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Abstract

Some results on representations of parabolic groups. This is only a
reference file.

1 Irreducible representations of Parabolic Groups

Theorem 1 Let P be a parabolic subgroup, and let P = M N be its Langlands
decomposition. If (w, H) is an irreducible unitary representation of P, then

HglndﬂxNTX withTEMX,xeﬁ.

Proof. As an N-module, we have that
m= [ B
N

where B, 2 L, @ V,, V, € ]\7, and L, is a multiplicity space. This means that
there exists a vector bundle

E
+
N
and a measure v on N , such that
H = (N, E) = {55 8 = E|s(x) € By, [ 00 dy(x) < o0)
N

under the action
(r(n) - 5)(x) = x(n)s(x)-
Under this isomorphism we can extend this action of N on L? (]\7 ,E,v) to an

action of P on the same space.
Let m € M, and define
E'fﬂ

1

N

to be the vector bundle such that E;(” = Fp,.y. Define a measure v, on N by

U (X) =v(m- X) for X ¢ N a measurable set



and define
7(m) : L*(N,E,v) — L*(N,E™, v,
by
(T(m)s)(x) = (p(m)s)(m - x).

We claim that 7(m) is an isometry. Effectively
Irmyst = [ 1rm)s) C0IR dom ()
J et m 1P dutom )

- /n I du()
m(m ))HQ—II .

where the last equality comes from the fact that the action of P is unitary. Now
if we define an action of N on L?(N, E™, v,,) by

(Tm - 8)(X) = x(n)s(x),

then 7(m) becomes an N-intertwiner. Effectively,

T(m)(m(n)s)(x) = m(m)m(n)s(m-x)
= w(mam™")(7(m)s)(m - x)
= (m-x)(mnm=")(x(m)s)(m - x)
= x(m™'mnm™ m)(7(m)s)(m - x)

But now since N is a CCR group the N-interwiner
7(m) : L*(N, E,v) — L*(N,E™, vy,)
should come from a morphism of vector bundles

7(m): E— E™,

\h

that is, (7(m)s)(x) = 7(m)s(x), and hence

(r(m)s)(x) = 7(m)s(x)
(m(m)s)(m-x) = 7(m)s(x)

which says that
(m(m)s)(x) = 7(m)s(m™* - x).
Now since L? (N , E,v) is irreducible as a representation of P, the support of v
should be contained in a unique M-orbit on N, and hence
Y ~ ~ P
L*(N,E,v) = L*(M/M,, E) = Indy; y Ey.

~

Using again that L2(N ,E,v) is irreducible we conclude that E, = 7y with
TE MX, X € N. Putting all of this together we get that

H= IndﬂXN TX

as we wanted to show. m



2 Decomposition of L?(P,d.p) under the action
of P x P

We will now decompose L?(P,d,p) under the action of P x P given by

(p1,p2) - f = 5(p1)_1Lp1Rp2f'

As a left N-module

1%

L*(P) Indly Ind¥ 1 2 Ind % (L2(V))

Indk( /N HS(Vy) dp(x)

1%

> [ md§ HS() du() = L2(F. B, )

N

with E, = HS(V,). The isomorphism is given in the following way: Given
[ € L?(P), define sy € L*(N, E,v) by

5100(p) = /N ()~ F(np) dn.

Then
sn, 1 00() = /N x(n) 'Ry, f(np) dn = /N x(n) " f(nppr) dn
= sr(x)(pp1) = (Rp,s7(x))(p),
and
sz, 1 (00®) = / X(n)~16(p1) " Ly, f(np) dn
N
- / x(n)8(p1) ™ f (o7 trppy ) dn
N
= /x(pmpfl)’lf(npflp)dﬂ
N
- / (0 ()~ f (npy 'p) dn
N
= sp(p " X)(p1'p) = [Lp,sp(py X)) (p)-
Therefore
L*(N,B,p) = L*N/M,E,ji)
= [l d HS(V) daty
N/M

IR

/ mdf, / oy @ Indl ) du(r) di(x)
N/M M
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/1\7/M /M IndﬁXN Y ® Indf/[XN Tx dv(T) di(x).



3 Decomposition of L*(G) under the action of
Pxd

We will now consider L?(G) as a P x G module. Reasoning as in the L?(P)
case we have an isomorphism

L*(G) = L*(N,E, p)
with £, = Indy HS(V,) given in the follwing way: given f € L?*(G), define
sy € L>(N, E, u) by

5£(0(9) = / ()" f(ng) dn.

”
Then
1,5006) = [ X0 Ry fng)dn = [ x(0)" ngar)dn
= sr(0)(991) = (Rg,5¢(x))(9)
and
0@ = [ x0T L fg)dn = [ x50 v g) dn
= [ Xom™) 5w g)dn
= [ @050 )
= S(p)ss(p~X) (0 g) = [6(p) Lpsr (P )] (9)-
Therefore
L*(N,E,n) = L*N/M,E,j)
= [ g ok HS(R) dAGY)

1
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/ / Indh, N 7°x* ® L*(M,N\G;7x) dv(7) dfi(x).
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On the other hand
L*(G) = / ™| p @ wdn(m).
G

Hence 7 is in the measure class of the Plancherel measure, and

= / / Indfy 7 ® Wi (1) di(r) dfi(x).
N/M J M,



