Math 2940: Final Exam Practice Solutions

1. (a) Write in parametric vector form the solutions to the equation

12 -1 1] [n 6
1 2 5 —1| |z |0
2 4 1 1| |zs| |0
48 -1 2| |z 21

Solution: Row-reduce the augmented matrix:

1 2 -1 116 1 2 -1 116

1 2 5 =110] |00 6 -2|-6

2 4 1 119 0 0 —-11]-3

4 8 -1 2 |21 00 3 —2|-3

1 2 -1 1] 6 1 2 -1 1] 6
_>003—1—3_>003—1—3

00 3 —-1|-3 00 0 010

00 3 -2|-3 00 0 —-1]0

[1 2 -1 0o 6 1 2 -1 0] 6 1 2 0 0] 5
_>0030—3_>0010—1_>0010—1

00 0 1|0 00 0 1|0 000 1|0

00 0 00 00 0 O0]O 000 O0|O

The equations are:

so the solutions have the form

(b) Let A be the 4 x 4 matrix from part (a). Find bases for Nul(A) and Col(A).

Solution: From part (a) we have

rref(A) =

OO O
O O O N
oo = O
O = O O



-2 1 -1 1
. . 1 . . 1 5 -1
A Dasis for Nul(A) is 0 . A basis for Col(A) is ol 111
0 4 -1 2
2. Let
3 -1 =2
A=12 4 -4
0 1 3
A student has computed that
4 8 -1
At=-1 -2 3
-10 -20 7

Without actually computing A~! yourself, explain why the student is wrong.

Solution: We multiply A by the purported matrix A~! and see whether we get
the identity matrix. Just looking at the top left entry,

3 -1 =2 4 8§ -1 33 x
2 4 -4 -1 =2 3| ==
0 1 3 -10 —-20 7 *

so the product cannot be the identity matrix.

3. For each of the following properties, determine whether an n x n matrix
A satisfying the property is always invertible, sometimes invertible, or never
invertible. Briefly explain your reasoning.

(a) There is at least one solution to Ax = 0.

Answer: Sometimes invertible. It’s always true that there is at least one solution
to Ax = 0, namely x = 0, so all n x n matrices A satisfy this property.

(b) For every b in R™, there is at least one solution to Ax = b.

Answer: Always invertible. The property says that Col(4) = R", so A has rank
n and is therefore invertible.

(c) There is at most one solution to Ax = 0.

Answer: Always invertible. The property says that Nul(A) = {0}, which also
implies that A has rank n.

(d) There is a vector b in R™ such that the equation Ax = b has exactly one
solution.



Answer: Always invertible. Given that there is at least one vector x( such that
Axg = b, for any y € Nul(A) we also have A(xg +y) = b. The property that
there is only one solution to Ax = b means that Nul(A) contains no nonzero
vectors, so we are in the situation of part (c).

4. Let A be an n x n matrix. Find a formula for det(—A) in terms of det(A).
Solution: We can get from A to —A by multiplying each row by —1. Every
time we do this, the determinant gets multiplied by —1. Therefore, det(—A) =
(=1)™ det(A).

5. Let A be a 5 x 3 matrix. Suppose that

1

3 -2 0
All|=A2]|=|-2
-1 0 0

(a) What are the possible values of dim Nul(A4) and dim Col(A)?

Solution: The null space is a subspace of R?, so the initial possibilities for its
dimension are 0,1, 2,3. We know that

0
3 -2 0
All1|=|2]]=]lo],

-1 0 0

0
5

so |—1| € Nul(A). This rules out dimension 0. Dimension 3 is also impossible

-1

because that would mean that Nul(A) = R3, which is only possible when A is
the zero matrix. Both dimensions 1 and 2 are possible.

Since dim Col(A) = 3 — dim Nul(A), it could be 2 or 1.

|
I\

(b) If the first column of A is , show that

¢ Col(A).

SO =W
o= O oo



1 -2

0 3
Solution: The column space includes the vectors vi = |—2| and vo = | 1
0 0
4 0
From part (a) it has dimension at most 2, so the dimension equals 2 and
0
0
Col(A) = Span(vy, ve). The vector [0 cannot be expressed as a linear combi-
1
0

nation of vy and vy since its fourth coordinate is nonzero, so it isn’t in Col(A4).

6. Let Mayyo be the space of 2 x 2 matrices. It is true (you do not have to
prove) that Maxo is a vector space: we know how to add 2 x 2 matrices to each

other and multiply by scalars, and there is a zero matrix. Define a function
S i Mayo — Maoyo by S(A) =A+ AT,

(a) Verify that the four matrices

10 0 1 0 0 00
B O e (N R

are a basis for Moys.

Solution: We check that these matrices are linearly independent and that they
span Moyo. Linear independence: If

0 0
c1By + ol +c3b3 4+ caBy = {0 0] ;

C1 C2 o O 0 _ _ _ —
then [03 C4:|_|:0 0},5001—02—03—04—0.

. . b . . o
Spanning: Any matrix [(Cl } € Mo can be written as the linear combination

d

|:CCL Z:| = ClEl + bE2 + CE3 + dE4

(b) Show that S is a linear transformation.

Solution: We must check that S(A + B) = S(A4) + S(B) and S(cA) = c¢S(A).
For the first property,

S(A+B)=(A+B)+(A+ BT =(A+A")+ (B + B") = S(A) + S(B).



For the second property,

S(cA) = cA = (cA)T = c(A+ AT) = cS(A).

(c) Find a basis for the kernel of S.

Solution: The kernel of S is the set of matrices A such that A + AT is the zero
b

matrix. If A = {(Cl d} , that means

ab+a072a b+ecl 10 0O

c d b d|  |[b+c 2d| |0 O
so the requirements are that a = 0, b+ ¢ =0, and d = 0. We can view ¢ as a
free variable, and then

a=0
b= —c

C =

. - . -1
which means that every matrix in the kernel of S can be written as ¢ [(1) 0 ] .

Hence { [(1) _01] } is a basis for the kernel of S.

(d) Find a basis for the range of S.

2a b+c
b+c 2d
this is simply the space of all symmetric 2 x 2 matrices: clearly any matrix in
the range of S must be symmetric, and any symmetric matrix can be written
in this form by letting a be one-half the top left entry, d be one-half the bottom
right entry, and b, ¢ be any numbers that add up to the off-diagonal entry. A
basis is { B 8} , {(1) é} , [8 ﬂ } Clearly these matrices are contained in the
range of S. They are linearly independent by the same type of reasoning used
to prove linear independence in (a), and they span the range of S because of
the decomposition

2a b4e 10 0 1 00
L+c M}_Mk J+®+@& J+Mh J'

Solution: The range of S is all the matrices of the form ] . In fact

7. Prove that the determinant of an n x n matrix A is the product of the
eigenvalues (counted according to their algebraic multiplicities). Hint: Write



the characteristic polynomial as

PA) =M = AN)A2=A) - (An = A).

Solution: If the eigenvalues of A are A1,...,\, (counted with algebraic multi-
plicity), then as the hint says, the characteristic polynomial of A is

det(A—=X) =AM = A2 = A) - (A = A).
Plugging in A = 0 yields det A = A A -+ Ay

8. Consider the Markov transition matrix

0.6 0.2
A= {0.4 0.8] '

(a) Because A is a Markov transition matrix, it has a steady-state vector. This
immediately implies that A has a certain eigenvalue. What is that eigenvalue?

Solution: The steady-state vector v satisfies Av = v, thus it is an eigenvector
with eigenvalue 1.

(b) Use part (a) along with Problem 7 to find the other eigenvalue of A. Then
find a diagonalization A = PDP~!.

Solution: The product of the eigenvalues is det A = 0.48 — 0.08 = 0.4. Since one
of the eigenvalues is 1, the other must be 0.4.

The A = 1 eigenspace is Nul(A — I):
—-04 0.2 N 2 -1
04 —02 0 0

. . 1
so the eigenspace is spanned by [

2] . Incidentally, this means that the steady-

173
state vector is {2/3} .

The A = 0.4 eigenspace is Nul(A — 0.41):
0.2 0.2 . 1 1
0.4 0.4 0 0
. . 1
so the eigenspace is spanned by [1]

A diagonalization for A is A = PDP~! where

11 10
P_[Q 1}’ D‘{o 0.4]'



1

0}, find a

(c) Consider the discrete dynamical system xj1; = Axg. If x9 = [

formula for xj,.

Solution: The general formula is x; = ¢;1" ;] +c2(0.4)F {_11] . When x¢ = B] ,

e[ =l = B A1)
=5l YL -BR)
This means x; = % H + 2(0.4)’€ {_11}

Il
L—
O =
—_
\

SO

rovide an interpretation of your answer to part (c) in terms of probabilities
d) P id. int tati f t t in t f babiliti
of the Markov chain.

Solution: The initial vector xg = means that at time 0, the Markov chain

|
0
is in state 1 with probability 1 and state 2 with probability 0. The vector
x;, = A¥x( provides the probabilities of being in states 1 and 2 at time k. The

formula from part (c)

o {(1/3)+(2/3)(o.4)k}
= 2/3) - (2/3)(0.4)"
2

1
means that at time k, the probability of being in state 1 is 3 + 3 0.4)%, while

2 2
the probability of being in state 2 is 3~ §(0‘4)k. Note that at time k = 0 the

probabilities are 1 and 0 respectively, as they should be. For all positive values
of k, the probabilities are positive numbers that sum to 1. In the long run as
k — oo, the probabilities tend to the steady-state probabilities 1/3 and 2/3.

9. Construct three vectors a, b, ¢ in R? such that the dot products a- b, a - c,
b - ¢ are all negative.

Solution: The idea here is to find three vectors such that the angle between each
pair is greater than 90 degrees. For example, we could let

S ESE e

Graphing a, b, ¢ verifies that the angles are all greater than 90 degrees, and
indeed the dot products are all negative. Note: it would not be possible to do
this with 4 or more vectors in R?!



10. Let A be an m x n matrix whose columns are orthonormal vectors. Prove
that || Ax|| = ||x]|| for all x in R™.

Solution: It is easier (and equivalent) to show that ||Ax||? = ||x||*. The assump-

tion that A has orthonormal columns is equivalent to saying that ATA = I.
With this in mind,

|Ax||? = (Ax) - (Ax) = (Ax)T (Ax) = xTATAx = xTx = x - x = ||x||%.

11. Find the QR factorization of

A:

OO ==
O = O =
0 O =

Solution: Let aj,as,as be the columns of A in order. Run Gram-Schmidt to
get an orthogonal basis {v1,ve,vs} for Col(A4). First, vi = a;. Second,

1 1 1/2
a a - Vv vi— 0 71 1) —1/2
2o \viovy ) 1] 2o T |1
0 0
1
-1 1 1 .
so we can let vo = L For future reference, as — §V1 = in. Third,
0
1 1 1 1/3
ae_ (B ViY, _ (as-va)_ _ [0 Ly L1 -1/3
3 vy -V ! Vo - Vo 27 0o 210 6|12 [-1/3
1 0 0 1
1
let ~1| and note that 1 L
= nd n — —V] — =V = —V3.
so we let v3 | @ ote that ag 2v1 6V2 3V3
3

The lengths of the v; are ||vy| = V2, lva] = V6, lvs]| = V12. Let u; =
v;i/||vi|| be the normalized vectors, so that {uy, ug, us} is an orthonormal basis
for Col(A). Meanwhile, since v; = ||v;|lu;, we have

a; = V2uy,
V2 V6

mE MR

VI V6 V2
A T R



Hence the QR factorization is

11 1 1/vV2 1/V/6  1/V/12 V3 V32 Vi
1 00 1/vV2 —1/v/6 —1/V/12
0 Vv6/2 6/6
010 0 2/V/6  —1/V12 0 0 Viz/3
00 1 0 0 3/V12
0 2 -1
12. Let A = [1 1 9l (Note that the rows of A are orthogonal.) If x =

—6
2 |, find u in Row(A) and v in Nul(A) such that x = u+ v.
-1

Solution: Let a;,as be the rows of A. The orthogonal projection of x onto
Row(A) is

x-a X-a 510 6! -1
u:( 1)a1—|—( 2)32: 21 +— 1] =11
a;-a as - ag 5 1 6 9 _3
—6 -1 -5
The differencev=x—-u= |2 | — | 1 | = | 1 | is in Nul(A4), since Nul(A)
-1 -3 2

is the orthogonal complement of Row(A).

13. Donald and Hillary are arguing about planes through the origin in R3.
Donald claims that a plane through the origin is the span of two linearly inde-
pendent vectors vy and vy. Hillary claims that a plane through the origin is the
set of all points
T
X = | X2
zs3

that satisfy an equation ax; + brs + cxs = 0, where the coefficients a, b, ¢ are
not all zero. Of course both of them are correct.

(a) Explain why Hillary’s definition describes the subspace of R? that is orthog-
a

onal to Span b| |. Inthecase a =1, b= —3, ¢ = 2, find vectors vy, vy that
c

satisfy Donald’s definition.

a Iy
Solution: The equation axy + bxy + cxs = 0 is equivalent to |b| - |z2| = 0.
C I3

Thus the equation is satisfied for vectors x that are orthogonal to the span of



a
b|.
c

It’s also true that the space of solutions to axy +bxs+cxs = 0 is the null space of
the matrix [a b c}. For the given values of a, b, ¢, we have [1 3 —2], which
is already in reduced row echelon form and gives the equation ;1 —3z2+2x3 = 0.
It may seem like this is going in circles, but now we can use the established
procedure to find a basis of the null space:

Tr1 = 31’2 - 2CE3

ro = T2
Tr3 = T3
3 -2 3 -2
sox=ux9 |1| +x3 | 0 |. Therefore we can take vi = [1| and vo = | 0
0 1 0 1
(b) Now suppose that
1 -3
V] = —4 s Vo = 1
2 5
Find coefficients a, b, ¢ that satisfy Hillary’s definition.
a
Solution 1: The vector [b | should be orthogonal to v and va, by the discussion
c

in part (a). That means it lies in the null space of the matrix whose rows are

v and vI. We compute:

1—42_}1—42_)1—42_)10—2
-3 1 5 0 —-11 11 0o 1 -1 0 1 —-1|°

T1
Therefore a vector |xo| in the null space satisfies
T3
xr1 = 21‘3
X9 = I3
Ir3 = X3
a 2
so we can choose for example |b| = |1].

c 1



T
Solution 2: We want to know when the vector |xo| is in Span(vy,vs). Row-

T3
reduce the augmented matrix
1 -3 X 1 -3 X1 1 -3 T
—4 1 To| — [0 =11 | 2o +421| — |0 —11 To + 4x1
2 5 | x3 0 11 | 3 — 221 0 0 T3 — 2T + X2 + 41

There will be a solution to the system (which means x € Span(vy,vs)) exactly
when the bottom right entry 227 + x4 + 3 is equal to 0. Therefore the equation
2x1 + w3 + 3 = 0 describes the plane spanned by v; and vs.

2 1 3
14. Let A=|—-1 2| andb= |6].
1 -1 4

(a) Find a least-squares solution X to the equation Ax = b. Compute b = Ax.

Solution: Solve AT Ax = ATb. We compute

ATA:[2 1 1} 31 ; :[6 1]

T e
3

o2 -1 1 _[4

Ab_[1 2 1}2_[11]

Therefore the solution is
&_6—1*14_i614_i35_1
-1 6 11) 35 |1 6] [11] 35 |70] [2]|°
R 2 1 1 4
Finally, b= Ax= |-1 2 [ } =13
1 -1
(b) Construct an orthogonal basis of Col(A).

Solution: Let aj,as be the columns of A. To run Gram-Schmidt, we compute

. 17, [2 8/6
ag—(2 1>a1: 2| = |1 = |1/6
ar-a —1 1 ~5/6
2 8
Therefore an orthogonal basis of Col(4) is ¢ [—1]|, [ 11

1 -5



(¢) Use your answer from part (b) to find the orthogonal projection of b onto
Col(A). Check that your answer is the same as the vector b you computed in

(a).

Solution: Let {v1,va} be the orthogonal basis from part (b). The orthogonal
projection is

2 8 4

ViV V2 V2

which matches the answer from (a).

15. Construct an m x n matrix A and a vector b in R™ such that there is more
than one least-squares solution X to the equation Ax = b. You do not need to
compute the least-squares solutions, only explain why more than one solution
exists.

Solution: If b is the orthogonal projection of b onto Col(A), any % that satisfies
Ax = b is a least-squares solution to Ax = b. There will be infinitely many
such solutions as long as Nul(A) is nontrivial (i.e. has dimension at least 1).
So, any m x n matrix A with nontrivial null space and any b € R™ will satisfy
the required property. We could take for example

11 0
Sl T ]
16. (a) Find the matrix of the quadratic form Q(x1,z2) = 32% — 4x179 + 623.

Solution: The matrix is A = [32 —62] .

(b) Find an orthogonal matrix P such that if [il] =P Bl] is a change of
2 2

variables, then the new quadratic form (in the variables y1,y2) has no cross-
term. Write the new quadratic form.

Solution: First find an orthogonal diagonalization of A. To find the eigenvalues,
the characteristic polynomial is

det(A—\I) =

33—\ =2
-2 6—-A

‘ =(B-N)(6-XN)—4=2-9+14=\-T)(A-2).

The A\ = 7 eigenspace is Nul(A — 71):

2 Db o



. . 1
So an eigenvector 18 {_2} .

The A = 2 eigenspace is orthogonal to the other eigenspace since A is symmetric,

S0 an eigenvector is . Normalizing the eigenvectors to be unit vectors, we

1
obtain A = PDP~! = PDPT with

-4 7 b

Using the change of variables x = Py, we have y = PTx and y” = x” P, so

xTAx =xT'PDPTx =y Dy = Tyt + 2y3.

(c) Classify the quadratic form @ as positive (semi)-definite, negative (semi)-
definite, or indefinite. Briefly explain your reasoning.

Solution: The quadratic form is positive definite since both eigenvalues of A are
positive. Alternatively, it is clear that 7y? + 2y2 > 0 with equality only when

y =0.

1 -1
17. Let A= |1 1
0 1

(a) Find an orthonormal set of eigenvectors for the matrix AT A.

1

1 -1
O] 1 1= [2 0]. Therefore an
1 0

Solution: First compute AT A =
1 1 0 3

1
1
. . 0] |1 . . .
orthonormal set of eigenvectors is 1ol ¢ Note that we list them in this
order since e; has a larger eigenvalue than e;.
(b) Find a singular value decomposition A = ULV T,

Solution: From part (a), we let

0 1 V3 0
V:[1 0}, =10 +v2|.
0 0

To find U we compute



-1
1
Therefore the first column of U will be — | 1 | and the second column of U

V31
1
will be — [1|. The third column must complete the orthonormal basis of R3,

V2 |o

so it is in the null space of

R B AR ]

The equations are

1
T = 5373
1
T = —51‘3
Ir3 = I3
1 1 1
so a nonzero vector in the null space is | —1|, which we normalize to — | —1|.

2 V6 2

In conclusion, A = UXVT with ¥ and V as above and

—1/V/3 1/vV/2 1/V6
U=|1/v/3 1/v2 —1/V6].
1/vV3 0 2/V6

(c) Determine the rank of A using only your answer from part (b).

Solution: The rank of A is the number of nonzero singular values, which is 2.



