Math 2940: Determinants and row operations

Theorem 3 in Section 3.2 describes how the determinant of a matrix changes when row
operations are performed. The proof given in the textbook is somewhat obscure, so this
handout provides an alternative proof.

Theorem. Let A be a square matrix.

a. If a multiple of one row of A is added to another row to produce a matrix B, then
det B = det A.

b. If two rows of A are interchanged to produce B, then det B = — det A.
c. If one row of A is multiplied by k to produce B, then det B = k - det A.

In order to prove the theorem, it is convenient to define the cofactors of a matrix. If the
n X n matrix A has entries a;;, that is,

a1; a2 -+ Aip

Q21 Qg2 -+ A2y
A= | . ,

anp1 Gp2 - App

then the (7, j) cofactor Cj; is equal to the determinant of the (n — 1) x (n — 1) submatrix of
A with row 7 and column j removed, multiplied by the sign (—1)""/. As an example, if

-1 3 -2 0
4 -2 0 3
A=129 9 1 4|
-1 —4 0 1
then the (2,3) cofactor of A is
-1 3 0
Cos— — |—2 —2 4|,
-1 —4 1

Suppose we choose to compute the determinant of A by expanding along the ith row
[ail Qi - am}. Then

det A = aﬁCﬂ + CLZ'QCiQ + -+ CLmCm

Proof of part c. Suppose




The cofactors in the ith row are the same for both matrices, so
det A = aﬂC'ﬂ —+ e+ amC'm, det B = k’ . aﬂC’ﬂ —+ e+ ]{7 . CLinCm.
This shows that det B = k - det A. O

Proof of part b. First suppose that the two interchanged rows are consecutive:

ERE s T ok e %]
A: V1 V9 Un ’ B wp Wo -+ Wy
wl w2 e wn Ul U2 DY Un
[ x ox k] [ * % o k]
If both det A and det B are computed by expanding along the [wl e wn} row, then all

the cofactors are the same except that the signs are flipped. Therefore, det B = — det A.

Now suppose that the two interchanged rows i < i’ are not consecutive.

v Uy e U, Wy Wy -+ Wy
A= | , B =

wy W -+ Wy vy Uy - Un,

* % ES * * o e *

We can transform A into B by performing an odd number of consecutive row interchanges,
each of which multiplies the determinant by —1. Therefore,

det B = (—1)©4#) det A = — det A.

First we move [Ul Un} down from row i to row i’ one step at a time. This takes
7" — i interchanges of consecutive rows. Afterwards, [vl e vn] is in the right place, while
[wl wn} is in row 7' — 1. Therefore we must move [wl wn} up from row ¢/ — 1

to row 4, which takes i — i — 1 interchanges of consecutive rows. The total number of
interchanges is
(@ —0)+ @ —i—1)=201—1) -1,

which is an odd number. O

Suppose that A contains two copies of the same row, that is, ['01 e vn] = [wl e wn}
in the matrices above. Then the matrix B, in which the rows have been interchanged, is the
same as A. The argument given above shows that det A = — det A, meaning that det A = 0.
Therefore any matrix that contains two copies of the same row must have determinant zero.



Proof of part a. Let

U1 Vg - Up, 1 Vg Up,
A= ; B = : : :
wy wg - Wy wi+k-vy wet+k-vy - w,+k-v,
Suppose that [wl wn] (in A) and [wl +k-vy o0 w,+k- vn] (in B) are in row i.
Then
det A =w1Ciy + -+ w,Ciy
and

det B= (wy +Fk-v1)Cip + -+ (wy, + k- v,)Cy,
= (i1Cqy + -+ + wpCip) + k- (1100 + -+ + 0, ).

This means that

* * *

V1 Vg - Un,
det B=det A+ k- det

Ul /Ij2 .« o . Un

The last matrix has two copies of the same row, so its determinant is zero by the remark at
the bottom of the previous page. We conclude that det B =det A+ k - 0 = det A. O



