Math 2940 HW 7: Required additional problems

1. This problem covers Exercises 6.4.12 and 6.4.16 in the textbook.
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(a) Denote the columns of A in order as xj,x2,x3. Use the Gram-Schmidt
algorithm to find an orthogonal basis {vi,va,v3} for the column space of A.
While you are doing this, find constants a1; b1, bs; and ¢y, co, c3 such that

X1 = a1vy,
X2 = b1vi + bava,
X3 = C1V] + C2Va + C3V3.

(b) Let s1, s2, s3 be the lengths of the vectors vq, va, vs. Scale by these lengths
to find an orthonormal basis {uy, us, us} for Col(A). Explain why

X1 = a1514y,
X = bis1ug + basouy,

X3 = €1S1U] + C282U2 + C353U3.

(c) Let @ = [u1 uy wug]. Using the equations above, find vectors r1,ry,r3 in
R? such that Qr; = x;, Qry = X, and Qrs = x3.

() IfR= [r1 ro 1‘3}, explain why A = QR.

2. Suppose A is a 6 x 3 matrix with linearly independent columns. Let A = QR
be a QR factorization of A.

(a) What are the dimensions of the matrices @ and R?

(b) What can you say about the null spaces and column spaces of the matrices
A,Q, R? (Are some of these spaces equal to others? What are the dimensions?)

(c) Consider the linear transformations 7'(x) = QTQx and S(y) = QQTy. If
T:R*— Rband S : R — RY, what are the integers a, b, ¢, d? Give geometric
descriptions of these linear transformations.



