BOUNDS FOR THE LANG-TROTTER CONJECTURES
DAVID ZYWINA

ABSTRACT. For a non-CM elliptic curve E/Q, Lang and Trotter made very deep conjectures con-
cerning the number of primes p < z for which a,(E) is a fixed integer (and for which the Frobenius
field at p is a fixed imaginary quadratic field). Under GRH, we use a smoothed version of the Cheb-
otarev density theorem to improve the best known Lang-Trotter upper bounds of Murty, Murty and
Saradha, and Cojocaru and David.

1. INTRODUCTION

1.1. The Lang-Trotter conjectures. Fix a non-CM elliptic curve E defined over Q and let Ng be
its conductor. Take any prime p { Ng. Let E, be the reduction of £ modulo p; it is an elliptic curve
over F,,. Let m, be the Frobenius endomorphism of E,. We have 7> — a,,(E)m, 4+ p = 0 for a unique
integer a,(E). We can also define a,(E) by the formula a,(E) = |E,(F,)| — (p + 1). From Hasse,
we know that |a,(E)| < 2,/p and hence Q(7,) in End(E,) ®7 Q is an imaginary quadratic field.

Fix an integer a and an imaginary quadratic field k. We define the following functions of « > 2:
Ppa(x) :=#{p <z :ptNg, ap(E) = a},
Pgp(z) :=4{p <z :ptNp, Q(mp) = k}.

Lang and Trotter made the following two conjectures concerning the asymptotics of Pg 4(x) and

Conjecture 1.1 (Lang-Trotter).
(a) There is an explicit constant Cg , > 0 such that

21/2

PE,a(x) ~ CE,a : @
as ¢ — o0o. When Cg, = 0, we interpret this asymptotic as meaning that Pg,(x) is a
bounded function of .
(b) There is an explicit constant Cg ; > 0 such that
£1/2

P i(z) ~Cgy -

log
as & — oo.

1.2. Upper bounds. In this paper, we are interested in improving the best known upper bounds
on Pg ,(z) and Pg ;(x) as functions of z; we will summarize previous results in §1.3. Some bounds
are conditional on the Generalized Riemann Hypothesis (GRH) for number fields.

Theorem 1.2. Let E be a non-CM elliptic curve defined over Q and let a be an integer. Assuming GRH,

we have
3/4

z4/5 x
(log 2)°/5 (log )7

The best known unconditional bounds for Pg ,(z) can be found in §1.3. We now give bounds
for PE,k’ (.1‘) .

PE,a(.r) <g and PE70($) <LE
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Theorem 1.3. Let E be a non-CM elliptic curve over Q and let k be an imaginary quadratic field.

(i) Assume GRH. Then

1 ZE4/5

- 1/2 1 3
n3/? (log )3/ Flog )

Pg(z) <p

where hy, is the class number of k. In particular, Pg 1, (x) <g 2*/°/(log x)3/°.

(ii) There is a constant ¢ > 0, depending only on E and k, such that
z(loglog z)?
(log x)?

whenever x > c. In particular, Pg 1 (r) <px (loglogx)?/(log x)?.

PE7/§($) <<E

Let Dg(x) be the set of imaginary quadratic extensions & of Q, in some fixed algebraic closure
of Q, for which there exists a prime p < 2 with Q(7,) = k. The following, which will be proved in
§6, is an easy consequence of Theorem 1.3(i).

Corollary 1.4. Let E be a non-CM elliptic curve defined over Q. Assuming GRH, we have

22/7

(log ZL’) 10/7°

This improves on the bound |Dg(x)| >g 2'/'*/(log )? from [CDO08]. The explicit dependence
of k in Theorem 1.3(i) is very important here.

|Dg(z)| >p

1.3. Some earlier results. We first describe bounds for Pg ,(z). Under GRH, Serre proved that
Pga(z) <p 7/3(logz)'/? and Pro(z) <g x3/%, cf. [Ser81]. Under GRH, Murty, Murty and
Saradha obtained the improved bound

LA/

(log 2)1/5"

cf. [MMS88]. In [Ser81], Serre proved (unconditionally) that Pg,(2) <g. z/(logx)>*~¢ for any
e > 0. The exponent 5/4 was improved to 2 by D. Wan [Wan90]. The best general unconditional
bound for Pg ,(z) is the bound

Ppq(z) <E

(loglog z)?

(log z)?
of V. K. Murty [Mur97]. For a = 0, there is also the superior bound Pg ¢(z) <g 23/4 of Elkies,
Kaneko and Murty, cf. [EIk91].

Prpq(r) <px

We now describe bounds for Pg;(z). In [Ser81, p. 191], Serre claimed without proof that
Pgp(z) <g ks 2 (under GRH) and Pgi(z) <gx x/(logz)" ™ for some positive constants 6 and
7. Under GRH, Cojocaru, Fouvry and Murty [CFM05] showed that one could take § = 7/8 and
any v > 1/24. Under GRH, Cojocaru and David [CDO08] obtained the bound

L4/
(log z)!/5"

Upper bounds for Pg ,(x) and Pg (z) are in general hard to improve. The function of = ob-
tained indicates the strength of the methods used and often different methods will give the exact
same bound. For example, assume FE is semistable and that the L-function for E and its symmetric
powers has analytic continuation and satisfies the appropriate analogue of the Riemann hypoth-
esis, then Rouse and Thorner proved that Py o(z) <g 2%/*/(logz)'/?, cf. [RT13]. This is the same
bound as Theorem 1.2 under GRH!

Pg () <p g
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The goal of this paper is to push the upper bounds obtained using Chebotarev to the limit. It is
not clear to the author how to improve them without completely new ideas.

1.4. Overview. In §2, we recall several effective versions of the Chebotarev density theorem. Un-
der GRH and Artin’s holomorphy conjecture, we also give some improved Chebotarev upper
bounds; they key point being that we can obtain superior error terms if we count primes using a
smoothed weighting.

In §3, we review some of the Galois representations associated to E and k. These representations
play a role in the heuristics of Lang and Trotter in [LT76]. To understand their images we will need
Serre’s open image theorem and some class field theory.

We prove Theorem 1.2 in §4. We follow the proof of Murty, Murty and Saradha in [MMS88] and
use our stronger Chebotarev bound. We prove Theorem 1.3 in §5. We again follow the general
strategy of [MMS88] though the groups are more complicated.

Notation. For two functions f(x) and g(z) of a real variable x > 2, we say that f < g (or g > f)
if there is a positive constants C such |f(x)| < Clg(z)| for all z > 2. We shall use O(f) to denote
an unspecified function g with ¢ < f. We will always indicate the dependence of the implied
constant C' with subscripts on < or O (in particular, no subscripts indicates that the constant is
absolute). The logarithm integral is Li(z) := [} (logt) ™! dt; it satisfies Li(z) < z/ log z.

For a number field K, let Ok be its ring of integers. Let X i be the set of non-zero prime ideals
of Ok. For each p € Xk, let N(p) be the cardinality of the residue field O /p.

For a number field K, let K be a fixed algebraic closure of K. Define the absolute Galois group
Galg := Gal(K/K). For each p € Yk, let Frob, € Galk be a Frobenius automorphism for the
prime p. If p: Galgy — G is a representation unramified at p, then p(Frob,) is a well-defined
conjugacy class.

Acknowledgements. This paper uses parts of an unpublished preprint that benefited from help-
ful comments from Bjorn Poonen.

2. CHEBOTAREV BOUNDS
Fix a Galois extension of number fields L/K with Galois group G. Define
- : 1/[K:Q
M(L/K):=2[L: K] -d/""™ Hpem/m P,
where dg is the absolute discriminant of K and P(L/K) is the set of rational primes p that are
divisible by some p € Yk that ramifies in L.

We say that L/ K satisfies Artin’s Holomorphy Conjecture (AHC) if for each irreducible character
x: G — C, the Artin L-function L(s, x) extends to a function analytic on the whole complex plane
except at s = 1 when x = 1. If G = Gal(L/K) is abelian, then AHC is known to hold for L/K;
the Artin L-function then agrees with a Hecke L-function that has the required properties. The
Generalized Riemann Hypothesis (GRH) for the field L asserts that any zero p of the Dedekind
L-function of the field L with 0 < Re(s) < 1 satisfies Re(s) = 1/2. We say that GRH holds if it
holds for all number fields.

2.1. Chebotarev density theorem. Let p: G — C be a class function. For each prime p € X,
choose any P € ¥, dividing p. We then have a distinguished (arithmetic) Frobenius element
oy € Do/ Iy, where Dy and Iy are the decomposition and inertia subgroups of G, respectively, at
B. For each integer m > 1, we define

1
SD(FTOb;T) = m Z ©(9)-
g[m:U%lGDgp/Lp
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As the notation suggests, ¢(Froby") is independent of the choice of *B. For p unramified in L, this
definition agrees with the value of ¢ on the conjugacy class Frob," of G. For z > 2, define

~ 1
() == Z o(Froby) and 7, (z) = Z E@(Frob;”).
peX g unramified in L peEX K ,m>1
N(p)<z N(p™)<z

Now let C be a subset of G that is stable under conjugation and let 6c: G — {0, 1} be the class

function such that éc(g) = 1 if and only if g € C. We define
Wc(x,L/K) = Wgc(af) and %C(.CC,L/K) = %50(33).

It is often more convenient to use ¢ (x, L/ K) since it has better functorial properties, cf. §2.3.

The Chebotarev density theorem says that
]
(€]
as x — +00. An effective form of Chebotarev is a version with an explicit error term. The following
theorems of Murty, Murty and Saradha give effective versions.

(2.1) ro(z, LK)~ Li(z)

Theorem 2.1.
(i) Suppose that AHC holds for L /K and that GRH holds for L. Then
C
ro(w, LK) = :G; Li(z) + O(|C12 [K : @)« 1og(M(L/K)z) ).

(ii) Assume that the group G is abelian. There are absolute constants b, ¢ > 0 such that iflog x > b[K
Q]log? M(L/K), then

el L/K) = 1 Lila)
‘C| (BT 120 I ex _C(Ing)l/Q Nog? "
<(g i)+ 010120 s Qhresp  — SEE ) og(0r(2/8)1) ).

where [31, is the possible exceptional zero of the Dedekind L-function of the field L (it would be real

and Sﬂltl.Sfy 1/2 < Br < 1). The term IGI Ll(gjﬁL) s presgnt Only when B, exists.

Proof. Part (i) is Corollary 3.7 of [MMS88]. Part (ii) is a special case of Theorem 4.6 of [Mur97]

where the group is abglian. In the notation of [Mur97], we have have H = 1 and G/ H abelian, so
dg/p = 1and [xg/u(C)| < [C]. u

2.2. Smoothed Chebotarev. We will prove the following smoothed analogue of Chebotarev in §7.

Theorem 2.2. Let L/K be a finite Galois extension of number fields with Galois group G. Assume that
AHC holds for the extension L/K and that GRH holds for L. Let C be a subset of G stable under conjuga-
tion.

Take any smooth function f: (0, 00) — R with compact support. Then for x > 2, we have

5 de(Evoby) log N(p) - FN@)/) = 1 [ F(eyie -0+ 05 (101211 - @l 1og M (L))
p

where the sum is over all the primes p € X that are unramified in L.

In our application, we are only interested in asymptotic upper bounds for ¢ (z, L/ K), so there
is no harm in counting using a smoothed weight. Under GRH, the following gives an upper bound
that cannot be deduced from Theorem 2.1(i).
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Theorem 2.3. Let L/K be a Galois extension of number fields with Galois group G. Assume that AHC
holds for L/ K and that GRH holds for L. Let C be a subset of G that is stable under conjugation. Then
IC| =z z1/?

ro(z, LK) < 1G] fogz © IC)V2 K - QJi——log M(L/K).

Proof. First fix a smooth function f: (0,00) — R with compact support that is non-negative and
satisfies f(t) > 1 forall 1/2 <t < 1. For every = > 2, define

A(z) = > 5c(Froby)log N(p) and TI(x) := > dc(Froby) log N (p).

PEYK, VZIN(p)<z pEX K, x/2<N(p)<z
p unramified in L

By our choice of f, we have Il(z) < > 5. dc(Froby)log N(p) - f(N(p)/z). By Theorem 2.3, we
have I(z) < {glz + |C|"/2[K : QJz/2log M(L/K).

Let m > 1 be the smallest integer for which z/2™ > /z. We have A(z) < Y ", II(z/2%), so our
bound for II(x) gives

C] 121 1/2 — 1
Alz) < ’G|xZQZ—HC’\ K : Qlz logM<L/K>i§2i/2

< :glx +|CI"?[K : Qlz/?log M(L/K).

There at most [K : Q] primes p dividing any rational prime p, so

{p € Sk N(p) < VAl < [K: Q- [{p:p < vVa} < [K: Q]2

gV’
Therefore,
o(z, L/K) < A(z)/log(Vz) + [K : Qlz"/2/log(v/x)
‘C| T 1/2 ' $1/2 ' x1/2
<L £ \Gliogz +| | [K.@]IOgJ:logM(L/K)—i—[K.Q]logx.
The theorem now follows if |C| # 0. If |C| = 0, then the theorem is trivial. O

For future use, we also give the following consequence of Theorem 2.2.

Corollary 2.4. Fix notation and assumptions as in Theorem 2.2. Assume that C' # (). There is an absolute
constant ¢ > 0 such that if

2
O 1K s O log? M(L/K),

then there is a prime p € ¥ unramified in L with x/2 < N(p) < z such that 6c(Frob,) = 1.

x>c

Proof. Let f: (0,00) — R be a non-negative smooth function with compact support whose support
is in the interval [1/2,1] and is non-zero. Suppose that there are no primes p € X g with /2 <
N(p) < x such that p is unramified in L and dc(Froby) = 1. The sum in Theorem 2.2 is then zero,
so

C

lG;m L5 ICI'2[K : Qlz'/? log M(L/K);

note that the mtegral fo t)dt is positive by our choice of f. Rearranging, we deduce that z <
|G|?/|C]- K : Q)*log® M (L / K ). We obtain the desired contradiction by choosing the constant ¢ in
the statement of the corollary sufficiently large. O
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2.3. Functorial properties. Let H be a subgroup of G. Take any class function ¢: H — C. As
above, we can define 7,(z); note that H is the Galois group of the extension L/L*. Define the

induced function )
md% ¢: G —=C, g — Z ot 1gt);

|H| teG,t~lgteH
it is a class function of G.
Lemma 2.5.
(i) Let H be a subgroup of G and let ¢ be a class function of H. Then TndG o(7) =Tp(2).
(ii) Let N be a normal subgroup of G and let ' be a class function of G/N. Then Ty (x) = Ty(x),
where  is the function obtained by composing the projection G — G /N with ¢'.
Proof. See Proposition 8 of [Ser81]. O

Lemma 2.6.
(i) Let H be a subgroup of G and let C be a subset of G stable under conjugation. Suppose that every
element of C' is conjugate to some element of H. Then
7o, L/K) < Fenm(z, L/LT).

(ii) Let N be a normal subgroup of G and let C' be a subset of G stable under conjugation that satisfies
NC C C. Then

fc(z, L/K) = 7oz, LY /K),
where C" is the image of C in G/N = Gal(LY /K).
Proof. Part (ii) is an immediate consequence of Lemma 2.5(ii); note that d¢ is equal to the projection
G — G/N composed with d¢.
We now prove (i). By assumption on C, there is a set S C H for which we have a disjoint union
C = UgesCa(s), where Cg(s) is the conjugacy class of s in G. For each s € S, let C(s) be the
conjugacy class of s in H. We have (Ind% dcu(s))(g) = 0for g € G — Cg(s), so

Indf; 8ciy(s) = As - ()
for some \;. Therefore, ¢, () (, L)L) = AsTiog(s) (T, L/ K) by Lemma 2.5(1). We have

c(@, L/K) =) Fogs)(@, L/K) =Y A Ty, (@, L/LY).
sesS seS

Using Frobenius reciprocity, cf. [Ser77, Theorem 13], we have

As - |CG(S)|/|G| = <)\S : 50(;(8)7 1G>G = <Indg 5C’H(s)7 1G>G = <5CH(8)7 1H>H = |CH(8)|/|H|
We have |Cg(s)| = |G|/| Centg(s)| and |Cg(s)| = |H|/| Centg(s)|, where Centy(s) and Centg( )

are the centralizers of s in G and H, respectively. Therefore, A\;1 = [Cent(s) : Centp(s)]~! < 1
and hence
fo(x, L/K) < &y (@ L/LY) < Fonm(z, L/ LY). O
seS

In our applications, we will use Lemma 2.6 to reduce our computations of m¢(z, L/K) to the
case where G is abelian. The following says that 7¢(z, L/ K) is a good approximation of ¢ (z, L/ K).

Lemma 2.7. For any subset C of G stable under conjugation, we have

To(x, L/K) = mo(z, L/K) 4+ O([K : Q](f;gx +log M(L/K))).

1/2
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Proof. Let mx (z) be the number of p € X for which N(p) < z. Since there are at most [K : Q]
primes p € Y dividing any p, we have nx(z) < [K : Q] - z/log x. For each p € X, let degp be
the integer for which N (p) = pd°&?, where p is the prime divisible by p. Define the sums

Bi=Y Y o Be= Y 1 oad B= YL

m>2 peEXK pEX K, degp>1 peX i ramified in L
N(p)m<z N(p)<=z degp=1, N(p)<z

We have 0 < mo(z, L/K) — nc(z, L/ K) < By + By + Bs, so it suffices to bound the B;, By and Bs.
Let M > 1 be the largest integer for which z'/* > 2. We have

B<M1 Umy < (j Mo1 glm K 212 XL K zl/?
1_mz::2m7TK(95 ) < 'Q]mz:;mlog(xl/m)_ ‘@]logmmz::zm2<<[ 'Q]10g$'

We have By < > - £[K : Q] < [K : Q] 22/ logx. If p € T is a prime with degp = 1 that
ramifies in L, then N (p) € P(L/K), where P(L/K) is the set from the definition of M (L/K). Since
there are at most [K : Q] primes p € X dividing any p, we have B < [K : Q| X} cp(1 k) logp <
[K : Q]log M(L/K). 0

3. GALOIS REPRESENTATIONS

3.1. Elliptic curves. Fix a non-CM elliptic curve E defined over Q. For each prime ¢, let E[¢] be

the ¢-torsion subgroup of E(Q); it is a free Fy-module of rank 2. There is a natural action of Galg
on E[/] that respects the group structure and can be expressed in terms of a Galois representation

pE: Galg — Auty, (E[]) = GLa(Fy).
The representation pg ¢ is unramified at all primes p { Ng¢ and we have
det(2] — pg¢(Froby)) = 22 — ap(E)x +p (mod £).

We have det opp ¢ = x¢, where x;: Galg — F/ is the representation for which o(¢) = ¢ xe(?) for all
(-th roots of unity ¢ € Q. The following is an important theorem of Serre, cf. [Ser72].

Theorem 3.1 (Serre). The representation pg ¢ is surjective for all but finitely many primes £.

3.2. Some class field theory. Fix an imaginary quadratic field k£ and let H be its Hilbert class field.
Denote the ring of integers of k£ by O. Take any non-zero prime ideal p of O. Let v,: k* — Z be
the surjective discrete valuation corresponding to p which we extend by setting v, (0) = +oo.

Fix an integer m > 1. Let I} be the group of fractional ideals of k generated by prime ideals
ptmof O. Let

t: k= {a € k* 1 vy(a) = 0 for all pjm} — I}

be the homomorphism that takes an element of %, to the fractional ideal of k it generates. The ray
class group modulo m is the group

Clm = I]Zn/L(km,l)7

where &, 1 := {a € ky, : vy(a — 1) > vy(m) for all p/m}. Note that Cl; is the usual class group of O
which we will also denote by Cl.
By class field theory, there is a continuous homomorphism

{Zk,m: Gal, — Cl,,

such that for each prime p t m of O, {/;km is unramified at p and @th(Frobp) is the class of Cl,,

represented by p. The map ka’m is clearly surjective.
7



The homomorphism sz,l is unramified at all non-zero prime ideals p of O and has image Cl;.

By class field theory, we deduce that the fixed field in k of ker({/;k,l) is H, i.e., the Hilbert class field
of k.

Lemma 3.2. If m > 5, then there is an exact sequence of groups

1 0% 2 (0/mO)* £y a1, 22 QL — 1,

where oy, is reduction modulo m, B,, maps a coset a + mQO to the class of Cly, containing aO, and vy, is
induced by the natural map I} — Cly.

Proof. Let i: ky,/km1 — Cl,, be the group homomorphism induced from ¢: k,, — II". Since
ker(:) = O*, we have an exact sequence

O* = ky/km1 = Cl,y, .

We have O* N k,, 1 = 1 since m > 5. The group I;”*/(ky,) is naturally isomorphic to Cl;,. We thus
have an exact sequence

(3.1) 1= 0% = kp/km — Cly, — Cl — 1.

Finally, we explain why (O/mQ)* is isomorphic to ky,/ky, 1. We have a natural inclusion k,,, —
0,5, where O,, is the m-adic completion of ©. Composing with the reduction modulo m map
gives a group homomorphism, f: ky = (O.,/mOy,)* = (O/mO)*. The kernel of f is ky, 1 and it
is surjective by weak approximation. We thus an induced isomorphism f: ky,/km1 — (O/mO)*.
Identifying ki, /km1 in (3.1) by (O/mO)* via the isomorphism f, gives an exact sequence that
agrees with the one in the statement of the lemma. O

We now focus on the case where m is a prime ¢ > 5. By Lemma 3.2, we may view O* as a
subgroup of (O/¢0)*. With ~, as in Lemma 3.2, we have v,y = v, 0 ¢}, 1. So by restricting v, » to
Galy and using Lemma 3.2, we obtain a surjective homomorphism

wk’gl GalH — (O/EO)X/OX

Lemma 3.3. Fix a prime p { ¢ that splits completely in H. Let 3 be a prime ideal of Oy that divides p. The
representation 1y, ¢ is unramified at 3 and satisfies

¢k7g(FI“0bq3) = (71'—}-50) 0% € (O/EO)X /OX,
where 7 is a generator of the prime ideal B N O of O.

Proof. Set p := P N O; it is a prime that splits completely in H. Since p 1 ¢, {/;k,g is unramified at
p and ¢y, ¢(Frob,) = [p] € Cl,. That p splits completely in 7 implies that v,([p]) = 1 and hence
that p is indeed principal, say p = 7O. We have v,([p]), so we may identify sz,g(Frobp) = [p]
with an element of (O/¢0)* /O* as viewed above as a subgroup of Cl,; in particular, we identify
ka(FI“Obp) with the coset represented by 7. Finally, since p splits completely in % we find that
’Lf/;k’g(FI'Obfp) = Jk,g(Frobp). Therefore, 1)y, ¢(Froby) is represented by 7 as desired. O

Let Ny /q: (O/L0)* /O* — F/ be the homomorphism induces by the usual norm map Ny q: k —
Q; it is well defined since the norm map takes value 1 on O*.

Lemma 3.4. The homomorphism Ny g o ¥ge: Galy — [y agrees with x¢|Gal,,-
8



Proof. Take any prime B |p as in the statement of Lemma 3.3. It suffices to show that Ny, /g (¢x¢(Froby)) =
X¢(Frobg) since such primes B of Oy have density 1. Since p splits completely in #, we have
x¢(Frobyg) = N(p) = p (mod ¢).

By Lemma 3.3, we have Ny q(¢k ¢(Froby)) = Ny /q(m) (mod £), where 7 € O is a generator of
the ideal BN O. Since p splits completely in #H, and hence also k, we have N o(7) = p. Therefore,

Nyjo(¥r ¢(Froby)) = p = x¢(Froby) (mod £). O

3.3. Mixed representations. Let E/ be a non-CM elliptic curve over Q. Let k be an imaginary
quadratic field, let O be its ring of integers, and let H be its Hilbert class field.

Fix a prime ¢ > 5. We have Galois representations pg ¢ and v, , from the previous sections. By
Lemma 3.4, we have det opg ¢|cal,, = Ni /@ © Yk ¢- We thus have a well-defined Galois representa-
tion

Ve Galy — G, o= (ppe(0), Yre(0)),
where G := {(A,u) € GLa(Fy) x ((O/LO)*/O*) : det(A) = Ny g(u)}-

The trace map Try,: k¥ — Q induces a linear map Try, q: O/¢O — Fy. For u € (O/LO)* /O,

Try,/@(u) is a subset of Iy of cardinality at most |0 |.

Lemma 3.5. Let p { Ng be a prime for which E has ordinary reduction at p and for which Q(my) is
isomorphic to k.
(i) The prime p splits completely in H.
(ii) Take any prime B € Xy dividing 7,O. Then for any prime £ > 5 not equal to p, the representations
pE.¢ and 1y, o are unramified at B and

tr(pe,e(Froby)) € Try g (k¢ (Froby)).

Proof. To ease notation, set k = Q(7,). Since 7, is a root of 2* — a,(E)z + p, we have a,(E) =
Try/q(mp) and p = Ny q(7p). The equality p = Ny, q(mp) implies that p is either split or ramified in
k,s0 pO =p - p7, where p := 1,0 and 7 is the non-trivial automorphism of .

We claim that p splits in k. Suppose otherwise that p is ramified in k. We then have

ap(E) = Tryq(mp) = mp +mp €p+p” =p

and hence a,(E) = 0 (mod p) which contradicts our assumption that E has ordinary reduction at

P.
Since p and p7 are principal ideals in O, the prime p splits completely in #. This completes the

proof of (i).
Now take any prime ¢ { 6p and any ‘P € ¥y that divides p = 7,0. Since p splits completely in
H, we have Oy /B = FF,,. Therefore, pg ¢ is unramified at 3 and we have

tr(pe,(Frobg)) = tr(pge(Froby)) = ap(E) (mod £)
By Lemma 3.3, we have ¢, o(Frobg) = (7, + £O) - O*. The image of a,(FE) = Tryg(m) in F, thus
belongs to Try,/q(¢,¢(Froby)). Therefore, tr(pg ¢(Froby)) € Try /q(¢k,¢(Froby)) as claimed. O
The representation W, is surjective for all sufficiently large /.

Lemma 3.6. If pg ¢ is surjective, then the representation U, is surjective.

Proof. Let p1: G — GLy(F/) and p2: G — (O/€O)* /O™ be the projection maps. Let H be a sub-
group of G with p;(H) 2 SLa(FFy) and p2(H) = (O/LO)* /O*.

We claim that H = G. For a finite group G, let G’ be the commutator subgroups of G. Since
p1(H) contains SLa(Fy), we have

SLQ(F@)/ Q pl(H), g GLQ(]F@)I = SLQ(Fg)
9



The group SLy(Fy) is perfect since ¢ > 5, so p1(H') = p1(H)" = SLa(F,). We have p; (H') = SLa(Fy)
and po(H') = ((0/L0)*/O*) = {1}, so H'" = SLy(Fy) x {1}. The group H’ is normal in G and
p2 induces an isomorphism G/H' = (O/(0)* /O*. Since pa|y is surjective, we deduce that the
natural map H/H' — G/H' is surjective and hence H = G.

Set H := V,(Galy). We have po(H) = (0/LO)* /O* since 1y, ¢ is surjective. We have p;(H)
pe(Galy). Since pg ¢ is surjective, H/Q is solvable, and SLy(IFy) is perfect, we have pg ((Galy)
SLy(Fy). From our claim, we deduce that ¥,(Galy) = H = G.

IV

4. PROOF OF THEOREM 1.2

Assume that GRH holds. Fix a non-CM elliptic curve E/Q and an integer a.

For each prime ¢, we have constructed a representation pg ¢: Galg — GL2(F,). Let I be the set
of primes in the interval [y, 2y|, where y is a fixed real number that satisfies ¢ < y < x for some
constant c depending on E. We will make a more specific choice of y later on. After increasing c,
we may assume that I is non-empty and that pg ¢ is surjective for all primes ¢ € I.

For each prime /¢, define

Pgo(z,0) :=#{p <z :ptNg, ap(E) = aand ¢ splits in Q(mp)}.
Using our GRH assumption, Lemma 4.4 of [MMS88] shows that
(4.1) Pp,a(z) <p max Ppa(, ().
Now take any prime ¢ € I. Set L := Q(E[(]); it is the fixed field in Q of ker pg 4. Using pg ¢, we
may identify the Galois group Gal(L/Q) with G := GLy(Fy). Define
C:={AcG:tr(A) =amod{and tr(A)*> — 4det(A) € Fy is a square};
it is a subset of G that is stable under conjugation.
Lemma 4.1. We have Pg 1, (z,¢) < mc(xz, L/Q) + 1.

Proof. Take any prime p { Ng/¢ such that a,(E) = a and ¢ splits in Q(7,). The representation pg ¢ is
unramified at p and we have tr(pg ¢(Frob,)) = a,(E) = a and det(pg ¢(Frob,)) = p modulo /.
Since ¢ splits in Q(m,) = Q((a,(E)? — 4p)'/?), we find that the image of a,(E)? — 4p in F, is a
square. Therefore, tr(pg ¢(Frob,))? — 4det(pg ¢(Frob,)) € F, is a square.
We have thus shown that pg ¢(Frob,) C C. The bound Pg ;(z,¢) < nc(x, L/Q) + 1 is now clear;
we have added 1 to take into account the excluded prime p = /. O

Let B be the group of upper triangular matrices in G.
Lemma 4.2. We have Pg ,(, () < 7enp(z, L/LP) + 1.

Proof. Observe that every conjugacy class of G in C' contains an element from B. Lemma 2.6(i)
implies that Pg ,(, () < 7o (z, L/Q) + 1 < Tonp(z, L/LB) + 1. O

Let U be the subgroup of B consisting of the upper triangular matrices whose diagonal entries
are both 1. The group U is normal in B and B/U is abelian. Let C’ be the image of C' N B in
B/U = Gal(LY/LB).

Lemma 4.3. We have Pg ,(z,¢) < 7cr(z, LV /LP) + 1.

Proof. We have U - (C'N B) = C'N B. Lemma 2.6(ii) implies that 7cnp(z, L/LP) = 7cr (2, LY /LP).
Therefore, P o(x,¢) < 7ic/(z, LY /LB) 4+ 1 by Lemma 4.2. O
Before applying our Chebotarev bound to 7 (z, LY /L), we first bound some of the terms that

will occur.
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Lemma 4.4. We have |C"| < ¢, |C"|/|B/U| < 1/¢, [L? : Q] < ¢ and log M (LY /LP) < log¥.

Proof. We have |G| = (£ —1)2((+ 1) < ¢4, |B| = ({ —1)2( < (3, |U| = £and |B/U| = (£ — 1)¢ < (2.
We have [L? : Q] = [G : B] < ¢. The map (F})? = B, (b1,b2) — (% ) induces an isomorphism
(F))?> = B/U. Therefore,

|C"| = |{(b1,b2) € FZ : biby # 0, by + by = a mod £}| < £.
We thus have |C’'|/|B/U| < ¢/¢? = ¢. If a prime p ramifies in L, then p|Ng/. By Proposition 4" of
B.
[Ser81], we have log(dlL/P[L 'Q]) <glog(f-[LP : Q) < logt. O

The AHC conjecture holds for the extension LY /L since its Galois group B/U is abelian. By
Theorem 2.3 and our GRH assumption, we have

"]
|B/U|log x

1/2
T Jog M(LV/LB)

Tor(x, LV /LP) < ogz

+|C'V2LE Q)

1 1/2
<p-——+0/%.4. v log ¢,
{log x log

where the last line uses Lemma 4.4. Lemma 4.3 and ¢ € [y, 2y] implies that

1 =z z1/?
Pg () g ——— + /2
ylogx log

log y.
Since this holds for all ¢ € I, the inequality (4.1) gives

3/2 /2

1 =z
Pp.(z) <p —7— 4y log 7

log y.
ylogx a4

Take y := ¢ - 2'/%/(log #)?/%, where ¢ is a constant chosen large enough to ensure that y > ¢ for all
x > 2. With this choice of y, we obtain the bound Pg ,(z) <g #*/°/(log )3/°.

Finally consider the case where @ = 0. Take any ¢/ € I and keep notation as above. Let H
be the subgroup of B consisting of the matrices whose eigenvalues are both equal; it is a normal
subgroup of B and we have H - (C'N B) = C'N B (multiplying a trace 0 matrix by a scalar does
not change the trace). Lemma 2.6(ii) implies that 7crp(x, L/LP) = 7on(x, L2 /LP), where C” is
the image of C' N H in B/H. Therefore, Pg (x,¢) < 7icr(z, L /LP) + 1 by Lemma 4.2. Arguing
as above, and using |[B/H| = ¢ — 1 and |C”| = 1, we have

't/

1 =z 2
P Py oz, ¢ (77 120 2 e).
E0(7) < I??IX 02, 6) < I?ealx {logx + log x 8

Choosing y =< z'/*/(log 2)'/2?, we deduce that Pg o(z) < 2%/*/(logz)/2.

5. PROOF OF THEOREM 1.3

Fix a non-CM elliptic curve E over Q and an imaginary quadratic field k. Let O be the ring of
integers of k. Let H be the Hilbert class field of k£ and let &, be the class number of k. Fix a prime
¢ > 5 such that pg ¢ is surjective and ¢ splits in k; we will make a more specific choice later.

In §3.3, we constructed a Galois representation

Uy Galy — g,
11



where G := {(4,u) € GL2(F¢) x ((0/£0)*/O*) : det(A) = Ny /g(u)}. The representation ¥, is
surjective by Lemma 3.6. Let L be the fixed field in H of ker ¥,. Using ¥,, we will identify the
Galois group Gal(L/H) with G.

Recall that the trace map Try, g : k — Q induces a linear map Try, q: O/O — F,. Define the set

C:={(A,u) € G:tr(A) € Tryg(u), tr(A)? — 4det(A) € Fyis a square};
it is a subset of G stable under conjugacy. We now give a useful bound for Pg ;.(x).

Lemma 5.1. We have Pg j,(z) < ﬁ me(z, L/H) + 4.

Proof. Take any prime p { N/ for which E has ordinary reduction at p and for which k& = Q(7).
By Lemma 3.5, the prime p splits completely in . Let B € 3 be any of the hj, primes that divide
mO0. By Lemma 3.5, we have tr(pg ¢(Froby)) € Try /g (¢r,¢(Frobg)).

Since k = Q(,) and ¢ splits in k, the polynomial 22 — a,(E)xz +p will factor modulo ¢. Therefore,
the image of a,(F)? —4p in Fy is a square. Since p splits completely in H, we have tr(pg ¢(Froby)) =
tr(pg,¢(Froby,)) and det(pg ¢(Froby)) = det(pg ¢(Frob,)). Therefore, tr(pg ¢(Froby))?—4 det(pg,¢(Froby)) =
ap(E)? — 4p (mod ¢) is a square.

We have verified that W,(Froby) C C for each of the hy, primes B dividing 7, 0. So the set

{p<z:ptNg, Qlmp) =k} — (SU{L})
has cardinality at most hl—kwc(x, L/H), where S is the set of primes p { N for which E has super-
singular reduction at p and Q(7,,) = k. It thus suffices to show that |.S| < 3.
Take any prime p € S with p > 5. Since E has supersingular reduction at p > 5, we have

ap(E) = 0. Therefore, k is isomorphic to Q(m,) = Q(y/—p). So if p € S, then p is 2, 3 or the unique
prime (if it exists) such that £ = Q(,/—p). Therefore, |S| < 3. O

Let B be the group of upper triangular matrices in GLy(F;). Define
B:={(Au)€G:Aec B};
it is a subgroup of G. We can identify B with the Galois group Gal(L/L?).
Lemma 5.2. We have Pg j,(z) < é 7ens(z, L/LP) + 4.

Proof. Any matrix A € GLy(F,) with tr(A4)? — 4det(A) € F, a square is conjugate to a matrix in
B. Therefore, every element of C is conjugate in G to some element of 3. By Lemma 2.6(i), we
have 7¢(x, L/H) < Tonps(z, L/LP). The lemma now follows from Lemma 5.1 and the easy bound
me(z, L/H) < 7e(x, L/H). ]

Let U be the image of the group
{(A,a) € GLa(F;) x F/ : the eigenvalues of A are both a}

in G (we can identify F; with a subgroup of (O/¢O)* since F; is a subalgebra of O/¢0). The
group U is normal in B and B/U is an abelian group. We can identify B/U with the Galois group
Gal(L¥/LB). Let C’ be the image of C N B under the homomorphism B — B/U; it is stable under
conjugacy in B/U.

Lemma 5.3. We have Pg (x) < - 7ci(z, LY /L) + 4.

Proof. Observe thatl{ - (C N B) = C N B; whether an element (A, ) € B belongs to C depends only

on u and the eigenvalues of 4, and that tr(A4) € Try,/g(u) remains true if A and u are multiplied by

a common scalar in F. Lemma 2.6(ii) implies that 7icng(z, L/LF) = 7cr(z, L4 /LP). The lemma

then follows from Lemma 5.2. O
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Since LY /L7 is an abelian extension, we can now apply our Chebotarev bounds to obtain
bounds for Pg i (). We first bound some terms that will show up.

Lemma 5.4.
(i) We have |G| < (5, |B| < ¢* and |U| =< (2.
(ii) We have |C'| < ¢ and |C'|/|B/U| < 1/¢.
(iii) We have [LP : Q] < hy!.
(iv) We have log M (LM /LB) < g log(dy?).

Proof. Since ¢ splits in k, we have (O/¢O)* = F; x F;. Therefore,
ICNB| < |{(A,b,c) € BxF, xF; :det(A) =bcand tr(A) = b+ c}| < 2|B,

where the last inequality uses that 22 — tr(A)x + det(A) has at most two roots b, c € Fy. We thus
have [C N B| < 203, SinceU - (CNB) = CN B, we have |C'| = |C N B|/[U| < 263/[U| < £. We
have |C'|/|B/U| < 1/ since |B/U| =< (2. We have [LP : Q] = [H : Q|[LP : H] = 2hy - [G : B], so
(LB : Q] < hyl.

Let P be the set of rational primes p divisible by some ‘B € ¥4, that ramifies in L. Each prime in
P divides Ngf. We have [B : U] < (2, so

log M (L4 /LB) < log (1B : U)d/"" Y. Npt) < LB : Q" log(dys) + log £.
It thus suffices to prove that [LP : Q] log(d;5) < g log(dil). By Proposition 4 of [Ser81], we have
[LP - Q] log(dys) < [H: QM log(dy) + Y logp+ |P|log([L” : H)).
peEP

We have [LP : H] < ¢, s0 [LP : Q] llog(d;s) <g [H : Q] 'log(dy) + logt. Since H/k is un-
ramified, Proposition 4 of [Ser81] implies that [H : Q] 'log(dy) = 27 'logd) and hence [L” :
Q] ' log(dys) <g log(dil). O

Lemma 5.5. If d, > 4x, then Pg ,(x) = 0.

Proof. Suppose that d, > 42 and Pg(x) > 0. There is thus a prime p { Ng satisfying p < «
and k = Q(m,). We have Q(v\/a,(FE)? — 4p) = Q(v/—dx), and hence dj, divides a,(E)? — 4p (the
divisibility with respect to the prime 2 uses that a,(E)? — 4p is congruent to 0 or 1 modulo 4).
Therefore, d;, < 4p — ap(E)2 < 4x which contradicts our assumption. O

By Lemma 5.5, we may assume that dj, < 4x; the desired bounds are trivial otherwise.

5.1. Conditional bounds. Assume that GRH holds.
By Lemma 5.3, Theorem 2.3 and Lemma 2.7, we have

1.
Pg(x) < hfﬂc'(ﬂf,Lu/LB) +4
k

1/ |C 2B g T s
<<E(|B/U|1ogx+|c| 1L -@]@logM(L /L ))+4

— log(d¥t).
hi £ logx log x 0g(dx)
Using Lemma 5.4 and dj, < 4z, we find that

11 z xl/2
P S R log(xf).
k() <E AT - log 2 og(zl)

We still need to choose our prime /.
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Lemma 5.6. Assuming GRH, there is an absolute constant v > 0 such that if y > ~(log dy,)?, then there
exists a prime { in the interval [y, 2y that splits completely in k.

Proof. This follows from Corollary 2.4 with the extension k/Q. O

Define
_Jc- 2P a5 (log )25 if by < 22/ (log x)f,
C - (logx)? otherwise,

where C' > 0 is some constant depending only on E. In both cases, we have y > C(log 7).

Since dj, < 4z, we have, after possibly increasing C, that y > v(log d)? with +y as in Lemma 5.6.
By Lemma 5.6, there is a prime ¢ € [y, 2y| that splits completely in k. After possibly increasing the
constant C' first, we may assume by Theorem 3.1 that pg , is surjective and that ¢ > 5. With this
prime ¢, we obtain the bound

11 =z z1/? 11 z1/?
P —= 322 14 —= 322 .
(T) <B hi £ log log og(wf) < hi ylogx Y log og(wy)
Since y < g x, we have
11
(5.1) PE,k(x) <E 77L+y3/2x1/2'
hi ylogx

If hy, < 2/2/(log x)°, then substituting y gives the bound
Pr(z) <p by P2 [ (log 2)/5;

our y was chosen so that both terms in (5.1) have the same magnitude. In the case hj, > z1/? /(log )8,
we obtain

+ 22 (log ) < 2212 (log 2)°.

1 T
Ferl®) <5, ogays

The bound of Theorem 1.3(i) follows by adding our two possible bounds for Pg ;,(x).

5.2. Unconditional bounds. Define
1 log

YT (loglog z)?’

where C' > 0 is a constant depending only on E to be chosen later. Suppose that there is a prime ¢
in the interval [y, 2y] such that ¢ splits in &, £ > 5, and pg ¢ is surjective.

The group B/U = Gal(L¥/LP) is abelian. By Theorem 2.1(ii), there are absolute constants
b, ¢ > 0 such that if log z > b[L® : Q]log? M (LY /L”), then

c(log z)'/?

=
|B/U| log x

where we have used that 5. < 1 if it exists.
By Lemma 5.4, we have

[LP : Q]log? M(IH/LP) < hypllog?(dpt) < hyllog?(hit),

where the last inequality use the Brauer-Seigel theorem. Using Lemma 5.4, we deduce that there
are positive absolute constants b’ and ¢’ such that if logz > ' - hy 0 - log?(hyt), then

1 /1
me(z, I/ LP) < 7 @ + hpl® %z exp < —d Zi;) log?(hit - ).

14
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Using that ¢ € [y, 2y|, we have

log log )2 1 (log x)3/? d

7e(z, LY/ LB) <« hx( + . -xexp| — loglog z | (log x)?.
oz, L7 /L7) <p hyg (logz)? T log log 2)? P\~ 5 g loslos (log z)

By taking our constant C' > 0 sufficiently small, we find that 7¢/ (x, LY /LP) < hy, - %. B

Lemmas 2.7 and 5.4, we find that 7¢/ (z, LY/ LP) < hy, - #(loglog 2)? /(log x)2. Therefore,

z(loglog )?

PE’k(.T) <<E (log l‘)2

by Lemma 5.3.

Finally, we now need to know that such a prime / exists; at least if z is sufficiently large. By
the Chebotarev density theorem and Theorem 3.1, there is a constant v > 1, depending on F and
k, such that if y > ~, then there is a prime ¢ € [y, 2y] for which ¢ splits in k and pg  is surjective.
So for x sufficiently large, we will have y > ~ and the desired prime ¢ exists. (One could make
this explicit by using an effective version of the Chebotarev density theorem.) This completes the
proof of Theorem 1.3(ii).

6. PROOF OF COROLLARY 1.4
We start with the identity
w@) = 1p <o pINe} + Y, Poa(a).

Theorem 1.3(i) then implies that

1 z4/5 .
.’IJ/ IOgIB <LE Z PEJ{;(:C) <LE Z (3/5(101')3/5 + [131/2(10g gj)d)
kEDE(:E) kGDE(IL‘) hk &
1 .134/5

+ ]DE(x)\xl/Q(log x)g.

- Z 3/5

vepn@ b (log?)

Using GRH, one can show that, h;, > d,t/ 2 /logdj. By Lemma 5.5, we have dj, < 4z for all k£ €
Dg(z). Using these bounds, we have:

|De(=)|
1 (log dy)%/® 1 3/5 1 3/5
Z 3/5 < Z d3/10 < Z 3/10 (log CL') S Z d3/10 (IOg l’) :
keDg(z) "'k keDg(x) k k€Dg(z) “k d=1

Therefore, > ;e p, () h,:g/ b« |Dp(x)|7/1°(log )3/, Combining with our previous inequality, we

have
2/ logz <5 |Dp(@)/ %" + |Dp(a)[e"/2(log 2)".

Therefore, we have x/logz < |Dg(z)|/1%2%/5 or x/logx < g |Dgr(z)|z'/?(log z)3. Equivalently,
we have |Dgp(z)| >5 2% 7/(log )97 or |Dg(z)| >g 2'/?/(log x)*. We conclude that |Dg(z)| >g
2%/7/(log x)'9/7 since this is the weaker of the two possible bounds.

Remark 6.1. If we had instead used the bound Pg ;(z) <g 2%/°/(logx)3/®, then we would have

deduced that |Dg(x)| >g x/°/(log z)%/°. Thus the factor h;3/5 occuring in our bound of Pg ()
gives a significant improvement.
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7. PROOF OF THEOREM 2.2

Fix a real number x > 2. For each class function ¢: G — C, we define
Op(x):= > @(Froby")log N(p) - f(N(p)"/x).
peEX K ,m>1

We first estimate ©, (x) for irreducible characters x: G — C.

Lemma 7.1. For any irreducible character x of G, we have

O, (z) = 5X-x/ f(t)dt+0; (X(l)[K . Qz/? logM(L/K)),
0
where 6, = 1if x = 1 and §,, = 0 otherwise.

Proof. Let L(s, x) be the Artin L-function arising from y; for background on Artin L-functions see
[Mar77]. By our AHC assumption, the series L(s, x) extends to a function analytic everywhere
except at s = 1 when x = 1. We have ord,—; L(s, x) = —6,.

Define A, := d’é(l) - N(Fy), where F,, C Ok is the Artin conductor corresponding to xy. We
define the completed L-function A(s, x) = A;/ 2fyx(s)L(s, X), where 7, (s) is a certain product of
I'-factors. See [Mar77, p.12] for the precise definition of v, ; we simply note that there are explicit
positive integers a and b with a + b = x(1)[K : Q] such that

Yls) = (@*P0(3)" - (n~ CHIPD (L)),
The functional equation for A(s, x) says that
Als,x) = Wy - A1 = 5,X)

for some W, € C* with absolute value 1. The logarithmic derivative of the Artin L-series of
L(s,x)is

L/ m —ms

F(sx) == D logN(p) Y x(Froby")N(p)~".

PGZK m>1

In particular, —%(s, X) = 2 _p>1 Ax(n)n™%, where

1 m
Ay(n) :=logn Z E)((Flrob,g ).
pEEK,mZI
N(p)™=n

Let ¢: (0,4+00) — C be a smooth function with compact support. The Mellin transform of ¢ is

po) = [ et T

Define the function 1: (0,+00) — C by %(t) := t~1p(¢t~!). The explicit formula, as given by
Iwaniec and Kowalski in Theorem 5.11 of [IK04], says that

72 3 (Bt + BTwim) = pDlog Ay + 8 [ olt)

n>1

L[ (g« L $))@(s)ds = > 3p)
2mi J(172) \x Tx > ’
where the sum is over the zeros p of L(s,x), with multiplicity, for which 0 < Re(p) < 1. The
explicit formula in [IK04] is given for a general L-function that satisfies certain properties; they
are all known to hold for Artin L-function except for the analytic continuation which holds by our
16



ongoing AHC assumption.

We now take ¢: (0,400) — C to be the function ¢(t) = f(t/x). Observe that
) =Y Ay(n)o(n)
n>1

and that 9, fo (t)dt = 6y fo t) dt; it thus remains to bound the other terms occurring in (7.1).

We first bound Zn>l v(n)y(n ) If A, (n) is non-zero, then n is a prime power. Since there are at
most [K : Q] primes p € Xk dividing a fixed rational prime, we have |A, (n)| < logn - x(1)[K : Q].
There is a number ¢ > 0, depending only on f, such that f(t) = 0 fort < c. If n > ¢!, then
1/(xn) < cand hence ¥(n) = n~!f(1/(zn)) = 0. Therefore,

> A m(n) < D (A ()] [¢(n)] < x(1)[K : Q Z logn -sup |£(t)] < x(DIK : Q.

n>1 n<c—1 n<c—

Wehavelog A, < x(1)[K : Q]log M (L/K) by Proposition 2.5 of [MMS88]. Therefore, ¢(1) log A, <
x(D[K : Q] log M(L/K).
For y € R, we have

o(1/2 +iy) / f(t/x) t1/2+ly zy/ Fle u/2€i~uy du,

where we have made the substitution ¢ = ze". We have [*_ f(e (e")e/2e™™ du <4 1/(|y|+1)? since
f(e")e"/?, and hence also its Fourier transform, is a Schwartz function. Therefore,

P(1/2+iy) <y @'/ (lyl + 1)
Using that %/(1/2 +iy) < Iog(|y\ + 2) for all real y (cf. Lemma 6.1 of [LO77]), we have
(1/2 +iy) < x(D[K : Q"2 /(|y| + 1)*.

Therefore,

/(1/2) (ﬁ(s) + 3§<1 - 5)) p(s)ds <y x(1)[K : Qlz 1/2/ hag;ﬂﬁ‘fg? dy < x(1)[K : Qz"/2.

We now bound the sum > &(p). We have (1(s) = [[, L(s, )X, where the product is over
irreducible characters x of G and (;, is the Dedekind zeta function of L. By assumption, AHC
holds for L/K and GRH holds for L, so we deduce that any zero p of L(s, x) with 0 < Re(s) <1
satisfies Re(s) = 1/2. Therefore,

Z@ p) < Yy 1/(lyl +1)%
p=1/2+iy

For each real number t, let N (t, X) be the number of zeros p = 1/2 + iy of L(s, x), counted with
multiplicity, such that |t — y| < 1. From equation (3.5.5) and Proposition 2.5 of [MMS88], we have

N(t, x) < x(1)[K : Qlog M(L/K) + x(1)[K : Q] log([t| +2).
Therefore,

x/ R los(ln] +2)
Zp: ) < 122 W \+1 < 12x(1)[K-@]1gM(L/K)7% (ol + 12

< 22 (1)[K : Q]log M(L/K).

Using the above bounds with (7.1), we obtain the desired estimate for ©,(z) = > -, Ay (n)p(n).
; ([l
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Lemma 7.2. Let D be any subset of G that is stable under conjugation Then
D] 12 1/2
<|D E

where the sum is over the non-trivial irreducible characters x of G.

Proof. We have O;,(z) — \G; O1(z) = X 0cp(Osc(z) — :Gi@l(aﬁ)), where the sum is over the con-
jugacy classes C of G. Using the triangle inequality and the Cauchy-Schwartz inequality, we find

that |O5, (x) — \G; ©1(z)| is less than or equal to

Clg 1/2 1 C]| 1/2
C;D\em 1@ < (Zw\) @m)@ﬁc( — GO )"
Since } cp |C| = |D|, it suffices to prove that

_l%q
(7.2) Os( Oy (
2 > feqlse@ - fgrenta)] = |G|Z‘
where the first sum is over the conjugacy classes C' of G' and the second sum is over the non-trivial
irreducible characters of G.
For C and x as above, let x(C) be the common value of x(g) with ¢ € C. We have j¢c =

% >-, X(C) - x, so by linearity Os., () = % PN X(C) O (x). Therefore,
C| _ N~ A 2
21l o5~ et - \cr a1 2 X000

\G;Zm D X(OWX(C)O(2)Oy ()

x7#1x'#1
Since ) %x(C’)X’(C) = ﬁ >_gec X(9)X'(g) is equal to 1 if x = X’ and 0 otherwise, we have
1 _ %y
—— 1O ac O (
> 7O -~ g @) = 161 - Z Ox |G\>§1‘
This proves (7.2). O

Lemma 7.3. Let C be any subset of G stable under conjugation. Then

O o
O, (z) = IG: x/o F(t)dt + of(|0|1/2[K : Q)z1/? log M(L/K)).
Proof. The lemma is trivial if C' = (), so assume that C' # ). By Lemma 7.2 and Lemma 7.1, we have

Osclw) = }g;gl( )| < e <‘G,Z(X(l)[K1@}$1/210gM(L/K))2>1/2

</ [C]V2[K - QJz"?1og M(L/K) - (|C1;|ZX¢1X(1)2)1/2.

Since ), x(1)* = |G|, we have

1]
G
The lemma follows by using Lemma 7.1 with x = 1 to estimate ©;(x). O
18

05, (z) = 2101 () + of(|0\1/2[K . Q=2 log M(L/K)).



There is a constant ¢ > 0, depending only on f, such that f(¢t) = 0 for all ¢ > c. In particular, we
have f(N(p)™/x) = 0if N(p)™ > cx. Let S(z) be the sum in the statement of Theorem 2.2. One
can readily check that

0 < Osc(x) - S(z) < (Felew, LK) = me(er, I/ K) -log(ex) - ma | (1)

By Lemma 2.7, we have S(z) = O, (z) + O;([K : Qlz'/?log M(L/K)). Theorem 2.2 now follows
directly from Lemma 7.3.

REFERENCES

[CDO08] Alina Carmen Cojocaru and Chantal David, Frobenius fields for elliptic curves, Amer. J. Math. 130 (2008), no. 6,
1535-1560. MR2464027 (2009k:11092) 11.2, 1.3
[CEMO05] Alina Carmen Cojocaru, Etienne Fouvry, and M. Ram Murty, The square sieve and the Lang-Trotter conjecture,
Canad. ]. Math. 57 (2005), no. 6, 1155-1177. MR2178556 (2006e:11074) 11.3
[E1k91] Noam D. Elkies, Distribution of supersingular primes, Astérisque 198-200 (1991), 127-132 (1992). Journées
Arithmétiques, 1989 (Luminy, 1989). MR1144318 (93b:11070) 11.3
[IK04] Henryk Iwaniec and Emmanuel Kowalski, Analytic number theory, American Mathematical Society Collo-
quium Publications, vol. 53, American Mathematical Society, Providence, RI, 2004. MR2061214 (2005h:11005)
17,7
[LO77] ]J. C. Lagarias and A. M. Odlyzko, Effective versions of the Chebotarev density theorem, Algebraic number
fields: L-functions and Galois properties (Proc. Sympos., Univ. Durham, Durham, 1975), 1977, pp. 409-464.
MR0447191 (56 #5506) 17
[LT76] Serge Lang and Hale Trotter, Frobenius distributions in GLa-extensions, Lecture Notes in Mathematics, Vol. 504,
Springer-Verlag, Berlin, 1976. Distribution of Frobenius automorphisms in G L»-extensions of the rational
numbers. MR0568299 (58 #27900) 11.1, 1.4
[Mar77] J. Martinet, Character theory and Artin L-functions, Algebraic number fields: L-functions and Galois properties
(Proc. Sympos., Univ. Durham, Durham, 1975), 1977, pp. 1-87. MR0447187 (56 #5502) 17
[MMS88] M. Ram Murty, V. Kumar Murty, and N. Saradha, Modular forms and the Chebotarev density theorem, Amer. J.
Math. 110 (1988), no. 2, 253-281. MR935007 (89d:11036) 11.3,1.4,2.1,4, 7
[Mur97] V. Kumar Murty, Modular forms and the Chebotarev density theorem. 1I, Analytic number theory (Kyoto, 1996),
1997, pp. 287-308. MR1694997 (2000g:11094) 11.3, 2.1
[RT13] Jeremy Rouse and Jesse Thorner, The explicit Sato-Tate conjecture and densities pertaining to Lehmer-type ques-
tions, arXiv:1305.5283 [math.NT] (2013). 11.3
[Ser72] Jean-Pierre Serre, Propriétés galoisiennes des points d’ordre fini des courbes elliptiques, Invent. Math. 15 (1972),
no. 4, 259-331. MR0387283 (52 #8126) 13.1
, Linear representations of finite groups, Springer-Verlag, New York, 1977. Translated from the second
French edition by Leonard L. Scott, Graduate Texts in Mathematics, Vol. 42. MR0450380 (56 #8675) 12.3
, Quelques applications du théoreme de densité de Chebotarev, Inst. Hautes Etudes Sci. Publ. Math. 54
(1981), 323-401. MR644559 (83k:12011) 11.3,2.3, 4, 5
[Wan90] Da Qing Wan, On the Lang-Trotter conjecture, J. Number Theory 35 (1990), no. 3, 247-268. MR1062334
(91£:11079) 11.3

[Ser77]

[Ser81]

DEPARTMENT OF MATHEMATICS, CORNELL UNIVERSITY, ITHACA, NY 14853, USA
E-mail address: zywina@math.cornell.edu
URL: http://www.math.cornell.edu/ zywina

19



	1. Introduction
	1.1. The Lang-Trotter conjectures
	1.2. Upper bounds
	1.3. Some earlier results
	1.4. Overview
	Notation
	Acknowledgements

	2. Chebotarev bounds
	2.1. Chebotarev density theorem
	2.2. Smoothed Chebotarev
	2.3. Functorial properties

	3. Galois representations
	3.1. Elliptic curves
	3.2. Some class field theory
	3.3. Mixed representations

	4. Proof of Theorem 1.2
	5. Proof of Theorem 1.3
	5.1. Conditional bounds
	5.2. Unconditional bounds

	6. Proof of Corollary 1.4
	7. Proof of Theorem 2.2
	References

