Math 2940: Homework 2 Solutions

1.7

30. a. n

b. The columns of 4 are linearly independent if and only if the equation 4x = 0 has only the frivial
solution. This happens if and only if 4x = 0 has no free variables, which in turn happens if and
only if every variable is a basic variable, that is. if and only if every column of 4 is a pivot
column.

36. False. Counterexample: Take vy, v,, and vy all to be multiples of one vector. Take v; to be nofa
multiple of that vector. For example.

1 2 1 4
1 2 o |4
V= . Wy = 5 V3= 0 Vy = 4
1 2 0 4

1.8

A projection onto the x;-axis

17. T(3u) = 3T(u) = 3{ ﬂ { ﬂ T(2v) = 2T(v) = 2{_;} {_ﬂ. and

6] |2 4
T(3u+2v)=3T(u) + 2T(v) = { 3} +{ 6} = { Q} :
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. The horizontal shear maps e; onto e;. and then the reflection in the line x; = —x; maps e; into —e,.

(See Table 1.) The horizontal shear maps e, into e, into e, — 2e;. To find the image of e, — 2e; when it
is reflected in the line x2 = —x1. use the fact that such a reflection is a linear transformation. So. the
image of e, — 2e; is the same linear combination of the images of e, and e;, namely.

—e; —2(—ey)) =—e; + 2e;. To summarize,

_1 2

-1
e, —e ——¢e, and e, — e, —2e; — —¢ +2e,. s0 Az{ .

To find the image of e; — 2e; when it is reflected through the vertical axis use the fact that such a
reflection is a linear transformation. So. the image of e, — 2e, is the same linear combination of the

images of e; and ey, namely, e» + 2ey.

n m . . . . . .
IfT:R" —R" maps R" onto ™. then its standard matrix 4 has a pivot in each row. by Theorem
12 and by Theorem 4 in Section 1.4. So 4 must have at least as many columns as rows. That is, m <
n. When T is one-to-one, 4 must have a pivot in each column, by Theorem 12. so m > n.

-

-8 10 —4

2 0 -1 -4 0 2| __
1. —2A=(—2)Jr = . Next, use B— 24 =B + (-24):

7 -5 1] [-4 o 2 3 -5 3
B-24= - = :
1 -4 -3| |-8 10 —4| |-7 6 -7

The product AC is not defined because the number of columns of 4 does not match the number of rows

1 2 3 5 1-3+2(-1) 1-5+2-4 1 13 .
of C. CD= = = . For mental computation, the
-2 1j|-1 4 —2-3+1(-1) -2-5+1-4 =7

7
row-column rule is probably easier to use than the definition.



2.2

1 27! 1 12 =27 1]12 =2 6 -1
7. a. = =— or
5 12 1-12—-2.5| -5 1| 215 1 25 .5
a1 112 =2)-1) 1|/-18 91 .. . .
Xx=A4"b;=— =— = . Similar calculations give
2|5 1) 3] 2| 8 4
1

1 2 3 1 2 -1 1 2 3
-10 -4 -10 o 1 4 -5 -2 =5

-0 11 6 13}

i
| —
=T

= = B O
|

GO =

4 -5 =2 -5

) -9 11 6 13 .
The solutions are { J. { q}_ { 2}. and { J. the same as in part (a).

24. If the equation 4x = b has a solution for each b in F". then 4 has a pivot position in each row, by
Theorem 4 in Section 1.4. Since A4 is square. the pivots must be on the diagonal of 4. It follows that A4 is

row equivalent to J,. By Theorem 7. 4 is invertible.
35. Rowreduce [4 e;3

1:

-2 -7 -9 0 1 3 4 1 1 3 4 1 1 3 4 1
0
1

6|~|0

G

4

1 3 0 -15 1 3 0 -15 1 0 0 3
0

1 4 0

2 =
—
-
=]
=]
—
.

Answer: The third column of 47 is | —6 |.
4



