we deduce that
G is an open subgroup of GL2(Zy) whose level divides ¢°¢. This completes the proof in the special
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case where N is a prime power.

We now consider the general case. Take any prime ¢|N and let

: G — H GL2(Z))
pIN, p#L

be the projection homomorphism. We have ker(p) = Hy x {I}, where Hy is a closed subgroup of
GL2(Zy).

Take any B € g. By assumption, the image of G in GLy(Z/N{¢7Z) contains all matrices that are
congruent to I modulo Ny. So there is a gg € G such that gg = I + ¢B (mod ¢T1) and gy = I
(mod p) for all p|N with p? =1 (mod £). Observe that if £ divides | GLa(Z/pZ)| = (p—1)*(p+1)p
for a prime p # £, then p> =1 (mod ¢). So for any m > 1, there is a positive integer f =1 (mod £)
for which g{; = ¢(g0) = I (mod [Ty jnprep™)- We have gg = [ + (B (mod ¢**1). By taking
m larger and larger and using that G is a closed, and hence compact, subgroup of GLa(Zy), we
deduce that there is a g € ker(y) for which g = I + (B (mod ¢%*1). Since B € g was arbitrary,
we deduce that the image of Hy in GLg(Z/¢%117Z) contains all matrices that are congruent to I
modulo £¢¢.

By the prime power case of the lemma, which we have already proved, Hy is an open subgroup
of GL(Zy) whose level divides ¢°¢. Since ¢ was an arbitrary prime divisor of N, we deduce that
He| ~ He is a subgroup of G and hence G is an open subgroup of GLa(Zy) whose level divides
He| Nt =N. O

For an open subgroup G of GLa(Zy), the following lemma is useful for finding its maximal
subgroups; the issue being that these maximal subgroups may have strictly larger level.

Lemma 7.3. Fiz an integer N = prep > 1 with ea # 1. Let G be an open subgroup of GLa(Zn)

whose level divides N. If M is a mazimal open subgroup of G, then the level of M divides N{ for
some ¢|N.

Proof. Let M be a maximal open subgroup of G. Take any prime ¢|N. If the image of M and G
modulo N/ give different subgroups of GLg(Z/N{Z), then the level of M divides N/ (using that
M is maximal, it agrees with the group of g € G whose image modulo N/ lies in the image of M
modulo NY).

So we can assume that M and G have the same image modulo N/ for all primes ¢|N. Since
G has level N, we deduce that for each ¢|N, the image of M modulo N/ contains all matrices
A € GLo(Z/NV(Z) satistying A = I (mod N). Applying Lemma 7.2 to the group M, we deduce
that the level of M divides N. 0

The following is an analogous version of Lemma 7.2.

Lemma 7.4. Fiz an integer N = Hp p > 1 with eo # 1. For each prime £ dividing N, define the

nteger
Ng = H p;
p|N,p?=1 mod £
it is a diwvisor of N. Let G be a closed subgroup of SLa(Zy). For each prime ¢ dividing N, assume

that the image of G in SLa(Z/N¢lZ) has level which divides Ny. Then G is an open subgroup of
SLo(Zn) with level dividing N.

Proof. This can be proved in the exact same way as Lemma 7.2 with GLo replaced by SLy and
with g = {4 € My(Fy) : tr(4) = 0}. O
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Lemma 7.5. Fiz a prime £. Let G be a closed subgroup of SLa(Z¢) whose image modulo (¢ is
SLo(Z /7)), where e is 3, 2 or 1 when € is 2, 3 or at least 5, respectively. Then G = SLo(Zy).

Proof. For £ > 5, the lemma follows from [Ser98, IV, Lemma 3]. For ¢ € {2, 3}, this follows from
Lemma 7.4. O

Many of the open subgroups G of GLa(Zy) we consider will contain all the scalar matrices; the
following will be useful for computing levels.

Lemma 7.6. Fiz an integer N > 1. Let H be a subgroup of GLo(Zy) for which H N SLo(Zy) is
an open subgroup of SLa(Zy) whose level divides Ny. Assume that Nyo =0 (mod 4) if Ny is even.
Define N1 := Ny if Ny is odd and Ny := 2Ny if Ny is even. Then Zy - H is an open subgroups of
GL2(ZN) whose level divides Nj.

Proof. By considering the /-adic projections, we reduce to the case where N is a power of a prime
¢ and Ny = (¢ (with e > 2if £ =2). Let f =eif /is odd and f = e+ 1 if £ = 2. One can check
that (1 + £¢Z¢)? = 1 + ¢/ Zy; this uses that e > 2 when £ = 2.

Take any matrix A € I + ¢/ My(Z,). We have det(A) € 1+ 07y = (1+£°Z)?, so det(A) = d? for
some d € 1+/°Zy. The matrix d ' A € GLg(Z) has determinant 1 and is congruent to I modulo £¢.
Since the level of H N SLZ(ZN) in SLy(Zy) divides NO = (¢, we must have d"'A € H. Therefore,
A=d-d 1A is an element of Z*H. The level of Z* H divides ¢/ = N since A was an arbitrary
element of I + ¢/ My(Zy). O

7.3. Commutator subgroups. We first consider some basic results about commutator subgroups.

Lemma 7.7.
(i) If £ > 5, the group SLa(Zy) is perfect, i.e., it is equal to its commutator subgroup.
(ii) The commutator subgroup of SLo(Zs) has level 3 and index 3.
(iii) The commutator subgroup of SLa(Zsa) has level 4 and index 4, and the quotient is a cyclic
group of order 4.
(iv) If £ > 3, the commutator subgroup of GLa(Z¢) is SLa(Zy).
(v) The commutator subgroup of GLa(Zsa) is a subgroup of SLa(Zs) of level 2 and index 2.
(vi) The commutator subgroup of GLQ(A) is an open subgroup of SLQ( ) of level 2 and index 2.

Proof. Parts (i)—(iii) follow immediately from [Zyw10, Lemma A.1]. Now take any prime ¢. We
have

[SLa(Zy), SLa(Z¢)] C [GL2(Z¢), GLa(Zy¢)] € SLa(Zy).
Part (iv) with ¢ > 5 is now a consequence of (i).

When ¢ = 3, we deduce from (ii) that [GL2(Z3), GL2(Z3)] has level 1 or 3 in SLa(Z3). Part (iv)
with ¢ = 3 follows by verifying that [GL2(Z/3Z), GLa(Z/3Z)] = SLa(Z/3Z).

When ¢ = 2, we deduce from (iii) that the level of [GL2(Z2), GL2(Z2)] in SLa(Z2) divides 4. Part
(v) with ¢ = 2 follows by verifying that [GLa(Z/47Z), GL2(Z/AZ)] is a subgroup of SLa(Z/AZ) of
index 2 that contains all the matrices A € SLo(Z/4Z) with A =1 (mod 2).

For the group GLQ(z) = [I, GLa(Z,), part (vi) follows from (iv) and (v). O

Lemma 7.8. Take any integer N > 1. There are no proper subgroups H of SLo(Z/NZ) that satisfy
+H = SLy(Z/N7Z).

Proof. Suppose that H is a proper subgroup of SLa(Z/NZ) that satisfies £H = SLo(Z/NZ). The

group H has index 2 in SLy(Z/NZ) and contains the commutator subgroup of SLo(Z/NZ). Using

the description of commutator subgroups of SLa(Zy) with ¢|N from Lemma 7.7, we find that N is

even and H is the unique index 2 subgroup of SLy(Z/NZ) containing all matrices A € SLo(Z/NZ)

for which A = I (mod 2). In particular, we have —I € H since —I = I (mod 2). This contradicts

that H is a proper subgroup of +H. ]
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Lemma 7.9. For a prime £ > 5, let G be a closed subgroup of GLa(Zy¢) for which det(G) = Z,
and G modulo ¢ is equal to GLo(Z/lZ). Then G = GLa(Zy).

Proof. The commutator subgroup [G, G| is a closed subgroup of SLy(Z,;) whose image modulo ¢
is [GL2(Z/lZ), GLo(Z/CZ)] = SLao(Z/lZ), where we have used our assumption on the image of
G modulo ¢ and Lemma 7.7(i). By Lemma 7.5, we have [G,G] = SLa(Z;). We conclude that
G = GL2(Zy) since G 2 [G, G] = SLa(Zy) and det(G) = Z; . O

Lemma 7.10. Let G be an open subgroup of GLg(i) or SLQ(z). Then the commutator subgroup
(G, G] is an open subgroup of SLa(Z).

~

Proof. We obviously have [G, G] C SLy(Z). We can always replace G by a smaller group since this
will make [G, G| smaller as well. So without loss of generality, we may assume that G is an open
subgroup of SLg(z) and that G = [[, Gy with G, an open subgroup of SLy(Z). For ¢ > 5 large
enough, we have Gy = SLa(Zy) and [Gy, G| = SLa(Z¢) by Lemma 7.7(i). So for any fixed prime ¢,
we need only show that [Gy, G| is an open subgroup of SLa(Zy).

Take any prime ¢. By Lemma 7.6, there is an integer e > 1 such that W := Z, -G, 2 1+£°My(Zy).
By Lemma 1 of [LT76, p.163], we have [Gy, G¢] = [W, W] 2 (1 + £2¢Ms(Zy)) N SLa(Z;) and hence
[Ge, Gy] is an open subgroup of SLa(Zy). O

7.3.1. Computing commutator subgroups. Now let G be an open subgroup of SLg(i) or GLg(i).
Assume G is given explicitly, i.e., we have generators for the image of G modulo m for some positive
integer m divisible by the level of G.

We will need to be able to compute the commutator subgroup [G, GJ; note the level of [G, G] in
SLQ(z) may be strictly larger than m.

By Lemma 7.10, [G, G] is an open subgroup of SLQ(Z). By Lemma 7.7(i), we find that the level
of [G, @] is not divisible by any prime ¢ > 5 for which ¢ { m. For any positive integer n, we can
compute the image of [G,G] modulo n; it equals [G, G] C SLy(Z/nZ), where G is the image of G
modulo n. By computing [G, G] modulo n for suitable n that are not divisible by any prime ¢ > 5
satisfying ¢ { m, we can use the criterion of Lemma 7.4 to find a positive integer N that is divisible
by the level of [G, G] in SLg (Z). Once we have such a N, we have explicitly found [G, G] since it is
determined by N and its image modulo N.

7.4. Full (-adic images. The next lemma shows that if G is a proper closed subgroup of GLa(Zy)
with full determinant, then it is prosolvable.

Lemma 7.11. Take any prime £ and let G be a closed subgroup of GLa(Zy) with det(G) = Z; . If
S is a nonabelian simple group that occurs as the quotient of some closed normal subgroup of G,
then ¢ > 5, G = GLa(Zy) and S = SLa(Fy) /{£I}.

Proof. The kernel of the reduction modulo ¢ homomorphism G — GLgy(Fy) is prosolvable. So the
image G of G in GLy(Fy) satisfies det(G) = F,* and contains the nonabelian simple group S as a
factor in its composition series. Since GLa(F2) and GLa(F3) are solvable, we have ¢ > 5.

First suppose that the cardinality of G is not divisible by ¢. Since G is nonsolvable, we find
from §2.6 of [Ser72] that the image of G in PGLy(Fy) := GLo(F,)/(F) - I) is isomorphic to the
alternating group 2As. Since A5 is nonabelian and simple, we must have det(G) C (]FEX)2 which is a
contradiction.

So the prime ¢ must divide the cardinality of G. Since G is nonsolvable, [Ser72, Proposition 15]
shows that G O SLa(F,). The group SLa(FFy) is perfect since £ > 5 and hence [G, G] is a closed
subgroup of SLa(Zy) whose image modulo ¢ is SLa(Fy). We have [G, G] = SLa(Z,) by Lemma 7.5.
We thus have G = GL2(Zy) since det(G) = Z,. Finally S must be isomorphic to SLy(F,)/{£I}
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since it is the only nonabelian simple group that occurs as a factor in a composition series of
G = GLa(Fy). O

Lemma 7.12. Let G be an open subgroup of GLQ(Z) satisfying det(G) = Z*. Take any prime £ > 5
and let Gy be the image of G under the projection map GLa(Z) — GLa(Zy). Then the following are
equivalent:

(a) G = GLa(Z), R
(b) £ does not divide the level of [G, G| in SLa(Z),
(c) ¢ does not divide the level of G N SLa(Z) in SLa(Z).

Proof. First suppose that Gy = GL2(Zy). Let H be one of the groups [G, G] or GNSLy(Z); it is an
open subgroup of SLQ(Z). Since G N SLQ(Z) D [G, G, we have SLa(Zy) 2 Hy O [G,G]e = |Gy, Gyl,
where Hy and [G,G], are the images of H and [G, G|, respectively, under the projection map
SLg(z) — SLa(Zy¢). By Lemma 7.7(iv), we deduce that Hy = SLa(Zy). Let H' be the image of H
under the projection SLg(i) — Hp 20 SLa(Zp). So we may identify H with a closed subgroup of
Hy x H'. Let B and B’ be the normal subgroups of H, and H’, respectively, such that B x {I} is
the kernel of the projection H — H’ and {I} x B’ is the kernel of the projection H — H,. Since H

~

is open in SLy(Z), the groups B and B’ are open in Hy and H', respectively. By Goursat’s lemma,
we have an isomorphism of (finite) groups Hy/B = H'/B’.

Suppose that Hy/B # 1. There is a simple group S that is the quotient of both H, and H, for
some prime p # £. The groups Hy; and H), are normal subgroups of G; and G,, respectively, since
H is a normal subgroup of G. Since the groups SLa(F,)/{£l} and SLy(F,)/{£I} have different
cardinalities and Gy and G, have full determinants, Lemma 7.11 implies that S is abelian. However,
H; = SL3(Zy) has no nontrivial abelian quotients by Lemma 7.7(i). Therefore, Hy/B = 1.

The groups Hy/B and H'/B’ are trivial. Therefore, H O B x B’ = Hy x H' and hence H =
Hy x H' = SLy(Zy) x H'. This description of H shows that ¢ does not divide its level. This shows
that (a) implies (b) and (c).

Now suppose that (b) or (c) holds. In either case, we have Gy O SLy(Z;). Since G has full
determinant, this implies (a). O

7.5. Some 3-adic computations. To study the prime £ = 3, we define a surjective homomorphism
Y3 GLQ(Zg) — GLQ(IF3) — GLQ(F?,)/[SLQ(F3), SLQ(]Fg)] l> 63,

where we compose reduction modulo 3, the natural quotient map, and a choice of isomorphism
with the symmetric group S3. Note that p3(SLa(Z3)) is the alternating group 2s.

Lemma 7.13. If H is a closed normal subgroup of GLa(Z3), then either p3(H) = 1 or H DO
SLa(Z3).

Proof. If H O SLgy(Zs), then ¢3(H) O ¢3(SLa(Z3)) = 2A3 # 1. So we may now assume that
w3(H) # 1. We need to show that H O SLy(Zs).

We have p3(H) 2O 23 since @3(H) is a nontrivial normal subgroup of &3. So there is an
a € H such that p3(a) € A3 — {1}. The two elements of A3 — {1} are conjugate in &3, so
there is a g € GLa(Z3) such that ¢3(ga=tg™!) = p3(g)es(a) te3(g)~! equals p3(a). Therefore,
w3(ga=tg 'a) = p3(a)? has order 3. Since H is normal in GLa(Z3), we deduce that ¢3(ga=tg 'a)
is an element of p3(H N SLa(Zs3)) of order 3. So after replacing H by H N SLa(Zs3), we may assume
that H g SLQ(Zg)

The image H of H modulo 3 is a normal subgroup of SLy(Z/3Z) that contains an element of
order 3. We have H = SLy(Z/3Z) since the only maximal normal subgroup of SLy(Z/37Z) is its
commutator subgroup which has order 8. A direct computation shows that there are no normal
subgroup of SLo(Z/9Z) whose image modulo 3 is the group SLy(Z/37Z) (however, there are such
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subgroups if we exclude the normal condition). So H is a closed subgroup of SLy(Z3) whose image
modulo 9 equals SLy(Z/9Z). By Lemma 7.5, we have H = SLy(Zs3). O

8. AGREEABLE GROUPS

We say that subgroup G of GLQ(z) is agreeable if it is open in GLQ(i), satisfies det(G) = Z*,
contains the scalar matrices Z* - I, and the levels of G C GLy(Z) and G N SLy(Z) C SLa(Z) have
the same odd prime divisors.

The following proposition, which we will prove in §8.3, shows that every open subgroup G of
GLy(Z) with full determinant lies in a unique minimal agreeable group G C GLy(Z). We call G the
agreeable closure of G.

Proposition 8.1. Let G be an open subgroup of GLQ(Z) with det(G) = Z*. Then there is a unique

minimal agreeable subgroup G of GLa(Z), with respect to inclusion, that satisfies G C G. We have
[G,G] =1G,G| and hence G is a normal subgroup of G with G/G finite and abelian.

Recall that for our application to Serre’s open image theorem, we will study the agreeable closure
Gg of p};(Galg) for non-CM elliptic curves E/Q. Since pj, is defined up to isomorphism, the group

Gr C GLy(Z) is uniquely determined up to conjugacy in GLy(Z).

8.1. Projection notation. We now introduce notation that we will use through §8.

Let G be a subgroup of GLz(i). For each positive integer n, we let G, be the image of G
under the homomorphism GLg (2) — GLy(Z,,) arising from the natural ring homomorphism 7 =
Znx]] o Zy — Zy. For example, the level of an open subgroup G of GLg(z) is the smallest positive
integer n for which we have a natural identification G = G, X H&n GLo(Zy).

Let G be a subgroup of GLo(Zy) for an integer N > 1. For a positive integer n that divides
some power of N, we denote by G, the image of G under the homomorphism GL2(Zy) — GL2(Z,,)
arising from the projection ring homomorphism Zy = Z,, x HZ\N, tn Lo — L,

Suppose N = ning with n; and ng positive integers that are relatively prime. Then any subgroup
G of GLy(Zn) can be identified with a subgroup of G,,, X G,,; the projections of G onto the first and
second coordinate are surjective. Note that we are now in a setting where we can apply Goursat’s
lemma (Lemma 7.1).

8.2. Finiteness of agreeable groups with given projections. An advantage of working with
agreeable groups is that there are only finitely many with given ¢-adic projections.

Lemma 8.2. For each prime ¢, fix an open subgroup Hy of GLa(Zy) satisfying det(H,) = Z, and
Z, -I C Hy. Then there are only finite many agreeable subgroups G of GLa(Z) such that Gy = Hy
for all ¢.

Proof. Take any agreeable subgroup G of GLy (2) such that Gy = H, for all /. We may assume that
there are only finite many primes ¢ with Hy # GLy(Zy) since otherwise it would contradict that G

~

is open in GLg(Z). Let N be the product of primes ¢ for which ¢ < 3 or Hy # GL2a(Zy).
For a group H and an integer n > 0, let H(™ be the group obtained from H by taking commutator
subgroups n times, i.e., H® := H and H™ := [H"=) H®=D] for n, > 1. Define B := GW; it

is an open subgroup of SLy(Z) since G is open in GL2(Z), cf. Lemma 7.10. We have a natural

inclusion
Bc[[uY
l

so that the projection map B — By = (Gy)¥ = Hl@ is surjective for all £.
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Suppose that B = [[, H 54). The primes dividing the level of B C SLQ( ) divide N since

Hé4) = SLy(Z¢)® = SLy(Zy) for £+ N, where we have used Lemma 7.7(i). Since B C [G,G] and G
is agreeable, we find that the primes dividing the level of G divide N as well. Therefore, we have
an inclusion

we=[]z; H xHGLQZg)cG
£|N YN
Since W i is an open subgroup of GLQ( ), G is one of the finitely many groups that lies between W
and GLy(Z).

Now suppose that B # [[, H,”. To finish the proof, it suffices to obtain a contradiction. By
Goursat’s lemma, we find that there is a finite simple group that is isomorphic to the quotient of
Hl@ for two distinct primes ¢. For ¢ { N, we have Hé4) = SLs(Zy) by Lemma 7.7(i) and its only
simple quotient is isomorphic to SLa(F,)/{£I}.

(4)

For ¢|N, we claim that H é4) is pro-¢ and hence every simple quotient is isomorphic to Z/(Z.
By Lemma 7.11, the group H; C GLo(Z,) is prosolvable. So to verify the claim, it suffices to
prove that M®) = 1 for any solvable subgroup M C GLy(Z/¢Z). For £ € {2,3} this holds since
a direct computation shows that GLo(Z/¢Z)*® = 1. Now assume £ > 5. For a description of
the subgroups of GLa(Z/¢Z), see §2 of [Ser72]. If M is contained in the normalizer of a Cartan
subgroup or a Borel subgroups, we have M) = 1. The remaining possibility is that the image of
M in GLy(Z/¢Z)/((Z/0Z)* - I) is isomorphic to a subgroup of G4. So M® = 1 since 6513) =
(4

So we have proved that there is no simple group that is isomorphic to quotients of H, ) for two
distinct primes /; this is the desired contradiction. O

8.3. Agreeable closure. Fix an open subgroup G of GLQ(Z) that satisfies det(G) = Z*. Let N
be the product of primes that divide the level of [G, G] C SLg(Z). Define the subgroup

(8.1) G = (Z} - Gn) x | [ GL2(Z)
UN

of GLQ@). The rest of this section is devoted to showing that G is the agreeable group satisfying
the properties in Proposition 8.1.

We clearly have G C G and 7% .1 CG. The group G is open in GLQ(A) with full determinant
since G has these properties. The integer N is even since the commutator subgroup of GLo(Z ) has

level 2 in SLQ( ) by Lemma 7.7(vi). The commutator subgroups of Zy; - Gy and Gy agree, and
GL2(Zy) has commutator subgroup SLa(Zy) for all £ N by Lemma 7.7(iv). Therefore,

G,G] = [GNn,GN] X H SLa(Zy) = [G, G,
UN
where the last equality uses that N is the product of primes that divide the level of [G,G]. In
particular, G is a normal subgroup of G with G/G abelian.

Lemma 8.3.

(i) For an odd prime £, we have Gy = GLa(Zy) if and only if Gy = GLa(Zy).
(ii) Suppose that 3 divides N and Gz = GLa(Z3). Then there is a surjective homomorphism
Y: Gz — G3 such that

Gn € {(a,b) € GLa(Z3) x Gny3 = w3(a) = (b))},

with @3 as in §7.5.
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(iii) The levels of [G,G] and G N SLy(Z) in SLa(Z) and the level of G in GLa(Z) have the same
odd prime divisors as N.

Proof. We first prove (i). If Gy = GLa(Zy), then we have G, = GLa(Z¢) by the inclusion Gy C Gy.
We now may assume that Gy = GLa(Zy). Since Z, - G¢ D Gy, we have Gy 2 [Gy, G| 2 [Ge, Ge] =
[GLa(Z¢), GL2(Z¢)]. Since ¢ is odd, we have Gy O SLa(Zy) by Lemma 7.7(iv) and hence Gy =
GL2(Zy) since G has full determinant.

We now prove (ii). Assume that 3 divides N and G3 = GLa(Z3). Set m := N/3. We can identify
Gn with a proper subgroup of GLy(Z3) x G, so that the projection maps Gy — GL2(Z3) and
OGN — Gp, are surjective. Let B be the subgroup of GLa(Z3) for which B x {I} is the kernel of
G — Gm. The group B is open and normal in GLy(Z3). By Goursat’s lemma, there is a surjective
homomorphism v¢': G, — GLa(Z3)/B such that

Gy ={(a,b) € GLa(Z3) X Gy : aB =/ (b)}.

Suppose that B DO SLy(Z3). Since B contains the scalar matrices Z3 - I, we deduce that B D
Z3 -SLy(Z3) := W. The group W is the index 2 subgroup of GLy(Z3) consisting of matrices whose
determinant is a square in Zg. Therefore, G3/B is cyclic of order 1 or 2. Fix an element ¢ € G,
that generates G,/ ker(y’). Take any a,b € G3 = GLga(Z3). There are integers i,j € {0,1} such
that (a,c?) and (b, ¢’) lie in Gy C G3 X G, Taking the commutator of these two elements, we find
that (aba='b=1, 1) € [Gn,Gn] = [Gn,GnN]. Since the commutator subgroup of GLa(Z3) is SLa(Z3)
by Lemma 7.7(iv), we deduce that [Gxn, Gn] equals SLa(Z3) X [Gy,, G1]. However, this contradicts
that 3 divides N. Therefore, B 2 SLa(Z3).

Since B 2 SLg(Z3), Lemma 7.13 implies that ¢3(B) = 1 and we thus have a surjective homo-
morphism ¢3: GLao(Z3)/B — G&3. Let ¥: G, — &3 be the surjective homomorphism obtained by
composing ¢ and 3. We have

Iy C{(a,b) € GLa(Z3) X Gm : 3(a) = ¥ (b)}-
This completes the proof of (ii).

Since [G, G] =[G, G], part (iii) is immediate for the group [G, G| from the definition of N. From

its construction, the level of G cannot be divisible by primes ¢ { N. Since the level of G N SLy(Z)

divides the level of G, it suffices to prove (iii) for the group G N SLQ@).

For a prime ¢ > 5, Lemmas 7.12 and 8.3(i) imply that ¢ divides N if and only if Gy # GLa(Zy).
So the integer N and the level of G N SLQ(Z) have the same prime divisors ¢ > 5 by Lemma 7.12.
It thus remains to prove (iii) for the group G N SLg(z) and the prime ¢ = 3.

If 34 N, then from the definition of G we find that the level of G N SLo (2) is not divisible by 3.
So we may assume that 3 divides IV; we need to prove that 3 also divides the level of G N SLQ(Z).

Suppose that G3 # GLa(Z3). We have (G N'SLy(Z))3 € G3 N SLa(Z3) C SLa(Zs) since G has
full determinant. This shows that G N SLy(Z) has level divisible by 3.

Finally suppose that 3 divides N and G3 = GL2(Zs3). So there is a surjective homomorphism
Y: Gnyz — 63 as in (ii). We thus have

(GNSLy(Z))n = Gn NSLa(Zy) C {(a,b) € SLa(Z3) x (Giys N SLa(Znys)) : ps(a) = 1(b)}.
Since @3(SLa(Z3)) = Az, we deduce that Gy N SLa(Zy) is a proper subgroup of SLo(Zy) whose
level is divisible by 3. Therefore, 3 divides the level of G N SLy(Z). O

Proof of Proposition 8.1. We have already shown that the group G defined by (8.1) contains G' and

has the same commutator subgroup. We have already observed that G is open in GLy(Z), contains
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the scalars Z* - I and satisfies det(G) = Z*. Lemma 8.3(iii) says that the levels of G and [G, G]
have the same odd prime divisors. Therefore, G is agreeable.

Now take any agreeable group H C GLg(i) that satisfies G C H. We have [G,G| C [H, H], so
the primes that divide the level of [H, H] must also divide N. Since N is even and H is agreeable,

the primes dividing the level of H all divide N. Therefore, H = Hy X H&N GL2(Zy). Since G and

7% - I are subgroups of H, we have Zy, - Gy C Hy. Therefore, G C H from our definition of G.
This proves that G is the minimal agreeable group, with respect to inclusion, that contains G. [

8.4. Maximal agreeable subgroups. Fix an agreeable subgroup G of GLg(i). Amongst the
proper agreeable subgroups G of G that satisfy Gy = G, for all primes ¢, we define M(G) to be the
set of those that are maximal with respect to inclusion. The set M(G) is finite by Lemma 8.2.

In this section, we give information about the groups in M(G) and explain how they can be
computed. The results are straightforward but a little tedious due to the annoying nature of the
primes 2 and 3. Let ¢3: GL2(Z3) — S3 be the surjective homomorphism from §7.5.

Lemma 8.4. Take any group G € M(G). Let M and N be the product of the primes that divide
the level of G and G, respectively.

(i) The integers M and N have the same prime divisors £ > 5 and M is divisible by N. In
particular, we have M € {N,2N,3N,6N}.

(ii) Suppose M = 2N. Then there are surjective homomorphisms a: GLa(Z2) — {£1} and
B: Gn — {£1} such that

Gy = {(a,b) € GLa(Z2) x Gn : a(a) = B(b)}.

The level of G is 2, 4 or 8 times the level of G.
(iii) Suppose M = 3N. Then there is a surjective homomorphism ¢ : Gy — &3 such that

Gy = {(CL, b) S GLQ(Zg) X Gn : (,03(0,) = w(b)}
The level of G is 3 times the level of G.
(iv) Suppose M = 6N. Then there is a surjective homomorphism v : GLa(Zs) — &3 such that

Gum = {(a,b) € GLa(Z2) x GLa(Z3) : ¥(a) = ¢3(b)} x Gn.
The level of G is 6 times the level of G.

Proof. Since Gy = Gy for all primes ¢, Lemma 7.12 implies that the levels of G N SLg(z) and
gn SLQ(i) have the same prime divisors ¢ > 5. Since G and G are both agreeable, we deduce that
the levels of G and G have the same prime divisors £ > 5. The inclusion G C G implies that N|M.
We have M € {N,2N,3N,6N} since M and N are squarefree. This proves (i).

Now suppose that M = 2N and hence N is odd.

We claim that Gy = Gy. Define W := Gy X HHN GL2(Z¢). We have inclusions G C W C G
since G C G and N|M. The group W is open in GLz(i) and satisfies det(W) = Z% and 2<-1 C W
since G has these properties as well. Intersecting with SLy(Z), we obtain inclusions G' N SLy(Z) C
W N SLy(Z) € G NSLy(Z). Since G and G are agreeable group whose levels have the same odd
primes divisors, these inclusions imply that W is also agreeable. For each prime ¢, we have Gy = Gy
since G € M(G) and hence Wy = Gy. Since G C W C G and G € M(G), we have W =G or W = G.
We have W = @G since 2 divides the level of G but not the level of W. Therefore, Gy = Wy = Gn
as claimed.

We have Gy = Gy and G2 = Go = GLa(Z2), where the last equality uses that 2t N. So we can
identify Gps with a proper subgroup of GL2(Z2) x Gy so that the projection maps G — GLga(Z2)
and G — Gy are surjective. Let B be the subgroup of GLy(Zs) for which B x {I} is the kernel of
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G — Gn. The group B is open and normal in GLg(Z3). By Goursat’s lemma, there is a surjective
homomorphism ': Gy — GLy(Z3)/B such that

GM = {(a,b) € GLQ(ZQ) X QN aB = lp/(b)}

We have GL2(Z2)/B # 1 since 2 divides the level of G. The maximal abelian quotient of GL2(Zs) is
pro-2 by Lemma 7.7(v), so GL2(Z2)/B has a quotient isomorphic to {£1}. So there are surjective
homomorphisms a: GLa(Z2) — {+1} and 5: Gy — {£1} such that

Gy C {(a, b) S GLQ(ZQ) X Gn : a(a) = ,B(b)} = Wuy.

Define W := Wi X [[ 4 GL2(Z¢) € GL2(Z). We have inclusions G € W C G, where W # G since
the level of G is not divisible by 2. Since G and G are agreeable and M = 2N, we find that W is
also agreeable. We have G = W since G is in M(G) and hence Gy = Wyy.

From our description of Gy, we find that the level of G is equal to the product of the levels
of ker & and ker 8. The level of ker § is the same as the level of Gy, and hence also G, since N
is odd. So to complete the proof of (ii), it suffices to show that ker @ has level 2, 4 or 8. We
have Z - I C ker v since G is agreeable. Therefore, ker « O ZJ - [GL2(Z2), GL2(Z2)] and this sec-
ond group has level dividing 8 by Lemmas 7.7(v) and 7.6. Since ker av # 1, it must has level 2, 4 or 8.

Now suppose that M is 3N or 6N, and hence 31 N. Define Ny := M/3 € {N,2N}.
We claim that G, = Gn,. Define W := G, X HffNo GL2(Zg). We have G C W since Ny|M.

The group W is open in GLy(Z) and satisfies det(W) = Z* and Z* - I C W since G has these
properties as well. Since G C G and N|Ny, we have inclusions G C W C G and hence also
GnN SLQ(z) C W NSLy(Z). Since G and G are agreeable, we deduce that the levels of W and
W N SLQ(Z) have the same prime divisors ¢ > 5, i.e., the odd prime that divide N. Since 3 { Ny,
the levels of W and W N SLa (Z) are not divisible by 3 and hence they have the same odd prime
divisors. Therefore, W is agreeable. For each prime ¢, we have Gy = Gy since G € M(G) and hence
Wy = Gy. Since G CW C G and G € M(G), we have W = G or W = G. We have W = G since 3
divides the level of G' but not the level of W. So Gn, = Wn, = Gn, as claimed.

We have G3 = G3 = GL2(Z3) and Gy, = Gn,. So we can identify G s with a proper subgroup of
GLz2(Zs3) x G, so that the projection maps G — GLy(Z3) and G — Gy, are surjective. Let B be the
subgroup of GLg(Z3) for which B x {I} is the kernel of G — Gp,. The group B is open and normal
in GLy(Z3). By Goursat’s lemma, there is a surjective homomorphism ¢’: Gy, — GL2(Zs3)/B such
that

GM = {(a,b) < GLQ(Z3) X QNO aB = 1/},<b)}

~

If B DO SLg(Z3), then 3 does not divide the level of G N SLa(Z). Since 3|M and G is agreeable,
the level of G N SLy(Z) must be divisible by 3. Therefore, B 2 SLy(Z3). By Lemma 7.13, we have
w3(B) = 1. Let ¢: Gy, — S3 be the composition of ¢’ with 3. Using that ¢3(B) = 1, we deduce
that

Gu € {(a,b) € GL2(Z3) x Gn, : w3(a) = (b)} =: Wy
Define the subgroup W := Wiy x [[ 4, GL2(Z¢) of GLy(Z). We have inclusions G € W C G and

~ ~ ~

hence also G N SLa(Z) C W NSLa(Z) € GNSLa(Z). Since G and G are agreeable and their levels
have the same prime divisors £ > 5, the inclusions imply that W and W N SLQ(Z) have the same
prime divisors ¢ > 5. Since the levels of W and W N SLQ(Z) are both divisible by 3, we deduce that
W is agreeable. Since G C W C G and G € M(G), we have W = G or W = G. We have W = G

since 3 divides the level of W but not the level of G. So

Gy = War = {(a,b) € GLy(Z3) x Gy, : @3(a) = (b)}.
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Consider the special case M = 3N, equivalently Ny = N. To prove part (iii), it remains to show
that the level of G is 3 times the level of G. From our description of Gy, it suffices to show that
the level of ker ¢ is equal to the level of Gn (and hence also the level of G). Let B be the subgroup
of Gn consisting of matrices that are congruent modulo the level of G to the identity matrix. Since
B is a normal subgroup of Gy that is the product of p-groups, ¥(B) is a normal subgroup of &3
whose p-Sylow subgroups are all normal. Therefore, )(B) = 1 and hence the level of ker 1 equals
the level Gy.

Finally, we are left with the special case M = 6N; equivalently, No = 2N. Since 2 does not
divide the level of G, we have Gy, = GL2(Z2) x Gn. Since 1 is surjective, ¥(GL2(Z2) x {I}) and
Y({I} x Gn)) are normal subgroup of &3 that commute with each other and generate &3; this can
only happen if one of these groups is trivial and the other is G3. From our description of Gy, if ¥
is trivial on GLa(Z2) x {I}, then the level of G, (and also G) is not divisible by 2. Since 2|M, we
deduce that 1 is trivial on {I} x Gy. So there is a surjective homomorphism 1: GLy(Z2) — &3
such that

Ge = {(a,b) € GLa(Z3) x GL2(Z2) : p3(a) = (b)}
and Gy = Gg X Gy. From this description of Gy, the level of G is clearly 6 times the level of G.
This completes the proof of (iv). O

Lemma 8.4 gives a description of the groups G € M(G) for which the levels of G and G have
different prime divisors (actually it gives a finite number of candidates for G for which one can
check directly if they are agreeable). We now want to say something about the case where the
prime divisors are the same. Let N be the product the primes that divide the level of G.

Take any proper divisor 1 < d; < v/N of N. Set do = N/dy; it is relatively prime to d; and
di1 < dp. We may identify Gy with a subgroup of G4, x Gg4,. The kernel of the projection maps
OGN — Ga, and Gy — Gg, are of the form By x {I} and {I} x Bs, respectively.

Let €y, be the set of pairs (C1, Cy) with open subgroups C1 € By and Co C Bj that satisfy the
following conditions:

C; is a normal subgroup of Gy,

C; is maximal amongst the closed normal subgroup H of Gg4, that satisfy H C B;,

C; contains the scalar matrices ZCZ -,

B;/C; and By /C4y are isomorphic abelian groups,

G4, /C1 and Gg,/Co are isomorphic groups.

For a pair (Cy,Cs) € %y, let A(C1, C2) denote an abelian group isomorphic to By/C} and Ba/Ch.

Lemma 8.5. Take any group G in M(G) and suppose that N and the level of G have the same
prime divisors. Then there is a proper divisor 1 < dy < /N of N and a pair (Cy,C3) € Ca, such
that

Ci xCy CGN CON
and [G : G] = |A(Cq, C2)|.

Proof. We have G = Gy x [[yn GL2(Z¢) and G = Gy x [y GL2(Z¢) by our assumption on the
level of G. Therefore, Gy C Gy since G C G . In particular, [G : G] = [Gn : Gn].

Let n > 1 be the smallest divisor of N for which G,, € G,. The integer n is composite since
Gy = Gy for all primes ¢|N. Choose a proper divisor 1 < d; < y/n of n and set do = N/d;. By
the minimality of n, we have G4, = Gq4, and Gy/q, = Gpsq,- Let G’ be the inverse image of G,
under the projection map G — G,. For any prime ¢, we have Gy C G}, C G; and hence G}, = G;.
We have G C G’ C G and hence the level of G’ has the same prime divisors as N. Since G and G
are agreeable, the inclusions G N SLy(Z) C G’ N SLy(Z) C G N SLy(Z) imply that the odd primes
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dividing the level of G' N SLg(z) are the same as those that divide N. Therefore, G’ is agreeable.
We must have G’ = G since G € M(G). Therefore, Gg4, = Gq, and G4, = Gg, where N = d;ds with
1<d <yn<VN.

We may identify G and Gy with subgroups of G4, X Gg4,. The kernel of the projection maps
GN — Gg, = G4, and Gy — Gg4, = Gg, are of the form Cy x {I} and {I} x Cy, respectively, where
C; is a normal subgroup of G;,. By Goursat’s lemma, the image of the natural homomorphism

GNn/(C1 x C2) = (Gay, % Gay)/(C1 x Ca) = Gg, /C1 % Gg, /Co

is the graph of an isomorphism f: Gy, /C1 — Gg,/Cs.

The kernel of the projection maps Gy — Gy, and Gy — Gy, are of the form By x {I} and
{I} x Bs, respectively, where B; is a normal subgroup of G4,. By Goursat’s lemma, the image of
the natural homomorphism

GN/(B1 x Ba) = (Ga, % Ga,)/(B1 x Ba) = Gq,/B1 % Ga,/Ba

is the graph of an isomorphism f: Ga,/B1 = Ga,/B2. Using that Gy C Gy, we find that C; C
B; and that f induces f, i.e, composing f with the quotient map Gg,/Co — Gg4,/Ba2 gives a
homomorphism that factors through f. In particular, B;/C; and Bs/Cy are isomorphic.

For a fixed i € {1,2}, take any normal subgroup D; of G, satisfying C; C D; C B;. Using the
isomorphism f, we may assume that such a group D; exists for each i € {1,2} and that f induces
an isomorphism D1/C; = Ds/Cy. Then W := {(g1,92) € Ga, X Ga, : f(g1D1) = gaDs} satisfies
Gy CW C Gy and [Gy : W] = [B; : D] and [W : Gy] = [D; : C;]. The subgroup Gy of Gy is
maximal since G is a maximal agreeable subgroup of G and Gy # Gy, so D; = B; or D; = C;.
Therefore, there are no normal subgroups D; of G4, that satisfy C; C D; C B;. By considering the
special case where D; = C;, we find that [G : G] = [B; : C;]. We have C; # B; since G # G.

Now suppose that the groups B;/C; are nonabelian. The group [B;, B;] - C; is a normal subgroup
of Gg4, that lies between C; and B;, so it is either C; or B;. Since B;/C; is nonabelian by assumption,
we deduce that [B;, B;] - C; = B; and hence B;/C; is a nonabelian perfect group. So there is a
nonabelian simple group S that is isomorphic to the quotient of an open normal subgroup of G,,
and Gp, for some prime pq|d; and pa|da. Since p; # p2, Lemma 7.11 implies that SLo(F)p,)/{£I}
and SLy(F),)/{£I} are isomorphic which is impossible since they have different cardinalities. So
the groups B1/C; and Bs/Cy are both abelian

We have now verified that (C1,Cs) is in €y, GN 2 C1 X Cy, and [G : G] =[Gy : GN] = [B; :
Ci] = |A(Cy, C3)|. O
8.4.1. Computing M(G). Fix an agreeable subgroup G of GLg (Z) We now explain how to compute
the groups in the set M(G). We assume that G is given explicitly by its level and generators of its
image modulo its level. Let N be the product of the primes that divide the level of G.

Take any proper divisor 1 < dy < VN of N and set do = N /dy. From G, we can compute the
corresponding subgroups By C Gy, and By C Gg,. The group Z;i - [Bi, B;] is open in GLa(Zg;,),
normal in G4, and is computable using §7.3.1 and Lemma 7.6. For any pair (C1, C2) € €g,, we have

(8.2) Z; - [Bi, B € C; C B;

for ¢ € {1,2} since B;/C; is abelian and C; contains the scalar matrices.

We can compute the finite number of pairs of groups (C7,C2) that satisfy (8.2). The group C;
contains the scalars ZCZ. The group C; is normal in B; and B;/C; is abelian since [B;, B;] C C;.
For each pair, we can determine whether (Cj,Cs) lies in 6;,. So we can thus compute the set
%4,. For each pair (C1,Cs) € €y, we can compute the groups G satisfying G O G D C; x Cy and
G : G] = |A(Cy, Cy)], and determine which lie in M(G).
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By varying over all proper divisors 1 < d; < v/N of N, Lemma 8.5 says that the above method
will find all the groups G in M(G) for which the levels of G and G have the same prime divisors.

To compute the G € M(G) for which the levels of G and G have different prime divisors, we can
check the finite number of possible groups G arising from parts (ii), (iii) and (iv) of Lemma 8.4.

9. CONSTRUCTING AGREEABLE GROUPS

The goal of this section is to prove Theorem 1.9 and to explain how to construct all the relevant
groups and modular curves. Set £ := {2,3,5,7,11,13,17,37}.

9.1. ¢-adic case. Fix any prime ¢ € L. We want to construct an analogue of the set &/ in
Theorem 1.9 when we restrict to groups whose level is a power of £. More precisely, we want a

finite set .7 of agreeable subgroups that are pairwise non-conjugate in GLy(Z) and satisfy the
following conditions:

e For any group G € ., the level of G is a power of £.
e Let G be any agreeable group whose level is a power of £ and X5(Q) has a non-CM point.
— If X(Q) is infinite, then G is conjugate in GLQ(Z) to some group G € ..
— If X¢(Q) is finite, then G is conjugate in GLQ(z) to a subgroup of some G € ., with
Xg(Q) finite.
o If G € ¥ is a group for which Xg(Q) is finite, then X5 (Q) is infinite for all agreeable
groups G C G C GLy(Z).
o If G € . is a group for which X¢g(Q) has genus at most 1, then Xg(Q) has a non-CM
point.

~

In [SZ17], there is a classification of the open subgroups G of GLg(Z) for which the level of
G is a power of ¢, det(G) = ZX, —1I € G, and Xg(Q) is infinite. In the recent work of Rouse,
Sutherland and Zureick-Brown [RSZB22], they consider the more general problem of describing the
f-adic images of elliptic curves over Q and they give a complete description up to a few modular
curves of high genus whose rational points they cannot determine.

By combining the results from [SZ17] and [RSZB22], it is easy to produce a finite set ., of
agreeable groups that satisfy the desired properties. Note that our groups need to be open in GLQ(z)
with Z-power level, have full determinant, and contain the scalars ZX; the agreeable property is
then immediate.

For the groups G € .%; of genus at most 1, we computed a model for Xg and the morphism
mg: Xg — ]P’(%2 to the j-line using the methods outlined in §5.4. For these groups G and a rational
number j € Q, it is a direct computation to check whether j = 7g(P) for some P € Xg (it will
reduce to finding roots of polynomials in Q[z]).

Now consider a group G € ., with Xg having genus at least 2. In the cases where X¢g(Q) is
known in [RSZB22], they have computed the finite number of j-invariants of the non-CM points
(if there are no non-CM points, then G can be removed from the set 7). In the few cases, where
Xg(Q) is not known, we can follow the method of §11 in [RSZB22] to use Frobenius matrices to
rule out rational points lying above any particular j-invariant j € Q of a non-CM elliptic curve (or
in an incredibly unlikely case, you will find an unexpected rational point on their modular curves).

9.2. Constructions of &/. For each prime £ € L, let .% be a set of agreeable groups as in §9.1.
Let . be the (finite) set of subgroups of GLy(Z) that are of the form e He with Hy € 7.
Every group G € . is of the form [[, G, where G/ is an open subgroup of GL2(Z;) that satisfies
det(Gy) = Z) and Z) - I C G for all ¢, and Gy = GLy(Zy) for ¢ ¢ L. So each group G € ./ is
agreeable and its level is not divisible by any prime ¢ ¢ L.
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The groups in . are pairwise non-conjugate in GLg(i). We define a partial ordering on the set

. by saying that G < G if G is conjugate in GLy(Z) to a subgroup of G. We now construct a
subset # C . by applying the following algorithm.

e Set Z:=( and S :=.7.
e Choose a maximal element G of § with respect to < and remove it from the set S.

When X has genus at most 1, we can determine whether the set X5(Q) is infinite
and whether it has a non-CM point. As in §5.4, we can compute an explicit model of Xg
and compute its rational points. When X has a rational point, we can also compute the
morphism 7 down to the j-line and then determine if X (Q) has a non-CM point.

When X has genus at least 2, then X;(Q) is finite by Faltings.

e If X has genus at least 2 or X(Q) has a non-CM point, then adjoin G to the set A.

o If X5 (Q) is finite, then remove from S all the elements G for which G < G.

e If § is nonempty, we go back to the second step where we chose another maximal element
of S.

The above process eventually halts since .# is finite and when it ends we will have our desired
set A.

Lemma 9.1. Let G be an agreeable subgroup of GLg(i) such that X¢(Q) has a non-CM point.
Assume further that G = [, Gy, where Gy is an open subgroup of GLa(Z) satisfying G¢ = GLa(Zg)
for all primes £ & L.

(i) If X¢(Q) is infinite, then G is conjugate in GLQ(z) to some group G € A.
(i) If Xq(Q) is finite, then G is conjugate in GLa(Z) to a subgroup of some G € B with Xg(Q)
finite.

Proof. For each ¢ € L, define Hy := Gy x [], ., GLa(Zp). The group Hy is agreeable and Xp,(Q)
has a non-CM point since G C Hy and X (Q) has a non-CM point.

First suppose that X, (Q) is finite for some ¢ € £ and hence X(Q) is finite. By the properties
of 7, there is a group G € . such that Hy is conjugate to a subgroup of G, Xg(Q) is finite,
and X (Q) is infinite for all G € G’ € GLy(Z). We have G € .. Since X¢(Q) is infinite for
all G C G' C GLg(i), we find that G is in the set &. Therefore, G is conjugate to a subgroup of
G € B and Xg(Q) is finite.

For the rest of the proof, we may assume that X, (Q) is infinite for all £ € £. After replacing

~

G by a conjugate in GLy(Z), we may assume by the properties of the sets .} that H, € %} for all
¢ € L. Therefore, G = Ny Hy is an element of .7,

Suppose X (Q) is infinite and hence Xg(Q) is infinite for all groups G € . with G < G. From
our construction of Z and G € ., we deduce that G is an element of 8. This completes the proof
of part (i).

Finally suppose that X (Q) is finite. Let G € . be a group that is maximal, with respect to
=, amongst the groups for which X¢g(Q) is finite and G =< G (such a group exists since G € .
and X (Q) is finite). For every group G’ € . with G X G’ and G # G', X(Q) is infinite by
the maximality of G. From our construction of #, we deduce that G is an element of %. This
completes the proof of part (ii). O

Take any group H € %; it is agreeable and satisfies H = [[, H;,. From H, we now construct a
finite set @/ of agreeable groups by applying the following algorithm.
Set o/ :={H} and S := {H}.
e Choose a group G in 8 with minimal index [GLy(Z) : G] and remove it from the set S.
e We compute the set M(G), with notation as in §8.4, using the method outlined in §8.4.1.
[ ]

We now let G C GLy(Z) vary over the elements of M(G).
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If X has genus at least 2 and G is not conjugate in GLQ(Z) to a group in &7, then we
adjoin G to the set 7.

Now suppose that X has genus at most 1 and G is not conjugate in GLQ(z) to a group
in @r7. Asin §5.4, we can compute an explicit model of X5 and compute its rational points.
When X has a rational point, we can also compute the morphism from Xg to Xy and
then down to the j-line. We can then determine if X5 (Q) has a non-CM point. If X5 (Q)
has infinitely many points, then we adjoin G to the sets @7y and S. If X(Q) has finitely
many points and a non-CM point, then we adjoin G to the set 7.

e If S is nonempty, we go back to the second step where we chose another group G in S.

For each G € o7, we will have G, = Hy for all primes £. The above process halts by Lemma 8.2.
Finally, define the (finite) set

o = U y
He%

of agreeable subgroups of GLo (2) From our descriptions of the sets % and <77, we have explained
how the set &7 is computable.

For any group G € &7, the level of G is divisible only by primes in £. For each G € &/ with Xg
having genus at most 1, X¢g(Q) has a non-CM point by construction; moreover, we will have found
a model of Xg and the morphism from Xg to the j-line.

Lemma 9.2. Take any agreeable group G for which X¢(Q) has a non-CM point. Assume that the
level of G is not divisible by any prime ¢ ¢ L.

(i) If X¢(Q) is infinite, then G is conjugate in GLQ(z) to a group G € .
(ii) If Xg(Q) is finite, then G is conjugate in GLa(Z) to a subgroup of some group G € &/ with
Xg(Q) finite.

Proof. Define H := [[, Gy, where Gy C GL(Zy) is the f-adic projection of G; it is an agreeable
group whose level is only divisible by primes in £. Since G C H, we deduce that Xz (Q) has a
non-CM point.

Suppose that X (Q) is finite. By Lemma 9.1(ii), H is conjugate to a subgroup of some group
G € # with Xg(Q) finite. In particular, X5 (Q) is finite and G is conjugate to a subgroup of G.
Part (ii) in this case follows since G € # and hence G € o C .

We may now assume that X (Q) is infinite. After first replacing G by a conjugate in GLQ(i), we
may assume by Lemma 9.1(i) that H € . Let G € 47y be a group with maximal index in GLy(Z)
for which G is conjugate in GLy(Z) to a subgroup of G (it exists since G C H and H € /). If G
is conjugate to G in GLQ(Z), then the lemma is immediate since G € &y C o7, If Xg(Q) is finite,
and hence X (Q) is finite as well, then the lemma also holds.

Finally, after replacing G by a conjugate in GLQ(z), we are left to consider the case where G
is a proper subgroup of G and Xg(Q) is infinite. Choose an agreeable group M that is maximal
amongst those that satisfy G C M C G. Since G € o/, we have Gy = Gy and hence My, = Gy
for all primes ¢, where Gy and M, are the f-adic projections of G and M, respectively. Since M is
a maximal agreeable subgroup of G, we have M € M(G). Since G € &y and Xg(Q) is infinite,
we have M € @/ C /. Since G C M C G, this contradicts the maximality in our choice of G.
Therefore, this final case does not occur. O

9.3. Proof of Theorem 1.9. Let o7 be the finite set of agreeable groups constructed in §9.2.
By construction, our set </ satisfies (a). The set & satisfies (b) by Lemma 9.2. The set o/
satisfies (d) and (e) since in our construction we computed a model of any modular curve of genus
at most 1 that occurred and ignored those with no non-CM points.
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For each group G € & for which Xg has genus at least 2, we can check whether there is a group
G € o that is conjugate in GLg(z) to a proper subgroup of G. If any such group G exists, we
can remove it from the set /. Since condition (b) holds, our possibly smaller set o7 will satisfy
condition (c).

~

The set o/ we constructed may contain distinct subgroups of GLy(Z) that are conjugate. To
obtain our final set, we replace &7 by a maximal subset of groups that are non-conjugate in GLo (2)
This does not affect the validity of conditions (a)—(e).

It remains to explain how to implement (f). Take any group G € . If Xg has genus at most 1,
then from (e) we have an explicit model of X¢g and we have computed the map to the j-line. So
(f) can be done directly when X¢ has genus at most 1. We may now assume that Xg has genus at
least 2.

As mentioned in §9.1, [RSZB22] explains how to check whether a given j € Q — {0, 1728} is in
76(Xa(Q)) for an open subgroup G of GLy(Z) with det(G) = Z* and prime power level. So we
may further assume that the level of G is not a prime power.

For each prime ¢, let G, be the f-adic projection of G. Define H :=[[, G, C GLg(z); it is agreeable
and G C H. Suppose that G = H, i.e., G has no “entanglements”. Take any j € Q — {0,1728}.
Using Proposition 6.4 and G = H, we have j € ng(Xg(Q)) if and only if j € mg(Xg(Q)) with
G" = Go x [[,20 GL2(Z,) for all £ dividing the level of G. So in this case, (f) reduces to the prime
power case covered in [RSZB22].

We are left to consider the case where also G is a proper subgroup of H = [[,G,. Choose an
agreeable group G C G C H with [G : G] minimal. Since X¢ has genus at least 2, and hence Xg(Q)
is finite by Faltings, (c) implies that X (Q) is infinite. By (b), G is conjugate in GLq (2) to a group
in . After replacing G with a conjugate, we may assume without loss of generality that G € <.

We are now in the setting of §5.5. So we can compute a singular model of X¢g and, with respect
to this model, we have the natural morphism 7: Xg — Xg. Now take any j € Q — {0,1728}. By
(e), we have a model of X and can compute the morphism 7g: Xg — IP’@. So we can compute
the finite set of @ € X¢(Q) with 7¢(Q) = j. For each such @, we can then compute if there are
any P € Xg(Q) with 7w(P) = Q. This gives (f) since 7g o m = mg. (To deal with any singularities
we can either resolve them or compute another model of the curve with different choices.)

Remark 9.3. In practice, one wants to conjugate the groups in &7 so that for each G € &/ —{GLg (Z)},
there is another group G € &/ with G C G and [G : G] as small as possible. We have mg = 7g o,
where m: Xg — X is the natural morphism of degree [G : G]. Repeating, we can hope to express
mg as the composition of morphisms of relatively small degree. Having such an expression makes
it easier to compute the set of P € Xg(Q) with mg(P) equal to a fixed j € Q — {0, 1728}.

10. FINDING THE AGREEABLE CLOSURE OF THE IMAGE OF (GALOIS

Fix a non-CM elliptic curve E defined over Q. We have defined a representation

pi: Galg — GLy(Z).

~

From Serre (Theorem 1.1), we know that the image Gk of pj, is an open subgroup of GLy(Z). We

have det(Gg) = Z*. By Proposition 8.1, there is a minimal agreeable subgroup Gz of GL2(Z) for
which Gg C Gg, ie., the agreeable closure of Gg. The group Gg, and hence also Gg, is uniquely
determined up to conjugacy in GLy(Z). In this section, we describe how to compute the group Gp.
The hardest steps have already been completed by the proof of Theorem 1.9 in §9. Let o7 be
a finite set of agreeable subgroups of GLQ(z) as in Theorem 1.9. Note that the set &/ can be
computed once and does not depend on the curve E/Q.
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For our algorithm, we want as input an elliptic curve E/Q given by a Weierstrass model with
output the level N of Gg along with a set of generators of the image of Gg modulo N. This
algorithm has been implemented [Zyw23] assuming that Conjecture 1.2 holds for F and that E
does not give rise to unknown rational points on a few explicit high genus modular curves (these
conditions are verified during the algorithm). For any remaining cases, which involve only a finite
number of j-invariants or a counterexample to Conjecture 1.2, we can compute the group Gg using
ad hoc techniques like those in §10.2.

Once we know Gg, we can compute the commutator subgroup [Gg,Ggl, cf. §7.3.1, which is an
open subgroup of SLy(Z). By Proposition 8.1 and Lemma 2.1, we have Gg N SLo(Z) = [GE, GE]
and

(GLy(Z) : G| = [SLo(2) : (G, G

In particular, we have an algorithm to compute the group GgNSLo (2), up to conjugacy in GLo (i),

and to compute the index [GLy(Z) : G| = [GLy(Z) : pre(Galg)] occurring in Serre’s open image
theorem.

Lemma 10.1. Let E/Q be a non-CM elliptic curve over Q for which Conjecture 1.2 holds. Then
the level of Gg in GLia(Z) is not divisible by any prime € ¢ L :={2,3,5,7,11,13,17,37}.

Proof. By hypothesis on E/Q, we have pg (Galg) = GLo(Z/¢Z) for all primes ¢ ¢ L. By
Lemma 7.9, we have pg g~ (Galg) = GL2(Z,) for all primes ¢ ¢ L. So for each prime ¢ ¢ L,
we have GLQ(Z@) = (GE)g c (gE)g and hence (gE)g = GLQ(Zg), where (GE)g and (gE)g are the
f-adic projections of G and G, respectively. Since Gg is agreeable, its level is not divisible by
any prime ¢ ¢ £ by Lemma 7.12. O

10.1. Finding the agreeable closure in most cases. Throughout §10.1, we assume that jp ¢
mg(Xg(Q)) for all groups G € o/ for which Xg is finite. This can be verified for the given jg
using Theorem 1.9(f). This excludes a finite number of j-invariants from consideration that we will
describe how to deal with in §10.2.

We can apply the algorithm in [Zyw22] to compute the finite set of primes ¢ > 13 for which
pe(Galg) # GLo(Z/¢Z). For the rest of §10.1, we shall further assume that Conjecture 1.2 holds
for E, i.e., pp(Galg) = GLo(Z/¢Z) for all primes ¢ > 13 with

(¢,jg) € { (17, -17%-101%/2), (17, —17-373%/2'7), (37, -7-11%), (37, —7-137%.2083°) }.

Any potential counterexample to Conjecture 1.2 can be dealt with using the methods from §10.2.

By Lemma 10.1, the level of Gg is not divisible by any primes ¢ ¢ £ :={2,3,5,7,11,13,17,37}.
Since Gg C Gg, we know that Xg, has a rational non-CM point; in particular, there is a P €
X¢,(Q) such that mg, (P) = jE.

If Xg,(Q) is finite, then Gg is conjugate in GLQ(Z) to a subgroup of some G € &/ for which
Xg(Q) is finite by Theorem 1.9(b). Therefore, Xg,(Q) is infinite by our assumption on E. By
Theorem 1.9(b), G is conjugate in GLQ(Z) to a unique group G € 7. Since G is the agreeable
closure of G, we can characterize G as the group in &/ with maximal index in GLQ(Z) for which
je € 7g(Xg(Q)). So by making use of Theorem 1.9(f), we can find G which gives the group Gg up
to conjugacy in GLg(i).

10.2. Finding the agreeable closure in exceptional cases. Now suppose that jp € 7g(Xg(Q))
for some group G € & with Xg(Q) finite. There are only finitely many j-invariants jg that can
arise in this way but they are difficult to determine since finding rational points on high genus
curves can be very challenging. In §10.2, we shall make use of the notation from §8.1.
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However, we can compute the agreeable closure Gg for any such F/Q that arises. The group Gg,
up to conjugacy in GLg(z), depends only on jg. So far, we have found 81 exceptional j-invariants
that needed to be considered specially. Any others that may arise can be dealt with in a similar
manner. For simplicity, let us assume that Conjecture 1.2 holds for £/Q; we can handle any coun-

terexamples that occur by similar techniques.

By assumption, there is an agreeable group G € &7 such that jg € mg(X¢g(Q)) and Xg has only
finite many rational points. After conjugating p7,, we may assume that Gg C G.

We claim that we can compute the ¢-adic projection (Gg)g, up to conjugacy in GLa(Zy), for
all primes ¢. Using the explicit definition (8.1) of the agreeable closure, this is equivalent to
computing Z; - pf; s (Galg) for all primes £. When pg ¢(Galg) = GL2(Z/¢Z) and £ > 5, we have
P e (Galg) = GL2(Z¢) by Lemma 7.9, and hence (Gg)¢r = GL2(Z¢). For the finite number of ¢
with ¢ < 3 or pg(Galg) # GL2(Z/lZ), we can compute pg ¢~ (Galg), and hence also (Gg)¢, by
using the results from [RSZB22].

Using Gg C G, we can then check whether or not (Gg); = Gy for all primes ¢. Suppose that
(Gr)e S Gy for some prime £. This will produce an explicit proper agreeable group G’ C G for which
JjE € mg/(Xg/(Q)). We can replace G by G’ and then repeat the above process. We will eventually
end up with an explicit agreeable subgroup G of GLs(Z) with Xg(Q) finite, jz € mg(Xg(Q)), and
Gy and (Gg)y conjugate in GLo(Zy) for all primes £.

As in §8.4, we can define M(G) to be the set of maximal proper agreeable subgroups G of G that
satisfy Gy = Gy for all primes ¢. The set M(G) is finite and computable, cf. 8.4.1.

Take any of the groups G € M(G) up to conjugacy in GLg(i). We want to know whether or
not jgp € 7¢(X¢g(Q)). The direct approach is to check after first computing a model for the curve
X and the morphism 7mg to the j-line; this is doable using the techniques from §5. However,
these computations seem excessive to deal with a single j-invariant jr. We now explain our ad
hoc computations with traces of Frobenius, which can be found in [Zyw23], that allows to verify if
JjE € m1¢(Xe(Q)) holds without computing any further modular curves.

Let N be the level of G and let M be the product of N with the bad primes of F/Q. Take
any prime p t M and let ay(E) be the trace of Frobenius of the reduction of E mod p, i.e.,
ap(E) = p+ 1 — |E(F,)|, where we are using a model of E with good reduction at p. The rep-
resentation p} y has good reduction at p and prvN(Frobp)_l € ppn(Galg) € GLy(Z/NZ) has
trace a,(E) and determinant p modulo N. Let &, be the pair (a,(E), p) modulo N. Now suppose
we found a prime p t M such that (tr(g),det(g)) # &, for all g in the image of G modulo N.
In particular, the group pj; (Galg) contains an element that is not conjugate in GL2(Z/NZ) to

any element of the image of G modulo N. Therefore, p},(Galg) is not conjugate in GLQ(Z) to a
subgroup of G and thus jg ¢ 7¢(Xc(Q)). So by computing &, for many primes p { M, we hope to
be able to prove that jgp ¢ 7q(Xa(Q)).

Now suppose that after computing &, for many primes p { M, we are unable to conclude that
Jje ¢ 1¢(Xc(Q)). In all the exceptional cases we considered, we then had [G : G] = 2. The group
G is normal in G and we obtain a quadratic character

x: Galg 22y Gy s G G/G = {£1}.

For o € Galg, x(o) depends only on pj (o) since G has level N. Therefore, x is unramified at
all primes pt M. In particular, there are only finite many possible quadratic characters that could
arise as x. Take any prime p{ M. If (tr(g),det(g)) # &, for all g in the image of G — G modulo N,
then yx(Frob,) = 1.
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Suppose that we are able to show that x(Frob,) = 1 for enough primes p { M, to rule out all
possibilities for the characters x except x = 1. Since x = 1, we deduce that p};(Galg) is conjugate

~

in GLy(Z) to subgroup G. Therefore, jp € m¢(Xa(Q)) and we can replace G by G and repeat the
above process.

In the remaining cases, which occurred for three of our j-invariants, we are left with a unique
G € M(G), up to conjugacy in GLg(z), for which we were not yet able to determine whether or
not jp lies in 7g(Xg(Q)). In these remaining cases, we found that for some prime p € {3,5}, we
have Go), = G2 X G, and G, C G2 X G, = Ga,. We computed the division polynomials for £ at
2 and p, factored them into irreducible polynomials over @, and computing the discriminants of
these polynomials. From this information, we found a quadratic extension K/Q with K C Q(E[2]),
K C Q(E[p]) and K not equal to Q(1/(—1)®~1/2p). Since G, = G2 x G,,, this proves that G is not
the agreeable closure of p};(Galg). Therefore, jp € 7¢(X(Q)) and we can replace G by G and
repeat the above process.

In all our cases, the above arguments eventually lead to an explicit minimal agreeable group G

with jg € mg(Xg(Q)) and hence we can take Gg = G.

11. ABELIAN QUOTIENTS

Let G be an open subgroup of GLg (Z) satisfying det(G) = Z* and —I € G. Fix an open subgroup
G of G satisfying det(G) = Z* such that G is a normal subgroup of G with G/G abelian. From the
openness, the abelian group G/G is also finite. Fix an integer N > 3 divisible by the level of G and
let G and G be the images of G and G, respectively, in GLa(Z/NZ). Reduction modulo N induces
an isomorphism G/G =G / G that we will use as an identification.

11.1. Setup.
11.1.1. Some representations. With notation as in §6.3, we have a surjective homomorphism
0= sz’g,N: Wl(Ugaﬁ) - g

Recall that ¢ depends on a choice of a nonzero modular form fy in M3(T'(N),Q({n)) and a choice
of B in a field extension of Fx that satisfies 32 = j- f§/Es. When —I ¢ G, we shall further assume
that fo is chosen to be a nonzero element of M =; the existence of such an fy is a consequence

of Lemma 4.6. By composing ¢ with the quotient map G — é/é = G/G, we obtain a surjective
homomorphism

a: 1 (Ug,m) — G/G.
Let ¢: Y — Ug be the étale cover corresponding to . The cover ¢ is Galois with Galois group
G/G. When —1I € G, we will have Y = Ug and ¢ will be the natural morphism.

Now consider the representation pg y: Galg;) — GL2(Z/NZ) as in §6.2. By Lemma 6.3,
P n is surjective and factors through an isomorphism Gal(Fn(8)/Q(j)) = GL2(Z/NZ). We
let GL2(Z/NZ) act on the right of Fn(5) via f p:*m\,(cf)_1 = o(f) for all f € Fn(5). By
Lemma 6.3(iii), this extends our earlier right action of GLy(Z/NZ) on Fy. Since 8 ¢ Fy, we have
B (—I) = —fB by Lemma 6.3(vi). Define the subfield L := Fy(8)C of Fn(8). The representations
P& n induces an isomorphism Gal(L/Q(Xg)) = G/G=G/G.

Moreover, the representation g in §6.3 is constructed so that the specialization at the generic
point of Ug gives the representation Galg(x,) — G € G € GL2(Z/NZ) that is the restriction of
the representation pz . We can thus identify L with the function field of Y and the field extension
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L/Q(Xg) corresponds to the morphism ¢: Y — Ug. Note that the curve Y is geometrically
irreducible since Q is algebraically closed in L by Lemma 6.3(ii) and our assumption det(G) = Z*.

11.1.2. Specializations. Take any point u € Ug(Q). Specializing ¢ at u gives a homomorphism
0u: Galg — G. The representations Galg 2 G C GLy(Z/NZ) and Pleg)an: Galg = GL2(Z/NZ)
are isomorphic, where (&g), is the elliptic curve over Q defined by the Weierstrass equation y? =

23 —275(5 — 1728) - & + 545 (5 — 1728)? with j := 7g(u). Let
ay: Galg - G/G

be the homomorphism that is the specialization of « at u. Equivalently, «,, is the composition of g,
with the quotient map G — G / G=g¢ /G. Since G/G is abelian, «,, is uniquely determined (while
the specialization g, is only uniquely determined up to conjugation by an element in G).

Let ¢~!(u) C Y be the fiber of ¢ over u. The action of G/G on the Q-points of ¢~ (u) is simply
transitive since ¢ is étale. The group Galg acts on the Q-points of ¢! (u) since ¢ and u are defined

over Q. These actions of G/G and Galg commute. For a fixed yo € Y(Q) with ¢(yo) = u, we have
(11.1) o(yo) = (o) - o

for all o € Galg; note that this does not depend on the choice of yg since G/G is abelian and it
commutes with the Galois action. In particular, the expression (11.1) determines o, (o).

11.2. Defining ap using modular curves. Consider a non-CM elliptic curve E/Q for which
GE = py(Galg) is conjugate in GLQ(z) to a subgroup of G. By Proposition 3.5, there is a point
u € Ug(Q) such that mg(u) = jg.

Since any two non-CM elliptic curves with the same j-invariant are quadratic twists of each other,
there is a unique squarefree integer d such that E/Q is isomorphic to the quadratic twist of E’ :=
(&g)u by d, where (&5), is the elliptic curve over Q defined as in §11.1.2. Let x4: Galg — {£1}
be the homomorphism that factors through Gal(Q(v/d)/Q) < {#1}. Define the homomorphism

agp: GalQ —>Q/G

by ag = xq - @y with a, as in §11.1.2. The following lemma shows that this definition of ag is
consistent with our earlier definition in §1.5.

Lemma 11.1. After replacing p}, by an isomorphic representation, we will have pj,(Galg) € G
and the composition of py,: Galg — G with the quotient map G — G/G is ag.

Proof. Since E is a quadratic twist of E’ by d, we can choose bases so that P Ny = Ou and
PE = Xd - Pr- In particular, pp y(Galg) C +ou(Galg) C G and hence pi(Galg) C G since the
level of G divides N. Take any o € Galg. We have pp y(0) - G = xa(0) - 0u(0) - G and hence
pp(0) -G = xa(o) - ay(0) = ag(o). O
Lemma 11.2. The homomorphism ag is unramified at all primes p { N for which E has good
reduction.

Proof. Using our isomorphism G/G = G/G, we could also view ag as the composition of P N With

the quotient map G — G / G=g¢ /G. The lemma is immediate since p*E7 n is unramified at all primes
p1 N for which E has good reduction. O

Take any prime p t 2Nd for which E has good reduction. The character y, is unramified at p
and xq(Frob,) = 1 if and only if d is a square modulo p. By Lemma 11.2, we deduce that o, is
unramified at p and that ag(Frob,) = x4(Frob,) - ay,(Frob,).
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In §11.3.1, we will describe how to compute oy, (Frob,) € G/G for all sufficiently large primes p
under the additional assumptions that G/G is cyclic of prime power order, Xg(Q) is infinite, and
u lies outside some explicit finite subset of Xg(Q).

11.3. The function field L in a special case. We shall now assume further that G/G is a cyclic
group of prime power order pj > 1. In this section, we will describe a set of generators of the
extension L of Q(Xg) with a simple and explicit action of G/G on them.

Fix a matrix go € G N SLa(Z/NZ) so that goG generates the cyclic group G/G = G/G. For an
integer k > 2, M, & has a right action by the group G/G. We can compute a basis of M, & using
the methods of §4.6 and we can compute the action of gy with respect to this basis by using §4.9.
We can choose k > 2 so that the action of G/G on M el is faithful. When —I € G, we further
assume that k is chosen to be even and large enough so that there is a nonzero h € M, &

Suppose —I ¢ G. By Lemma 4.6, there is a nonzero f; € M, - We claim that ¢ /G acts falthfully
on M 4. Since G/G is cyclic of order p§ > 1, it suffices to show that the minimal nontrivial subgroup
of G/G acts faithfully. Since —I ¢ G, this group is (£G)/G and it acts faithfully on M; & because
this space is nonzero and —1I acts as multiplication by —1. So when —I ¢ G, we may always take
k= 3.

Since G/G is cyclic of prime power order, there is a Q-subspace V' C M, & for which the right
action of G/G is faithful and irreducible. Moreover, we can find an explicit7basis fi, ooy fmof V

such that
* go = Z fz N

for all 1 < j < m, where m = ¢(p§) = p§ ' (po — 1) and C' € GL,,(Q) is the companion matrix of
the cyclotomic polynomial @, (x). Note that the matrix C' has order p§ in GL,,(Q).

Let R be the Q-subalgebra of Q[x1, . . ., 2] consisting of polynomials F' for which F'(x1,...,zy) =
F((z1,...,2m)C). Take any homogeneous polynomial F' € R and denote its degree by d. When
—1 ¢ G, a power of C is —I and hence d is even. The modular form F(fi,..., f;,) has weight dk
and is fixed by G and go. Therefore, F(f1,..., fm) is an element of M kg Define

F(ft, - fm . -
(fl’hd’f) if —I G,
CF= N Ff, - fm) 3% -
i/ if —I¢dG.

Eq

Note that cp is in FG = Q(Xg). The following lemma describes the extension L/Q(Xg) in terms
of the cp.

Lemma 11.3. We have L = Q(Xg)(y1,...,Ym), where the y; can be chosen such that:

® Y;*xgo = 2111 Yi * Ci,j forall1 <m,
e F(y1,...,ym) = cr for all homogeneous polynomials F € R.

Proof. First suppose that —I € G. We define y; := f;/h for 1 < j < m. For a homogeneous
F € R of degree d, we have F(y1,...,ym) = F(f1,..., fm)/h? = cp. Take any o € Galg(x,) and
set A = pz"N(O')_l € G. We have o(y;) = y; x A= (fj * A)/(h = A) = (f; = A)/h, where the last

equality uses our choice of h. We have y; € L since o(y;) = y; when A € G. Now suppose o is

chosen such that A = go. Then y; * go = (fj * go)/h = (1L, fi- Cij)/h =322 yi - Cij.
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Now suppose that —I ¢ G and hence k = 3. Define y; := (- f;/fo for 1 < i < m. Take any
homogeneous F' € R of (even) degree d. Since 5% = j - f2/Es, we have

82 d/2 j d/2
Foncooom) = (%) Pt = () Pl fn) = e
0

Take any o € Galg(x,) and set A := ,027]\,(0)_1. By Lemma 6.3(vi), we have o(8) = fOf—ZA B. Since
fj/fo € Fn, we have

] *A j *A %A xA
o (y;) :U(ﬂ)-a(%) - fofo ﬁ(%)*A: fofo 8- ;é*A =B fjfT) )

If A€ G, then o(y;) = 8- f;/fo = yj. Therefore, y1,...,Yn all lie in L. Now suppose o is chosen
such that A = gg. Therefore,

+A
yjxgo=o(y;) =p- fjfo

— 5fj*ogo =80 fi-Cip)/fo=> i Cij.
i=1 =1

In both cases, we have proved that Q(Xg)(y1,...,¥m) C L and that y,. ..,y have the desired
properties. In both constructions, we have shown that there is a o € Galg(x,) whose action on
@®7L,1Qy; C L is given by the matrix C. Since the order of C' € GL;,(Q) is equal to IG/G| = [L :
Q(Xg)], we deduce that L = Q(Xg)(y1,---,Ym)- O

11.3.1. Low genus setting. We now further assume that the curve Xg has infinitely many rational
points; in particular, Xg has genus at most 1 and a rational point. As outlined in §5.4, we can
compute an explicit model for Xg. In particular, the function field Q(Xg) will be of the form Q(f)
or Q(z,y) with z and y satisfying a Weierstrass equation of an elliptic curve over Q.

For any given homogeneous polynomial F' € R, we can express cp € Q(Xg) in terms of the
explicit generators of our function field Q(Xg) using the methods from §5.4.2.

We now apply Lemma 11.3 to describe all but finite many fibers of ¢. Since R is a finitely
generated Q-algebra, there are only finite many u € Ug(Q) for which ¢y has a pole at u for some
homogeneous F' € R. For a point u € Ug(Q) for which cp never has a pole at u, we let Z, C Afy
be the subscheme defined by the equations

F(zi,...,xm) = cp(u)
with ' € R homogeneous. The group G/G = G/G acts on Z,(Q) by goG - (ai,...,am) =
(a1,...,anm) - C. For all but finitely many u, Z, is a reduced finite Q-scheme of degree |G /G| = p§
with G/G acting transitively on Z,(Q); for such u, we have an isomorphism ¢~!(u) & Z, with
compatible G/G-actions.

Choose homogeneous polynomials Fi, ..., F,. € R such that there is a point u € Ug(Q) for which
the equations

(11.2) Fi(z1,...,xm) =cr(u), ..., F(z1,...,2m) =cp.(u)

define Z, as a variety (so it is finite of degree p§ with a transitive G/G-action on its Q-points).
Recall that we can compute the functions cp; € Q(Xg). The equations (11.2) will also define Z,
for u € Ug(Q) — S, where S is a finite set that can be computed. So for any point u € Ug(Q) — S,
(11.2) gives an explicit model for the fiber ¢~!(u) with the action of G/G upon it. So from (11.1),
we have
o(z0) = ay(o) - 29

for any fixed point 29 € Z,(Q) and o € Galg.

Fix a point u € Ug(Q) — S. For all primes p t Npg large enough, we can reduce the equations
(11.2) modulo p to obtain a variety Z,, C Aﬁ with an action of G/G so that the action of
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G/G on Z,,(F,) is simply transitive. For such a prime p, «, is unramified at p and we have
(24, ..., 2m) = au(Froby) - (21,. .., 2zm) for any (z1,...,2m) € Zyp(Fp). In particular, for any large
enough prime p, we can use this to compute o, (Frob,) € G/G.

Remark 11.4. There are a finite number of excluded points u € S C Ug(Q). By changing variables,
adding more equations of the form Fj(z1,...,zn) = cp,(u), or making a different choice of h if
relevant, we can often find a model for the fiber ¢~1(u) that allows us to compute a,(Frob,) for
any sufficiently large prime p.

For our application to Serre’s open image theorem, we work with a single choice of u € Ug(Q)
satisfying mg(u) = j for some fixed j € Q — {0,1728}. So for our application we can exclude from
consideration any u € S for which there is another point v’ € Ug(Q) — S satisfying 7g(u) = mg(u').

11.4. Precomputations. We now describe some one-time computations that will be required for
our algorithm for computing the image of p3,, up to conjugacy, for any non-CM elliptic curve E/Q.
Consider any of the finite number of groups G € &7, with & from Theorem 1.9, that satisfy the

following properties:

(a) X¢g(Q) is infinite,

(b) if G is conjugate in GL2(Z) to a proper subgroup of some G’ € &7, then [G,G] and [G', §']

are not conjugate in GLo(Z).

From Theorem 1.9, we will already have computed a model for Xg and the morphism g to the
j-line. In particular, we have a model for Ug.

Choose an open subgroup G of G satisfying det(Gg) = Z* and Go N SLQ(Z) = [G,G]. In our
cases, we choose Gy with minimal level; the levels of the groups Gy and G turn out to have the same
odd prime divisors. Note that Gy is a normal subgroup of G and that G/Gy is finite and abelian.

So we can choose proper normal subgroups G, ...,Gs of G containing G such that the quotient
maps G — G/G; induce an isomorphism
(11.3) G/Go = G/Gy x -+~ x G/G,

where the groups G/G; are all nontrivial and cyclic of prime power order. Moreover, we choose our
groups G;, with 1 <14 < s, so that at most one does not contain —I and so that the levels of the
groups are as small as possible. Since Gy C G; C G, the group G, is open in GLQ(Z), det(G;) = 7
and —I € G;.

With notation as in §11.1 and G := Gg, we have a homomorphism

a: m(Ug,n) — G/Go

with specializations ay,: Galg — G/Gy for u € Ug(Q). Taking instead G := G; with 1 <i <'s, we
obtain a homomorphism
a;: m(Ug, 1) = G/Gi

with specializations «;,: Galg — G/G;. Note that a; can also be obtained by composing o with
the isomorphism (11.3) and then projecting to the factor G/G;.

Now take any 1 < ¢ < s and consider the setting of §11.3 with G := G;. With notation
as in §11.3 and §11.3.1, we compute homogeneous polynomials Fi,..., F,. and rational functions
Cry,---,cr, € Q(Xg) such that for all u € Ug(Q) away from an explicit finite set S;, the equations

(11.2) define a Q-scheme Z,, with a transitive G/G-action on Z,,(Q) such that

0(z) =ajyu(o) -2

forall z € Z,(Q) and 0 € Galg. As explained in §11.3.1, we can compute o ,,(Frob,) € G/G = G/G;
for any sufficiently large primes p by considering the reduction modulo p.
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Remark 11.5. For p large enough, the point « modulo p will be enough to determine o ,(Frob,).
So that we can reuse computations when dealing with many elliptic curves over QQ, we have pre-
computed these values for several primes p and F,-points on a model of Ug.

Define § := §; U --- USs; it is an explicit finite set. Consider any u € Ug(Q) — S. For each
1 < i < s, we noted that one can compute «;,(Frob,) for all sufficiently large primes p. By
making use of the isomorphism (11.3), we can verify that «, is unramified at p and compute
ay(Frob,) € G/Gy for any sufficient large primes.

12. COMPUTING THE IMAGE OF pg

Take any non-CM elliptic curve E/Q. We now combine the previous sections to explain how to
compute the image of pp up to conjugacy in GLg(Z). We assume that E is given explicitly as a
Weierstrass model. Let jg € Q be the j-invariant of E.

12.1. Agreeable closure. As outlined in §10, we can compute the agreeable closure Gg of Gg :=
p1(Galg), up to conjugacy in GL2(Z), and determine whether Xg, (Q) is infinite or not. If Xg,(Q)
is infinite, we may choose Gg so that it lies in our finite set &/ from Theorem 1.9.

As noted in §10, from Gg we can already compute the index [GL2(Z) : Gg] and the open subgroup
GpNSLy(Z) = [Gr,GEr] of SLa(Z) up to conjugacy in GLa(Z).

12.2. Computing the image of Galois in most cases. Fix a group G € o/ with X¢g(Q) infinite
for which G is conjugate in GLa(Z) to a subgroup of G. If Xg,(Q) is infinite, we shall further
assume that G is chosen so that [Gg, Gg| and [G, G| are conjugate in SLg (2) (such a group exists in
this case since Gg is conjugate to an element of o). After possibly replacing G by a different group
in o/, we may further assume that condition (b) of §11.4 holds; it already satisfies condition (a).

In §11.4, we chose (independent of E) an open subgroup G := Gy of G such that det(G) = Z*
and G N SLy(Z) = [G,G]. In particular, G is a normal subgroup of G with G/G finite and abelian.

Let S C Xg(Q) be finite set from §11.4. We now make the additional assumption on E/Q
that there is a rational point u € Ug(Q) — S for which jr = mg(u). For the models from our
computations, this assumption always holds; if not, it could be treated separately as we do in
§12.3. As in §11.4, we have a homomorphism

a,: Galg = G/G

and for all sufficiently large primes p, we can verify that «,, is unramified at p and actually compute
ay(Frob,) € G/G.

Let d be the unique squarefree integer for which F is isomorphic to the quadratic twist of E’ by
d, where E'/Q is the elliptic curve defined by the Weierstrass equation y? = 2> — 27jg(jp — 1728) -
x4+ 54jp(jp — 1728)%. As in §11.2, we can define a homomorphism

ap: Galg = G/G, o xa(o) - ay(0),

where x4: Galg — {#1} is the character that factors through Gal(Q(v/d)/Q) < {#1}. For p 1t 2d,
Xd is unramified at p and yq(Frob,) = 1 if and only if d is a square modulo p. Let M be the
product of those primes that divide N or for which E has bad reduction. The homomorphism
ap is unramified at all p { M by Lemma 11.2. We can thus compute ag(Frob,) € G/G for any
sufficiently large primes p t M.

By Lemma 11.1, we may assume that, after possibly replacing p} by an isomorphic represen-
tation, that p},(Galg) € G and that ap is the composition of p}, with the quotient map G/G.
Let

vg: X = G/G
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be the unique homomorphism for which vg(Xcyc(0)™!) = ag(o) for all o € Galg. Since ag is
unramified at all primes p{ M, we find that v factors through a homomorphism

Ve Ly /(L) — G/G,

where e is the exponent of the group G/G, and y(p - (Z3,)¢) = ag(Frob,)~! € G/G for all primes
p {1 M. So we can find v by computing ag(Frob,) for a finite set of primes p { M that generate
the finite group Zy,/(Zy,)°.

Remark 12.1. We have used the larger group G instead of Gg since it leads to fewer cases to consider
in §11.4. There are 454 groups H € o/ for which X (Q) is infinite, but only 138 of these groups
H will arise as a group G like above.

Define the explicit subgroup
Hp={g9€G:9-G=1p(detg)}

of GLg (i) In particular, note that Hp is computable, cf. Remark 1.12. The group G := p},(Galg)
is a subgroup of Hp since pk(0) - G = ap(0) = YE(Xeye(0) 1) = yr(det(p}(0))) for all o € Galg.

Now consider the case where [Gx, G| and [G, G] are conjugate subgroups of SLy(Z); this condition
is automatic when Xg, (Q) is infinite by our choice of G. We have G C G so [Gg, G| C [G, F]

and hence [Gp,Gr] = |G, §] since they are conjugate open subgroups of SLg(Z). In particular,

~

GgNSLy(Z) =[G, G| by Lemma 1.7 and Proposition 8.1. Therefore,
Hp NSLy(Z) = GNSLy(Z) = [G,G] = Gp N SLy(Z).

Since G is a subgroup of Hp with G N SLy(Z) = Hp N SLy(Z) and det(Gg) = Z*, we deduce
that Gg = HE.

12.3. Computing the image of Galois in the remaining cases. We have already computed
Gp, up to conjugacy in GLy(Z), and we know if X¢,(Q) is infinite or not. If Xg,(Q) is infinite,
then §12.2 shows how to compute the group pj;(Galg) up to conjugacy in GLg(z).

We now restrict our attention to the case when X¢, (Q) is finite. If £/Q is not a counterexample
to Conjecture 1.2, then the j-invariant jg lies in the finite set

J = U  mUs@)cQ

Gedt, Xg(Q) finite

with o7 as in Theorem 1.9. We are aware of 81 rational numbers j € J for which j is the j-invariant
of a non-CM elliptic curve. We will explain how to compute G := p},(Galg), up to conjugacy, in
these cases. Any other non-CM j-invariants in J, or counterexamples to Conjecture 1.2, can be
dealt with in a similar direct manner.

For the finite number of j-invariants under consideration, we need only consider a single elliptic
curve with that j-invariant (from Lemma 2.2, replacing E by a quadratic twist changes Gg in an
explicit way).

12.3.1. Case 1: the previous approach works. For our 81 exceptional j-invariants, the group Gg
can be computed for 28 of them using the method of §12.2. In particular, we can find an agreeable

groups G € & so that Gg is conjugate in GLo (i) to a subgroup of G, Xg(Q) is infinite, and [Gg, Gg|
is conjugate to a subgroup of [G,G] in SLa(Z).
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12.3.2. Case 2: intersections with relatively prime levels. Suppose that there are distinct primes
2=101 < ly <---<{sand agreeable subgroups Gi,...,Gs € & so that all the following hold:
e (g is conjugate in GLQ(Z) to a subgroup of G; for all 1 <4 < s,
e the level of G; divides a power of ¢; for all 1 <i < s,
X, (Q) has infinitely many points for all 1 <14 <'s,
|Gk, Gr) and (;_,[G:, Gi] are open subgroups of SLy(Z) that are conjugate in GLy(Z).

Since the levels of the groups G; are pairwise relatively prime, we find that the group ();_ l[gl, gil,
up to conjugacy in GLo(Z ) does not change if we replace any G; by a conjugate in GLQ( ). Thus
we may assume further that the G; are chosen so that they satisfy condition (b) of §11.4.

For each 1 < i < s, we choose an open subgroup G; of G; with det(G;) = 7 such that the
level of G; is a power of {; and G; N SLy(Z) = [Gi,Gi]. We have jg € 7g,(Xg,(Q)) since G is
conjugate to a subgroup of G;. As in §11.4 and §12.2, we can compute an explicit homomorphism
VB A Gi/G; so that p};(Galg) is conjugate in GLQ(Z) to a subgroup of

Hi={9€Gi:g-Gi=pi(det(g))}.
This previous step uses that X¢. (Q) is infinite.

Since the group G1, ..., G have pairwise relatively prime levels, we find that after replacing p7
by an isomorphic representation we have Gg = pj,(Galg) C H,; for all 1 < i < s. In particular,
Gg CH:= ﬂle H;.

We claim that Gg = H; since H has an explicit description this will conclude our description of
how to compute Gg up to conjugacy. We have
(12.1) GpNSLy(Z) C HNSLy(Z) C (|(HiNSLa(Z)) = (\(Gi NSLa(Z)) = ([G:, G-

i=1 i=1 i=1
We have GgNSLy(Z) = [Gg, Gz by Lemma 1. .7 and Proposition 8.1. So by assumption, GpNSLy(Z)
and (;_,[Gi, G;] are open subgroups of SLQ( ) that are conjugate in GLQ( ). From the inclusions
(12.1), we deduce that Gg N SLa(Z) = H N SLy(Z). Since Gg is a subgroup of H with full
determinant, we conclude that Gg = H.
Of the 53 exceptional j-invariants not handled by Case 1, we use the method above to compute

GE, up to conjugacy, for an additional 24 j-invariants. Of the 29 remaining exceptional j-invariants,
20 of them arise in [RSZB22].

12.3.3. Case 3: check directly. We already know the agreeable closure Gg of Gg = pj;(Galg).
We can choose an open subgroup G of G with minimal level that satisfies det(G) = Z* and

GnN SLQ(Z) = [GE,GE]. Let M be the product of the primes p so that p divides the level of G or E
has bad reduction at p; this is an integer we can compute. The homomorphism ag: Galg = Gg/G
obtained by composing p}, with the obvious quotient map will be unramified at all primes p t M.
Using Lemma 1.10, we deduce that the every prime that divides the level of G must also divide M.

After replacing Gg by a conjugate, we can find a group G € & so that X¢g(Q) is infinite and
Gr € G. We choose G so that [G : Gg] is minimal. Using §12.2, we can construct a computable
open subgroup # of GLQ(A) for which ‘H N SLQ@) = [G,G], detH = 7* and Gg is conjugate in
GLQ( ) to a subgroup of H.

So after possibly replacing p}, by an isomorphic representation, we find that Gg = p};(Galg) is
an open subgroup of H with

[H: Gg| = [HNSLy(Z) : Gp N SLa(Z)] = (G, G), (G, G)] = m
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So G is an index m open subgroup of H whose level in GLy(Z) divides some power of M. However,
there are only finitely many such groups, so we can compute them all up to conjugacy in GL2 (2)
It remains to check which of these explicit candidates is actually conjugate to Gg. Looking at
traces of Frobenius can be useful to rule out some possibilities and hope that one case remains.
In any remaining cases, one can directly compute division polynomials for the curve E and study
their Galois groups to determine Gg. For example, §1.7 gives one of the exceptional elliptic curves

we dealt with directly using division polynomials.

12.4. Finding the image. From §12.2 or §12.3, we have found the following;:

e an agreeable group G and an open and normal subgroup G of G satisfying det(G) = Z and
GNSLa(Z) = [6,9],

e a homomorphism yg: Z* — G /G such that, after replacing pj}, by an isomorphic represen-
tation, we have p},(Galg) € G and the homomorphism

ap: Galg - G/G

obtained by composing p¥ with the quotient map G — G/G satisfies g (Xcyc(0) 1) = ag(o)
for all o € Galg.
e the commutator subgroups of the two groups p},(Galg) and G are conjugate in GLg (2)
We have G := p},(Galg) C G and hence [Gg, Gg] C [G,G]. We have [Gg, G| = [G, G] since they
are open subgroups of SLg(i) that are conjugate in GLg(z). In particular, Gg N SLg(i) =[G,d]
by Lemma 1.7. By Lemma 1.10, p};(Galg) is conjugate in GLQ(i) to the explicit group

He:={9€G:9-G=rp(detg)}

which is computable, cf. Remark 1.12.
Let H!, C GL(Z) be the group obtained by taking the transpose of all elements in Hg. The
groups pr(Galg) and HY; are then conjugate in GLy(Z).

13. UNIVERSAL ELLIPTIC CURVES

Consider an open subgroup G of GLQ(z) that satisfies det(G) = Z* and —I ¢ G. Define the
group G := £G. From our definition in §3, we have Xg = Xg. Recall that Ug = Ug is the open
subvariety X¢ — 75" ({0,1728,00}) of X¢.

We will say that an elliptic scheme E — Ug is a universal elliptic curve over Ug if the following
hold for any number field K:

e for any point u € Ug(K), the j-invariant of E, /K is mg(u), where the elliptic curve E, is
the fiber of £ — Ug over u,
e for all u € Ug(K), pf, (Galk) is conjugate in GL2(Z) to a subgroup of G.

In this section, we sketch some methods for computing such a universal elliptic curve. This will
follows directly from other parts of the paper, but we state it here for convenient reference. We
will not use this elsewhere.

Remark 13.1. In this paper, we have not taken a moduli point of view for modular curves. However,
such a viewpoint makes the existence of a universal elliptic curve obvious; the underlying moduli
space is fine since —I ¢ G (note that we are excluding elliptic curves with extra automorphisms by
focusing on Ug). Moreover, using the moduli approach, one can also show that if E’ is an elliptic
curve over a number field K with jp € K — {0,1728}, then p}, (Galk) is conjugate in GLy(Z) to
a subgroup of G if and only if F’/K is isomorphic to E, for some u € Ug(K).
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Let N be the level of G. We have N > 3 since —I ¢ G. Let G and G = £G be the images of G
and G, respectively, in GL2(Z/NZ). By Lemma 4.6, there is a nonzero modular form fy € M; &
we can construct such an fy by using Corollary 4.11. Define

§:=j-f3/Es

it is a nonzero element of FG¢ = Q(Xg). All poles of § lie above the points 0, 1 and co on the
j-line; recall that E2 = (j — 1728)A. In particular, we can view ¢ and j as morphisms Ug — A}@.
Consider the Weierstrass equation:

(13.1) §-y?=a®—27-j(j —1728) -z + 54 - j(j — 1728)°.

Let U’ be the maximal open subvariety of Ug such that the valuation of 6 at P is even for all
closed points P of Ug. The equation (13.1) defines an elliptic scheme E — U’. This is clear if we
instead restrict to the smaller open subvariety of Ug for which § is nonzero. For excluded points of
U’, we can scale y appropriately and change coordinates, using our assumption on valuations, to
extend the model.

Proposition 13.2. We have U' = Ug and E — U’ = Ug defined by (13.1) is a universal elliptic
curve over Ug.

Proof. With notation as in §6.3, we have an elliptic scheme &g — Ug and a surjective homomor-
phism

Q*éag,N: m(Ug,n) — G
Recall that ¢}y depends on a choice of a nonzero modular form f in M3(T'(N),Q(¢n)) and

a choice of B in a field extension of Fy that satisfies 32 = j - f2/Fs. By Lemma 4.6, we can
assume that fo € M, 5 since —I ¢ G. Let a: m(Ug,7) — G/G be the homomorphism obtained
by composing Q;}@N with the quotient map G — G/G. Let x: m1(Ug,n) — {1} be the character
obtained by composing a with the isomorphism G/G = {+1}.

Take any number field K C Q and point u € Ug(K). The fiber (&g)., above u is an elliptic curve
over K that is isomorphic to the curve given defined by (6.1) with j = ng(u) € K — {0,1728}.
In particular, (&g), has j-invariant mg(u). The specialization of 0%, n at u is a representation
Galg — G C GLy(Z/NZ) that is isomorphic to Plgg)a,N- 10 particular, if E'/K is the quadratic
twist of (&g). by the specialization x,: Galx — {£1} of x at u, then E’ has j-invariant wg(u) and
P v(Gal) is conjugate in GL2(Z/NZ) to a subgroup of G.

Since N is the level of G, we deduce that the elliptic scheme EF — Ug = Ug obtained by taking
the quadratic twist of the elliptic scheme & — Ug by x.

The homomorphisms a and x correspond to an étale cover ¢: Y — Ug of degree 2. With
notation as in §11.1.1, ¢ corresponds to a quadratic extension L/Q(X¢g) with L C Fn (/). Since
B% =6 € Q(Xg), it suffices to prove that L = Q(Xg)(8). That U’ = Ug = Ug is a consequence of
L/Q(Xg) arising from an étale cover of Ug.

The group G/G is cyclic of order 2 and —I ¢ G. With notation and definitions as in §11.3, we
can assume that m =1, C = (—1), go = —1I, k = 3 and f; := fo. Moreover, with F(x1) := 2?2 we
have cp = j - f2/E¢ = 0. By Lemma 11.3, we find that L = Q(Xg)(y1) where y? = §. Since 8% =4,
we conclude that L = Q(Xg)(3). O

14. FAMILIES OF MODULAR CURVES

We now discuss a point of view that may be of use for further study of modular curves and
Mazur’s Program B; these remarks will not be used elsewhere in the paper.
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14.1. Families and twists. Let G be an open subgroup of GLg(z) satisfying det(G) = Z* and
—I € G. Fix a closed subgroup B of G satisfying [G,G] C B.

Definition 14.1. The family of groups assoc1ated to the pair (g B) is the set .# (G, B) of subgroups
H of G that satisfy det(H) = Z* and H N SLy(Z) = B N SLy(Z).

Suppose that .Z# (G, B) # (. Fix a group G € .Z% (G, B). Note that .#(G, B) = %#(G,G). Since
G D [G,G] and G is open, we find that G is a normal subgroup of G and that the group G/G is
finite and abelian. For each homomorphism v: Z* — G/G, define the subgroup

Gy:={g€G:g-G=nr(detg)}
of GLy(Z).

Lemma 14.2. With notation as above, the set (G, B) consists of the groups G-, with ~: 7% —
G/G a homomorphism.

Proof. First take any v. We have G, N SLy(Z) = G N SLy(Z) = B. The natural map (G N
SLy(Z))/B — G/G is an isomorphism since G N SLy(Z) = B and det(G) = Z*. Using this
isomorphism, we find that det(G,) = Z*. Therefore, G, € F(G,B).

Conversely, take any H € .%#(G, B). The quotient map H — G/G induces a homomorphism
f: H/(H N SLy(Z)) — G/G since H NSLy(Z) = B = G N SLy(Z). Let v: ZX — G/G be the
homomorphism obtained by composing the inverse of the determinant map H/(H NSLy(Z)) = Z*
with f. For each h € H, we have h-G = ~y(det h). Therefore, H C G. Since H and G, both have
full determinant and have the same intersection with SLQ(z), we conclude that H = G,. O

Remark 14.3. We saw a family of groups in §1.6 when discussing Serre curves. In fact, one can show
that E/Q is a Serre curve if and only if pp(Galg) is an element of .# (GLa(Z Z),[GLy(Z), GLy(Z))).
With _terminology from [Jonl5], E/Q is a “G-Serre curve” if and only if pg(Galg) is conjugate in

GLQ( ) to some group in .Z (G, [G,G]).

Let us loosely reinterpret some our results from §1.4 and §1.5 in terms of families.

We have proved that there are finitely many pairs Gi, ..., Gy, such that for " any non- CM elliptic
curve E/Q for which Conjecture 1.2 holds, pj,(Galg) is conjugate in GLQ( ) to a group in the
family .7 (G, [Gi, Gi]) for some 1 < i < m. The agreeable closure of p},(Galg), computed as in §1.4,
determines which of our explicit families .% (G;, [G;, Gi]) our group lies in. Once we know the specific
family of groups, the results from §1.5 allow us to identify p},(Galg) in the family by constructing

the appropriate homomorphism ~g: 7% — Gi/G;, where Gj is a fixed group in % (G;, [Gi, Gi])-

So that we can talk about modular curves and groups interchangeably, let us now consider the
case a nonempty family .7 (G, B) for which —I € B. As before, fix G € % (G, B); we have —I € G.

Let m: Xg — Xg be the morphism of modular curves induced by the inclusion G C G. Since G
is a normal subgroup of G, the group G acts on the modular curve X with G acting trivially. This
induces an isomorphism G/G = Aut(Xg/Xg), where Aut(Xg/Xg) is the group of automorphisms
[ of the curve X¢ that satisfy mo f = .

For a fixed homomorphism v: Z* — G /G, we obtain a homomorphism

E:=~o0 Xc_ylc: Galg — G/G = Aut(Xg/Xg).

In particular, we can view £ as a 1-cocycle of Xg. Twisting X by & gives a curve (Xg)¢ and a

morphism 7¢: (Xg)¢ — Xg that are both defined over Q. A straightforward computation shows

that we can in fact take (X¢g)¢ = X¢, with m¢: Xg, — Xg being the morphism induced by the
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inclusion G, € G. So our family of groups .7 (G, B) = % (G, G) corresponds to a family of twists
{(Xg)e}e as we vary over 1-cocycles &: Galg — Aut(Xq/Xg).

Note that the modular curve X¢. need not have a rational non-CM point for every v (moreover,
there are families where X, (Q) = 0 for all 7).

Consider two pairs (C1,71) and (Cq,m2), where C; is a curve over Q and m;: C; — I% is a
morphism. We say that the pairs (C1,m1) and (Ca,m2) are isomorphic if there is an isomorphism
f: C1 — Cy defined over Q so that m o f = m. Rakvi [Rak21] has recently classified the pairs
(X, 7)), up to isomorphism, for which G is an open subgroup of GLo (Z) satisfying det(G) = ZX,
—1 € G, and Xg = P(b. She accomplishes this by showing that all such group G lie in a finite
number of families and then identifying which curves arising from these families are isomorphic to
Py,

14.2. A conjecture on non-CM points of high genus modular curves. The modular curve
X0(37) has exactly two rational points that are not cusps, cf. [Maz78]. These rational points of
X0(37) map to the values —7-11% and —7-1373-20833 in the j-line. Let G; and Ga be the group
+p% (Galg), where E/Q is an elliptic curve with j-invariant —7-11% and —7-1373-20833, respectively.
Note that the subgroups G and G2 of GLQ(z) are uniquely defined up to conjugacy. From §1.7,
we find that (7 is conjugate to the open subgroup of GLo (i) whose level divides 5180 and whose
image modulo 5180 is generated by —I and the matrices (1.5). One can check that G5 is conjugate
in GLo (2) to the group G* obtained by taking the transpose of the elements of G;.

One can show that the modular curves X, and X, both have genus 97 and clearly X¢, (Q)
and X, (Q) both have a non-CM point. The following conjecture predicts that X, and X¢, are
the highest genus modular curves with a rational non-CM point; we will motivate it in the next
section.

Conjecture 14.4. Let G be an open subgroup of GLg(i) with det(G) = Z* and —I € G. Assume

A~

that X has genus at least 54 and that G is not conjugate in GLo(Z) to G1 or Go. Then Xg(Q)
has no non-CM points.

Remark 14.5. Tt can be shown that there are infinitely many groups G C GLo (2) with det(G) = 7~
and —I € G such that X¢ has genus at least 53 and X (Q) has a non-CM point. So the value 54
in Conjecture 14.4 would be best possible.

14.3. Motivation for our conjectures. In this section, we give some brief motivation behind
Conjectures 1.5 and 14.4. We shall assume throughout that that Conjecture 1.2 holds. Let

gla"'agm

be the subgroups of GL2(Z), up to conjugacy, that are the agreeable closures of p},(Galg) for some
non-CM E/Q. Using Theorem 1.9 (with Lemma 10.1), we find that there are indeed only finitely
many groups G;.

Take any 1 < i < m. Consider any group G € .%(G;, [Gi, Gi]). Let g; be the genus of the curve X¢
and let n; be the index of GNSLy(Z) in SLy(Z). Since g; and n; depend only on GNSLy(Z) = [Gi, Gil,
we find that g; and n; are independent of the choice of G.

We now prove a version of Conjecture 1.5 (assuming Conjecture 1.2). We define Z to be the set
of integers n; with 1 < i < m.

Lemma 14.6. If E/Q is a non-CM elliptic curve, then [GLy(Z) : pe(Galg)] lies in the set I.

Proof. Take any non-CM elliptic curve E/Q and let G be the agreeable closure of G := p},(Galg).

After conjugating in GLg(z), we may assume that Gg C G = G; for some 1 < ¢ < m. We

have Gg N SLQ(Z) = [G,G] = [Gi,Gi] and hence Gg is in the family % (G;,[G;, Gi]). Therefore,

[GLy(Z) : Gg| = [SLa(Z) : G N SLy(Z)] = n,. In particular, [GLy(Z) : Gg| € T. O
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We now prove a version of Conjecture 14.4 (assuming Conjecture 1.2). We define 8 to be the
maximum value of g; as we vary over all 1 < ¢ < m for which the image of G; modulo 37 is not
conjugate in GLo(Z/37Z) to a group of upper triangular matrices.

Lemma 14.7. Let G be an open subgroup of GLg(i) with det(G) = Z* and —1I € G. Assume that

X¢ has genus strictly greater than max{3,49} and that G is not conjugate in GLg(z) to Gy or Gs.
Then X¢(Q) has no non-CM points.

Proof. Let G be an open subgroup of GLy(Z) with det(G) = Z* and —I € G. Assume that the
genus g of X is strictly greater than max{/,49} and that X (Q) has a non-CM point. We need
to show that G is conjugate to G1 or Ga.

Since X¢(Q) has a non-CM point, there is a non-CM elliptic curve E/Q so that, after conjugating,
we have an inclusion Gg = p};(Galg) € G. After conjugating our groups appropriately, we may
further assume that G; is theA agreeable closure of Gg for some 1 < i < m. We have Gg €
F(Gi,1Gi, Gi]) since GENSLa(Z) = [GE, Ge| = [Gi, Gi]. Therefore, X, has genus g;. The inclusion
GE C G implies that g; > g. Since g; > g > (8, we deduce that G; modulo 37 is conjugate to a
group of upper triangular matrices. From the inclusions Gg C G C G;, we deduce that the modular
curve Xo(37) has a rational non-CM point arising from E/Q.

From the beginning of §14.2, we find that G is conjugate to Gy or G2 in GLy(Z). So after
conjugating G appropriately, we may now assume that G; C G for some j € {1,2}. A computation

~

shows that X, has genus 97 and that X has genus at most 49 for every group G; & G" € GLa(Z).
Since X has genus g > 49, we deduce that G = G; (after conjugation). O

We now explain how we made a conjecture for the list of groups Gi,...,Gy. By Theorem 1.9,
we can explicitly determine all the groups G; for which Xg, (Q) is infinite.

Let J be the set (1.1) and let J' be the subset of J consisting of rational numbers that are
the j-invariants of non-CM elliptic curves. Equivalently, 7' is the set of j-invariants of non-CM
elliptic curves E/Q for which Xg(Q) is finite, where G is the agreeable closure of p},(Galg). Using
Lemma 10.1 and Theorem 1.9, the groups G; for which Xg¢,(Q) is finite are all obtained by taking
the agreeable closure of p},(Galg) with E/Q an elliptic curve whose j-invariant lies in J’.

So to find the groups G, ..., G, it would suffice to first compute [7’. Note that the set J’ is finite
by Faltings theorem (which is ineffective). Unfortunately, J’ is extremely difficult to compute. As
noted in §1.4, we have found 81 elements of 7’; this was done by searching for low height rational
points on models of the relevant modular curves. We conjecture that 7’ actually has cardinality
81 and hence we conjecturally know J’. In particular, this conjecture would allow us to compute
our sequence of agreeable groups Gy, . .., G,,. With this explicit list of groups, direct computations
lead to the predictions that Z is the set from the statement of Conjecture 1.5 and that g is 53.
These conjectural values of Z and ( along with Lemmas 14.6 and 14.7 give rise to Conjectures 1.5
and 14.4, respectively.
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