Math 2940 HW 7: Solutions to additional problems

1. (a) Given that A has columns
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Therefore xo = byvy + bavy with by = 4, by = 1. Finally,
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so we can let

which means that x3 = ¢1vq + cava + c3vs with ¢4 = 7/2, ¢ =3/2, c3 = 3. In
conclusion, the orthogonal basis for Col(A) is
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and we have

X1 = Vi,
X9 = 4V1 + Vo,
x3 = (7/2)v1 + (3/2)va + 3vs.



(b) The lengths of v1,va, vs are s = [[vi]| = 2, s2 = [|va| = V/8, 53 = [[vs]| = 2.
Therefore, {u;,us,us} will be an orthonormal basis for Col(A) if we let u; =
(1/2)vy, ug = (1/v/8)va, uz = (1/2)vs. The orthonormal basis is
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(Note that V8 = 2\/5) Since vi = sjuy, Vo = Sous, and vy = s3us, we have

X1 = sjup = 2uy,
X9 = 481111 + Sous = 8111 + \/gllg7
x3 = (7/2)s1u; + (3/2)s2uy + 3ssus = Tu; + 3v/2uy + 6us.

(c) The vector equations above are equivalent to the matrix equations
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Again noting that V8 = 2\@, we let
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Then Qr; = X1, Qry = X2, and Qrs = x3.

(d) By the definition of matrix multiplication,

QR=Q[r1 ry r3]=[Qr1 Qry Qrs]=[x1 x» x3] =4

2. (a) @ is a 6 x 3 matrix and R is a 3 x 3 matrix.

(b) Since the columns of A are linearly independent, Nul(A) = {0} € R? and
Col(A) is a subspace of dimension 3 of RS. The columns of @ are an orthonormal



basis for Col(A), which implies that Col(Q) = Col(A) and Nul(Q) = {0} C R3.
Finally, R is a 3 x 3 invertible matrix, so Nul(R) = {0} € R? and Col(R) = R3.

(c) Since @ is a 6 x 3 matrix, QTQ is a 3 x 3 matrix and QQ7 is a 6 x 6 matrix.
Therefore, T(x) = QTQx goes from R? to R?, while S(y) = QQ”y goes from
RS to RS,

Because @ has orthonormal columns, QTQ = I (the 3 x 3 identity matrix).
Thus T(x) = X, the identity function. Meanwhile, S(y) = QQ”y is the orthog-
onal projection in R® onto the 3-dimensional subspace Col(Q) = Col(A). This
is true by Theorem 10 in Section 6.3.



