Math 2940: Invertible matrices

The Invertible Matrix Theorem (Section 2.3, Theorem 8) has many equivalent conditions for
a matrix to be invertible. This diagram is intended to help you keep track of the conditions
and the relationships between them. The next page has a brief explanation for each numbered
arrow.

Let A be an n X n matrix. Then:

A is invertible

T(x) = Ax is one-to-one T(x) = Ax is onto
(1) (2)
o @]

For all b, Ax =b For all b, Ax =b
has at most one solution has at least one solution

<5)][

Ax = 0 has exactly
one solution, x =0

<6>][

(9)

The columns of A are ®) The columns of A
linearly independent span all of R"
A has a pivot in every column A has a pivot in every row
x %
rref(A) =1

(12)H

A is invertible

Besides the diagram above, there are two other pieces to the theorem.

First: just knowing that AB = I, or just knowing BA = I, is enough to conclude that
B = A7! (and therefore all the equivalent statements in the diagram are true). This is
somewhat tricky, but it is discussed on the next page.

Second: A is invertible if and only if AT is invertible. This is because of the formula

(AT)=1 = (A™HT| which can be deduced from the rule (AB)T = BT AT.



(1,2): Let A~! be the inverse of A. Claim: Ax =b <= x = A~'b. Proof:

Ax=b = A '4x=A"'"b = Ix=A"'"b = x=A"'b,
x=A"'"b — Ax=AA"'b — Ax=1Ib — Ax=b.

It follows that the equation Ax = b has exactly one solution, namely x = A~'b.
(3,4): Definitions of one-to-one and onto.

(5): Downward direction: take b = 0. Upward direction: either Ax = b has no solutions,
or the solutions to Ax = b are a translate of the solutions to Ax = 0.

&1
(6): Let A = [Vl Vg - Vn]. Then ¢;vi+covo+-+-+c,v, =0ifandonly if A | : | = 0.
Cn
T
(7): The vector x = | : | is a solution to Ax = b if and only if zyv; + -+ + x,v, = b.
T
Therefore, such x exists exactly when b is in Span(vy,...,v,).

(8): Solve Ax = 0 by row reduction. If there are any free variables, there will be infinitely
many solutions. If there are no free variables, the only solution will be x = 0.

(9): Solve Ax = b by row reduction: [A b] — [U d]. If U has a pivot in every row,
the system is consistent. If the bottom row of U is all zeros, take any d whose last entry is
nonzero, and reverse the row operations to obtain b for which Ax = b is inconsistent.

(10,11): Each row and column of A can have at most one pivot, and A is a square matrix.
(12): Use the algorithm to compute A~": if [A I] reduces to [I B], then B = A~".

Claim: if A and B are n x n matrices and BA = I, then AB = I.
Proof: first we show that for all b, Ax = b has at most one solution. If x is a solution, then

Ax =b = BAx = Bb = x = Bb.

It is not guaranteed yet that x = Bb is really a solution! All we know is that either there
are no solutions, or x = Bb is the only solution.

Now follow arrows (5), (8), (10), (11), (9). This means Ax = b does have a solution, which
by the previous paragraph must be x = Bb. Thus for all b, A(Bb) = b.

The first column of AB is ABe; = e;. The second column of AB is ABe, = ey, and so
forth. Therefore AB = 1.



