INVERSE GALOIS PROBLEM FOR SMALL SIMPLE GROUPS
DAVID ZYWINA

ABSTRACT. In this short note, we list all simple groups with cardinality at most a hundred
million that are not known to occur as the Galois group of an extension of Q.

Recall that the Inverse Galois Problem (IGP) asks whether every finite group G occurs as
the Galois group of some Galois extension of Q. We will focus on the fundamental case
where G is simple.

Let G be a non-abelian simple group with cardinality at most 10® (note that the IGP is
known for abelian groups).

The following is a list of possibilities for those G of the form PSLy(F,):

o PSLy(F,) where 2 < p < 577 is a prime [Zyw12] (earlier results of Shih and Malle
cover the cases p ¢ {311,479})
e PSLy(F,2) where p is a prime such 2 < p < 23 [Shi04, DV00]
o PSL3(IFys) [Mat87]
L PSLQ(F33)7 PSLQ(]F34), PSL2<F35)
e PSLy(Fss)
o PSLy(Frs)
Those groups for which the inverse Galois problem is known, we have given a reference.
Those groups without a reference, and in blue, have not been realized as a Galois extension
of Q (at least as far as the author is aware').

Disclaimer: 1 have only given the most convenient reference, and have not tried to find
the first occurrence in the literature or assign credit. The goal of this note is not to sum-
marize what has been done, but to determine which small cases of the IGP still remain open.

We now list those G that are not of the form PSLy(FF,). For a statement of the classification
of finite simple groups, see [CCNT85].

o 2y [Ser08, §4.4] e Suzuki group 2B, (8)

o PSLy(F3) [Rei99] o PSU,(F,)

e PSU3(FF3) [Rei99] e Mathieu group M [MM99, II §9]
e Mathieu group M;; [MM99, IT §9] e PSU;(F5)

o Ag [Ser08, §4.4] e Janko group J; [MM99, IT §9]

e PSL3(F,) (cf. §1 below) o 2y [Ser08, §4.4]

IAny additional information would be greatly appreciated.
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e Mathieu group Moy [MM99, 11 §9]
e Janko group Jo [MM99, IT §9]

e PSp,(F,) [Shi03]

e Sps(F2) [Rei99]

o Ay [Ser08, §4.4]

e PSU4(F3) [Shi03]

o Gy(F3) [MMO99, 11 §8.1]

e PSp,(F5) [Rei99)]

L] PSUg(]Fg)

Mathieu group Mg

PSU;(Fy) [Shi03]

PSLy(Fy)

Tits group 2Fy(2)" [Shi03]

;1 [Ser08, §4.4]

Suzuki group ?Bs(32)

PSLs(Fy) [Shi03]

Higman—Sims group HS [MM99, 11 §9]
Janko group J3 [MM99, II §9]
PSU3(F11) [Mal90]

Finally, we summarize the open cases. The following is the list of simple groups G with
cardinality at most 10® for which it is currently unknown if there is a Galois extension of Q
with Galois group G. (For each group, we also give its cardinality.)

o PSLy(Fy:), 9328 e PSU;(Fs), 5515776

o 2B,(8), 29120 o PSL,(F3), 7174332

e PSU;(F,), 62400 o Mg, 10200960

e PSU3(Fs5), 126000 o PSL;(Fs), 16482816
o PSL,(Fa1), 265680 o PSL,(F:), 20176632
e PSLy(Fs3), 976500 o 2B,(32), 32537600

e PSLs(F;), 1876896 e PSU3(Fy), 42573600

1. REALIZATION OF PSL;3(F,) AS A GALOIS GROUP

In this section, using the work of G. Malle, we give a polynomial in Q[z] whose splitting
field over Q has Galois group PSL3(F,). The group PSL;3(Fy4) is simple with cardinality
20160.

Define the polynomials ¢(x) := 11(392%+280x" +4092x5 — 413625 + 1105942* — 14616823 +
9849402 — 7347122+ 2668655) and p(x) := 2927 —1652% — 53925 + 363z —127052° 4399322 —
35937x — 49247 in Q[z], and the polynomial

W, 1) = (p(e)q(@) (2 + 1) - p(0)*q(0)(@® +11)") /(@ — t) € Q(1)[2].

Malle proved that the Galois group of h(z,t) over Q(t) is isomorphic to H := PSL3(F,) - 25
[Mal88, Theorem 3] (the notation for H is described in [CCNT85]). The group H has
PSL3(FF,) as a normal subgroup of index 2.

In the splitting field of h(x,t) over Q(t), the degree 2 extension of Q(¢) corresponding to
the subgroup PSL3(F4) equals Q(¢, 7)) where T satisfies T2 = ¢(t), cf. [Mal88, Prop. 2]. The
(projective) curve defined by T? = ¢(t) has genus 3 and hence has only a finite number of
rational points. We found the rational points (¢,7) = (1, 4+5632) for the equation T2 = ¢(t)
which were overlooked in [Mal88]. Thus the Galois group G of the (separable) polynomial
f(z) ;== h(z,1) € Q[x] can be identified with a subgroup of PSL3(Fy).

The polynomial f(x) has degree 21 and its leading coefficient is divisible only by the
primes 2, 11, 6011 and 48481. The discriminant of f(z) equals 21700 . 3290. 11230. 2312 6728,

One can check that f(z) mod 5 factors into four irreducible polynomials of degree 5 and
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one linear term, and that f(z) mod 31 factors into three irreducible polynomials of degree
7. Therefore, GG contains elements of order 5 and of order 7. However, no maximal subgroup
of PSL3(F,) has cardinality divisible by 5 -7 = 35. Therefore, G = PSL3(FFy).

Acknowledgments. Thanks to Joachim Konig for informing me about his paper [Kénl13].
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