Math 2940: Homework 8 Solutions

6.5

4. To find the normal equations and to find x . compute
1 1 1 ! : 3 3 1 1 1]
A 4= 1 —1|= R E
3 -1 1 . . 3 11 3 -1 1

3 3=« 6|
a. The normal equations are (ATA)x=.4Tb: { H 1}:{ ,

s 3 3TTe6] 111 3 e6] 1[24]7 1
b. Compute x=(A"A) A b= =— =— =l 1.
3 11 14 24 _—3 3|14 241 24 1
1 3 5 1
8. From Exercise 4. A={1 —-1|. b=|1|. and izL . Since
1 1 0 =
1 3 4 5 1
A 1 R
Ax-b={1 -1 L}— 1=/ 0]=|1|=|-1]. the least squares error is |Ax—b||=v'€.
1 1 0 0 2

10. a. Because the columns a; and a, of 4 are orthogonal. the method of Example 4 may be used to

find b, the orthogonal projection of b onto Col A4:

1 2 4
~  b-a b-a, 1
b= al + = 32 :331 +_ﬂz =3|-1/+—|4|=| -1
al'ﬂl ﬂ'}'ﬂ'} 2
- 1 2 4

b. The vector £ contains the weights which must be placed on a, and a, to produce b. These

. . . . 3
weights are easily read from the above equation. so X 2{ .,,}-
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2. The design matrix X and the observation vector v are X = and one can compute

e
e
Il
ok =D

[V

-

T 4 12 T 6] - I ol T -6 ) ]
X X= 1 16 Xy = 2 P=X X))y X y= _ |- The least-squares line y =g, + fix is

thus y=—-.6 +.7x.

6.7

o1 o1 55 1
23. The inner productis (f.g) = |0f(r}g(r) dr, so (f. )= |0(1—3r'}‘dr=I09r4—6t2 +1dr=4/5, and

| I=Ff) =245,
25. The inner productis {f.g) = [llf(r)g(r}dt. Then 1 and ¢ are orthogonal because (1.t) = [llr dr =0.

So 1 and 7 can be in an orthogonal basis for Span{l. 7. 3‘2}. By the Gram-Schmidt process. the third

2 2
o1
DD Since (121 = [ t'dr=2/3,

Ly (o

1."39‘:‘ =0, the third basis element can be written as * — (1/3). This

. . . 2
basis element in the orthogonal basis can be t-

(L1 =J'_111 dr=2. and (t*.r) = |'l

o -

element can be scaled by 3. which gives the orthogonal basis as {L 7. 37— 1}.



7.1

3 2 4
19. Let 4=|-2 6 2| Theeigenvalues of 4 are 7 and 2. For A = 7. one computes that a basis for
4 2 3

-1]|1
the eigenspace is { 2 |.| O . This basis may be converted via orthogonal projection to an
0|1

-1 4
orthogonal basis for the eigenspace: 21.| 2| ;. These vectors can be normalized to get
5

-1/45 4/J45 )
= 2/ Jg . u, =|2/4/45 |. For A =-2. one computes that a basis for the eigenspace is | —1 |,

0 51435 ’
2/3 —1/\5 47445 —2/3

which can be normalized to get u; =| —1/3 | LetP=[u, uw, wus]=| 2/45 2/45 -1/3

2/3 0 5/4/45 2/3
70 0
and D=|0 7 0. Then P orthogonally diagonalizes 4. and 4=PDP.
o 0 -2
4 -1 -1 1 4 =1 -1|1 2 1
23. Let 4A=| -1 4 —1{.Sinceeachrow of 4 sumsto 2. A4|1{=|-1 4 -1|j1|={2|=2{1|and
-1 -1 4 1 -1 -1 411 2 1

1
1 |is an eigenvector of 4 with corresponding eigenvalue A =2 . The eigenvector may be
1



1/43

normalized to get u, = 1/+/3 |.For A=5.one computes that a basis for the eigenspace is

/-3

-1||-1
1| 0]} so A=5 isaneigenvalue of 4. This basis may be converted via orthogonal
0 1
-1||-1
projection to an orthogonal basis 1. —1| }for the eigenspace, and these vectors can be
0 2

-1/2 -1/\6
normalized to get u, = 1/+/2 | and u; = -1/6 . Let
0 2/46
U3 -2 -1/46
P=[u, uw, w]]=[1/43 1/42 -1/J6|and D
1/4/3 0 2/46

diagonalizes 4. and 4=PDP.
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. Then P orthogonally
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7.2
3 2 -3
6. a. The matrix of the quadratic formis | 2 -2 0|
| —3
0 -1 0

b. The matrix of the quadratic formis | —1




1 -3
13. The matrix of the quadratic formis A =|: 3 9}. The eigenvalues of 4 are 10 and 0. so the

1
3}. which may be

quadratic form is positive semidefinite. An eigenvector for A =10 is {

1/410
—3/410

}. Then 4=PDP'. where P=|u, ng]={

3
normalized to u, ={ } An eigenvector for A =0 is |:J which may be normalized to

3/410 /410 3/410 10 0
u, = and D= . The
© 1410 -3/410  1/410 U

desired change of variable is x = Py, and the new quadratic form is
x 4x=(Py)' 4(Py)=y" P' 4Py =y" Dy =10y



