Math 2940: Homework 4 Solutions

4.1

13. a. The vector w is not in the set {v,.v,.v;}. There are 3 vectors in the set {v;,v,.v;}.
b. The set Span{v,.v,.v;} contains infinitely many vectors.
¢. The vector w is in the subspace spanned by {v,.v,.v;} if and only if the equation
V) + X% Vy + ;v =W has a solufion. Row reducing the augmented matrix for this system of
linear equations gives
1 2 4 3 1 0 0 1
0 1 1j~j0 1 2 1.
-1 3 6 2 0 0 0 0

(]

so the equation has a solution and w is in the subspace spanned by {v,.v,.v;}.

19. Let H be the set of all functions described by y(f) =ccosat+ ¢ysinwt. Then His a subset of the

vector space F of all real-valued functions. and may be written as H = Span {cos @/, sin wt}. By
Theorem 1. H is a subspace of 7 and is hence a vector space.

4.2

8. The set Wis a subset of I’ . If 7 were a vector space (under the standard operations in R’ ). then it
would be a subspace of . But Wis not a subspace of F? since the zero vector is not in W. Thus W
is not a vector space.
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16. An element in this set may be written as b| |+c¢ +d = c | . where b, ¢ and
0 5 —4 0o 5 4
0 1 0 0 1
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4.3

11. Let A=[1 2 1]. Then we wish to find a basis for Nul 4. We find the general solution of 4x = 0 in

X -2 -1
terms of the free variables: x =—2y —z with y and z free. So x=| y |=y| 1|+z| 0. and a basis for
z 0 1
‘ 2|1
Nul 4 is 1., 0
w 0 1

14. Since B is a row echelon form of 4. we see that the first, third, and fifth columns of 4 are its pivot

1| [—5 -3
21|15 2
columns. Thus a basis for Col 4 is Al ol s
3/ 1-5] |-2

To find a basis for Nul 4, we find the general solution of 4x = 0 in terms of the free variables,
mentally completing the row reduction of B to get: x; =—2x, —4x,. x;=(7/5)x,. x5 =0, with x,

EX [—2 —4 20| 4
X 1 0 1 0
and x, fiee. So x=|x; [=x,| O|+x,|7/5].andabasisforNul4is | 0].|7/5
X, 0 0 1
x| ol [ o Lol o]
4.4
1 5 4 -1
3. We calculate that x=3| —4 |+0| 2 |+(=1)|-7|=| 5|

3 -2 0 9



11. Since P,S"1 converts X into its /3 -coordinate vector. we find that

4! 3 — ] g
S I ] s o s
=5 G —6 —-5/2 -=3/2]| -6 4

13. Wemust find ¢, ¢,. and ¢; such that ¢ (1 +f2)+c.=3 (t+ Il) +c;5(1 +2r+a‘2) =pH=1+4f+ 7.

Equating the coefficients of the two polynomials produces the system of equations

¢ + c; = 1
¢, + 26, = 4. Werow reduce the angmented matrix for the system of equations to
g + ¢ + ¢ =7
find
1 0 1 1 1 0 0 2 2
0 1 2 4[(~[0 1 0 6|so[plz=| 6|
1 1 1 7 0O 0 1 -1 -1

One may also solve this problem using the coordinate vectors of the given polynomials relative fo the
standard basis {l. 1, t? }: the same system of linear equations resulfs.

4.5

13. The matrix 4 is in echelon form. There are three pivot columns. so the dimension of Col 4 is 3.
There are two columns without pivots, so the equation 4x = 0 has two free variables. Thus the
dimension of Nul 4 is 2.



