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A NOTE ON POINCARE, SOBOLEYV,
AND HARNACK INEQUALITIES

L. SALOFF-COSTE

1. Introduction. Let M be a ¥*-connected manifold. Let L be a second-order
differential operator with real € coefficients on M and such that L1 =0 (i.e., L
has no zero-order term). Assume that there exists a positive ¥ measure 4 on M
such that

Lo,y =<o, Ly>, Ly, Y>>0

for all @, Y € (M), where { , ) is the scalar product on L?(M, du). We make the
technical hypothesis that L is locally subelliptic. Denote also by L the Friedrichs
extension of L in L?(M, du) and consider the symmetric submarkovian semigroup
H, = e "L acting on the spaces L?(M, dy). The ¢ kernel h,(x, y) of H, is defined by

H, f(x) = L hy(x, y)f(y) du(y).

Since we assume that L is locally subelliptic, there exists a genuine distance
function p canonically associated with L; see [6, 9]. This distance is continuous and
defines the topology of M. We assume that (M, p) is a complete metric space. Set
B(x,r) = {ye M, p(x,y) <r} and V(x, r) = u(B(x, r)). There is also a notion of
gradient associated with L. At any rate, we can set

T'(g, ¥) = 3(—L(oy) + oLy + YLo)

and define the “length of the gradient” to be |Vf| = I'(f, f)*2. (T'(f, f) is the “carré
du champ” of Bakry-Emery [1].) See also [26] for an equivalent definition of |Vf]|.
It can be shown (see [3, 9] for instance) that, under our hypotheses,

p(x, y) = sup{|f(x) — f(Y)I, f € €=(M), |Vf| < 1}.

What is really important for us is that, although p is not smooth, we can formally
apply the inequality |Vp(x,, x)| < 1.
Given 0 < ry < +o0, consider the two properties
V(x, 2r) < C,V(x,71), O<r<ry, xeM (1)
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and

J If—fx,rlzdﬂ<Czr2J IVfI*du, O<r<r,, xeM, fe®(M)
B(x,r) B(x, 2r)
(02

where f,, = [pc.» f du. Property (1) is the usual doubling property. The inequality
appearing in property (2) is a (weak) form of Poincaré inequality. It follows from
the work of D. Jerison [8] that (1) and (2) imply the (strong) Poincaré inequality
where the integral on the right-hand side of (2) is taken over the ball B(x, r) instead
of B(x, 2r).

In this paper we show that a parabolic Harnack inequality is equivalent to the
above two properties (see Section 3). In [15, 16], J. Moser proved a Harnack
inequality for parabolic equations associated with second-order uniformly elliptic
divergence form operators in Euclidean space. His approach has been used in many
other situations because it rests only on two functional inequalities usually referred
to as Sobolev and Poincaré inequalities. Here, we show that the doubling property
(1) and the family of Poincaré inequalities (2) imply a family of Sobolev inequalities
which is good enough to run Moser’s iteration. It is well known that Harnack
inequality is a powerful tool. Selected applications are presented which illustrate
this fact.

One aspect of this work is that it unifies important results which were obtained
in different settings by different means. For instance, consider the question whether
or not harmonic positive functions are constant. S.-T. Yau proved that the answer
is yes on manifolds with nonnegative Ricci curvature (here, L is the Laplace
operator); see [27]. Y. Guivarch in [7], T. Lyons and D. Sullivan in [13] also gave
a positive answer for manifold which are normal covering of a compact manifold
with nilpotent deck transformation group. In [24], N. Varopoulos obtained a
similar result in the setting of Lie groups having polynomial volume growth. As
explained in the last section, all these results can be seen as corollaries of Theorem
4.3 below.

2. Sobolev inequality. In this section we show that (1) and (2) imply a family of
Sobolev inequalities on balls.

THEOREM 2.1.  Assume that M, L, are as above and that (1), (2), hold for some fixed
ro > 0. Then there exist v > 2 and C5 > 0 depending only on C,, C, such that

( f e du)“_m < CyV(x, 22 ( J (V12 + r21f1%) du) ,

f e €3 (B(x, 1))

forallxeMand allO <r <r,.
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Note that for 0 < s < r we have
V(x, r) < 2V(x, s)(r/s)* 3)

for some v, > 0 depending only on C,, C,. Indeed, consider the integer n such that
2""! < r/s < 2". From the doubling property it follows that

Vix,r) < V(x,2%) < C1V(x, s) < 2V(x, s)(r/s)™

where v, = log(C, )/log(2). The real v appearing in Theorem 2.1 can be taken to be
any number greater or equal to v, and strictly greater than 2. The first ingredient
of the proof of Theorem 2.1 is an abstract result.

THEOREM 2.2. Let e™*4 be a symmetric submarkovian semigroup acting on the
spaces LP(M, dp). Given v > 2, the three following properties are equivalent.

LoJle™fllo < Cat ™| f 1l for 0 <t < t,.

2. 1/ V-2 < CsUIAPF 13 + 151 1£13).

3NLIE < (A 15+t 1A I I A 1S
Moreover, 3. implies 1. with C, = (vCCg)"? and 1. implies 2. with C5 = CC?", where
C is some numerical constant.

The proof of 1. implies 2. follows easily from [22], Theorem 1. The equivalence
with 3. follows from [3]. The other ingredients in the proof of Theorem 2.1 are the
two following lemmas. Denote by f;(x) the mean of f over the ball B(x, s). Set
xs(x, 2) = V(x, 5) " 1p 4(2) so that

fix) = j %%, 2)f(2) du(z).

LEMMA 2.3. There exists a constant C, depending only of C; such that for all
yeMand all0 < s <r <ry we have

Ifill, < CVTV2@/s) 2N flly,  for all f € €3°(B)

where B = B(y,r), V = V(y, ).

Proof. Note that x,(x, z) < C, x,(z, x). This shows that || f;||; < C,| f|l,. More-
over, if BN B(x, s) # & with 0 < s < r, (3) yields

V(x, )™ <2V(x,2r + s)"1(2r/s + 1)’ < V"1 (4r/s).

Hence, | fllo, <V @r/s)°||fll, for all fe®%F(B). The lemma follows by
interpolation.
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LEMMA 2.4. There exists Cg depending only on C,, C,, such that

If = fill < CeslVfll2,  fe%s(M)
Jorall0 < s <ry/4.

Proof. Fix0 < s <ry/4. Let {B;, j € J} be a collection of balls of radius s/2 such
that BN B; = ifi # jand M = | )., 2B;, where tB = B(x, tr)if B = B(x, r). Such
a collection always exists. Moreover, the doubling property implies that the over-
lapping number N(z) = #{i e J, z € 8B;} is bounded by a number N, depending
only on C,. Now, write

ieJ

If = £13 < i;] . If(x) = f)I> < ), (LB 1f(0) = fag|* + | fas, -fs(x)|2>

i

where all the integrations are taken with respect to y and where fj is the mean of
f over the ball B. Poincaré inequality (2) implies

f |f(x)_f4xi|2<J 1f(x) = fag,I? SCzSZI IVfI2.
2B; 4B; 8B;

Using (1) and (2), we also have

f | fag, — £ < f fxs(x, 2)| fap, — f2)I? du(z) du(x)
2B; 2B;
<GW! I J | fap, — f(2)I* du(z) du(x)
2B; J 4B,

< Cyp8? j

IVfI2.
8B,

Hence, we obtain

If = £ll3 < Cpy8? ZJ IVfI? < C1y NoslIVF 113
ie B;

8

This ends the proof of Lemma 2.4.

Proof of Theorem 2.1. Fix xe M, 0 <r < ry, and set v ="max{3, v, }. Assume
that 0 < s < r/4 and f € € (B(x, r)). Following an idea of Robinson [17], write

1A < 0f = Al + 1Al
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Using the above two lemmas, we obtain
I1f1l2 < CeslVf Il + CV2w/s)2 1 f 4
where V= V(x, r). Hence, for all s > 0 and f € € (B(x, r)), we have
112 < 4Ces(IVf 2 + r7H 1 fl2) + CVT2@/s) 11 f -

Optimizing over s > 0 yields

IFI354 < C V22V + e 21 LI A1
Theorem 2.1 follows from the above and Theorem 2.2. In [5], Th. Coulhon and the
author use variations of the above arguments to study isoperimetric questions on

Riemannian manifolds. In the present setting, the method of [5] shows that (1) and
the L! version of (2), namely

f If—f,(x)léc’zrj IVfl, O<r<r, xeM, [fe®*(M)
B(x,r) B(x,2r)
imply the L* version of Theorem 2.1 which reads
v=1)v
(Jlf =D du) < GVi(x, r)"‘f(J(IVf |+ 77111 dﬂ>, S e €3(B(x, 1))

forallxe MandallO<r <r,.

3. Harnack inequality. The power of properties (1) and (2) is better understood
through the result presented below. Indeed, we show in this section that the
conjunction of (1) and (2) is equivalent to a parabolic Harnack inequality.

THEOREM 3.1. Let M and L be as in Section 1. The following two properties are
equivalent.
1. The properties (1) and (2) hold for M, L, and some r, > 0.
2. There existsr, > 0, and there exists a constant C depending only on the parame-
ters 0 < e <n <6< 1,such that, for any x € M, any real s, and any 0 < r <
r1, any nonnegative solution u of (6, + L)yu=0 in Q =1s —r% s[ x B(x,r)
satisfies

sup {u} < Cinf {u}
o 2.

where Q_ = [s — 6r%, s — nr*] x B(x, 6r) and Q, = [s — er?, s[ x B(x, or).
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Proof of 1. implies 2. This part of the theorem follows from Moser’s iteration:
assuming that (1) and (2) hold, Theorem 2.1 yields the family of Sobolev inequalities

1/ 13v0-2 < CVHP2IVFIZ + 21 £13),
fe%”(B(x,r)), yEMa 0<r<ro-

As explained in [20] in a Riemannian setting, such a family of Sobolev inequalities
is enough to run the first part of Moser’s iteration. Hence, we have (see [15]) the
following theorem.

THEOREM 3.2. Assume that (1), (2), hold for some ro > 0. Given 0 < § < 1, there
exists a constant C depending on C,, C,, and b, such that, for any x € M, any real s,
and any 0 < r < r,y, any nonnegative solution of (6, + Lyu <0in Q = ]s — r?, s[ x
B(x, r) satisfies

sup {u?} < C(r*V)™! f u?
Qs Q

where Q; = s — or%, s[ x B(x, or).

In order to obtain the full Harnack inequality stated in Theorem 3.1, we first
note that the technique presented in [21] applies here and allows us to deduce from
(1) and (2) the following weighted form of Poincaré inequality. Set @, ,(z) =
(1 — p(x, z)/r)* for z € B(x, ) and @, ,(z) = 0 otherwise. Also, set f,(x) = [ f®, ,. We
have

I If — fx)*®,, < Cr? f IVfI2®,,

forall xe M, 0 <r <r, and f € ¥°(M). Once we have such a weighted Poincaré
inequality, we can prove statement 2. of Theorem 3.1 by using Moser’s technique;
see [15, 16, 20].

Proof of 2.implies 1. First, we show that 2. implies the doubling property of the
volume. Recall that h, is the kernel of H, = e™*L. Applying 2. to h,, we obtain

V(x, nh.a(x, x) < C J hara(x, y) du(y) < C.

B(x,r)

Consider now the function defined by u(s, z) = H,1p, ,)(z) when s > 0,and u(s, 2) =
1 when s <0. This function is a nonnegative solution of (d, + L)u =0 in
]—00, +0o[ x B(x, r). Hence, we have

1 = u(—r?/4, x) < Cu(r?*/2, x) = J h,2p(x, y) du(y) < C*V(x, r)h,(x, x).

B(x,r)
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The above yields
(CV(x, ) <ha(x,x) <CV(x,r) L.
Hence, 2. implies that V(x,2r) < C"V(x,r)forallxe M and all0 < r < r, /2.
The fact that 2. implies Poincaré inequality on balls follows from a remark of
Kusuoka-Stroock [11] which we now explain. Denote by Hp, the semigroup
associated with the operator L and Neumann boundary condition on the ball

B = B(x,r), where x e M and 0 < r <r,. Let hy, be the kernel of this semigroup.
Applying Harnack inequality to hg , as above, we find that

hg 2z, y) = (CV)™! for all y, z € B(x, r/2)

where V = V(x, r). Hence, for y € B(x, r/2) we have

Hp o(f — Hp 2 f()*(y) = (CV)! f |f(z) — Hp, 2 f(Y)I* dp(z)

B(x,r/2)

=y I |f = £in() dpe.

B(x,r/2)

Integrating over B(x, r/2), we obtain

L Hp,o(f — Hp, 2 f(5))*(¥) dp(y) > C'™ J If = frn)* dp.

B(x,r/2)

But, we also have

L Hp,o(f — Hp 2 f(0))*(y) dp(y) = | 13,5 — |Hp,,2f 13,5

,.2
= '"J‘ as”HB,sf”§,8 ds

0o
<2r2J \VfI? dp.
B

This proves (2) with r, = r, /2 and also ends the proof of Theorem 3.1.

Remark. One can wonder whether the parabolic Harnack inequality 2. could
be replaced by an elliptic Harnack inequality for L-harmonic functions on balls. I
do not know the answer to this question.
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4. Applications. The preceding section made it clear that (1) and (2) are enough
to obtain powerful results concerning the operator L. In this section we present
some further consequences of the hypothesis that L satisfies (1) and (2). Since these
results are obtained by arguments which have been explained elsewhere, I will be
sketchy. A classical corollary of Harnack inequality is the Holder continuity of the
solutions of the given equation. Namely, we have the following theorem.

THEOREM 4.1.  Assume that (1), (2), hold for some r, > 0. Fix 0 < 6 < 1. There
exist 0 < a < 1 and C depending only on C,, C,, 6, and such that, for any x € M,
se]—oo, +oof, and any 0 <r <r,, any solution u of (6,+ Lyu=0 in Q =
1s — r%, s[ x B(x, r) satisfies

lu(®’, y") — u(t, Y| < C(p/rf*ullw,o

where p = max{|t — t'|'2, p(y, y')} and (t, y), (¢', ') € Q5.

See Moser’s article [15] for a proof. Another important corollary of Theorems
3.1 and 3.2 is as follows.

THEOREM 4.2. Assume that (1), (2), hold for some ro > 0. Then there exist con-
stants C,, k =0, 1, 2, ..., such that

18Ry (x, x")| < CV(x, t2 A 1) e7(1 + p?/t)"o2** exp(— p?/4t)
fJorallx,x’ € M, allt > 0, and p = p(x, x'). Also, there exist C, C', such that
h(x, x') = (CV(x, 7)) exp(—C'p?/t)

forall x,x" € M, t > 0, such that p <ryand t < r2.

The proof can be adapted from the arguments in [20]. Note that, when r, = + 0,
we obtain a global two-sided Gaussian estimate for h,. This implies that, under the
hypothesis that (1), (2), hold with r, = +00, the Green function G(x, y) of L exists
if and only if {{® V(x, t¥2)™ dt < +0c0. Moreover, G satisfies

+o0 +o0
c! J Vix,t"?)1dt < G(x,y) < C Ji V(x, t'2)™t dt

p? p?

where p = p(x, y); see [12].

Consider the bottom of the spectrum of L defined by A, = inf{<Lf, f>/| f I3,
f e %3 (M)}. In the case when r, < +00, it is possible that 4, > 0. See [20] for a
Gaussian upper bound on h, which can be adapted to the present setting and takes
Ao into account.

In [10], Koranyi and Taylor give elegant arguments which show that the unique-
ness property for the positive Cauchy problem associated with d, + L follows from
alocal uniform Harnack inequality. Hence, their results apply to operators L which
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satisfy (1), (2) for some r, > 0. In the process they show that any minimal solution
u=00f(0 + L)u=00n]—o0,s[ x M is of the form u(t, x) = e”v(x), where vis a
minimal solution of Lv = yv on M. (Recall that a solution u > 0 is minimal if any
solution v such that 0 < v < u is a constant multiple of u.)

Concerning L-harmonic functions, Theorems 3.1 and 4.1 yield the following
theorem.

THEOREM 4.3.  Assume that (1), (2), hold with r, = +00. Then any solution of
Lv = 0 on M which is bounded below is constant. Moreover, there exists 0 < o < 1
depending only on C,, C,, such that any solution v of Lv = 0 which satisfies

lim (r'“ sup {Iv|}>=0

r-+o B(xo,r)

for some fixed x, € M is constant.

Finally, there is a further idea which, together with Theorem 3.2, yields interesting
results. Namely, consider the wave equation (6> + L)u = 0. When L = A is the
Laplace operator of a complete Riemannian manifold, it is well known that, if u(t, .)
is supported in B(x,, r) and s > t, then u(s, .) is supported in B(xy, r + s — t). In
other words, waves have finite propagation speed. We claim that this is still true
for the operator L considered in this paper. Indeed, this can be seen by replacing L
by L + €A, where A is the Laplace operator for some fixed Riemannian structure
on M, and letting ¢ tend to zero; see [14]. The main point in this argument is to
show that the distance associated with L + ¢A tends to the distance associated with
L when ¢ tends to zero, this follows from the qualitative hypothesis that L is locally
subelliptic. Once the above finite propagation speed property has been proved for
L, we can follow Section 2 of [4] and obtain estimates on the kernels of operators
f(LY?), where f is a (nice) even function; see also [20], Section 8. Instead of writing
a general theorem, we note the following application of this technique. (See [20] for
more details in a Riemannian setting.)

THEOREM 4.4. Assume that (1), (2), hold with r, = +0. Fix a positive integer a.
Then the kernel h, , of the semigroup e™'"’ satisfies

|ah, o, X)) < GV (x, £12)7417% exp(—(p/ Gyt 2)212e D)

forallt >0,x,x" e M, p=p(x,x'), and any fixed integer k. In particular, we have
6¥hy o(x, )|y < Cit™ for all t > 0 and all x € M, which shows that the semigroup
e 'Y is bounded analytic on L” for all p € [1, +o[.

Remarks. 1t is worth emphasizing the fact that the above results are very stable.
For instance, if we assume that (1) and (2) hold for an operator L, then all that has
been said about L is also valid for any operator L’ symmetric with respect to a
measure i’ and such that C7'T'(f, f) < I'(f, f) < CI(f, f) for all f € €°(M) and
C'W(x,r) < V'(x,r) < CV(x,r). Here, L' does not even need to have smooth
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coefficients. For instance, Theorem 2.1 shows that Harnack inequality is stable
under quasi-isometric changes of a metric on a Riemannian manifold.

Another instance of the stability of the above is as follows. Assume that M, L, u
and M', L', i, are as in Section 1. Assume that L satisfies (1), (2), for some r, > 0.
Assume also that n: M - M’ is a surjection such that L(u o) = L'u o n for any
smooth function u on M'. Then (1), (2), also hold for L’ and some ry > 0. This is
because Harnack inequality projects easily from M, L to M’, L. Note that it does
not seem easy to see more directly that the doubling property holds for M’, L', u'.

In the same spirit as the above remarks, note that operators of the form L+
lower-order terms can also be studied using Moser’s iteration; see [20] and the
references given there. In fact, most of the results described in [20] could be adapted
to the present setting.

5. Examples. In this section we describe different settings where the above
results apply.

Example 1. Let M, g, be a complete Riemannian manifold of dimension n and
L = A be the corresponding Laplace operator. Assume that there exists K > 0 such
that the Ricci curvature satisfies Ric > — Kg on M. Classical comparison theorems
imply that V(x, r)/V(x, s) < (r/s)"e" V@YX for r > s; see [4], for instance. Moreover,
P. Buser proved in [2] that

f Lf —ﬁ(x)l’dvsrzc*”’f |Vf)? dv
B(x,r)

B(x,r)

for f € €°(M), x € M, and r > 0. Hence, we can apply the above in this setting. Note
that, when K = 0, (1) and (2) hold with r, = +o0. This gives an alternative approach
to most of the results of Li-Yau [12]. (The above method cannot yield gradient
estimates but only Hélder continuity estimates.) At the same time, we also recover
the results of [19] concerning manifolds which are quasi-isometric to a manifold
with nonnegative Ricci curvature.

Example 2. Let G be a Lie group having polynomial volume growth; see [23,
18], for instance. Let L = —) % X2, where {X,, ..., X,} is a family of left invariant
vector fields having the Hormander property (see [23]). Then (1) and (2) hold with
ro = o0; see [23, 24]. Hence, we recover the results of [23, 24, 18, 21]. The conclusion
of Theorem 4.4 is new in this setting. Note that, in this context, Poincaré inequality
is very easy to obtain; see [24].

Example 3. Let N be a compact Riemannian manifold and let M be a normal
covering of N. Assume that the deck transformation group G of this covering has
polynomial volume growth. It follows from the arguments in [25] that (1), (2), hold
withr, = oo for the Laplace operator on M. Moreover, thanks to the second remark
at the end of last section, if H < G is closed subgroup of G (not necessarily normal),
(1), (2), also holds on M’ = M/H withr, = +00. Many of the results obtained above,

0TOZ ‘TT aunr uo Areiqi] AlsiaAlun [julo) 1e Bio speusnolpiogxo-ulwi//:dny wol) papeojumod


http://imrn.oxfordjournals.org

POINCARE, SOBOLEV, AND HARNACK INEQUALITIES 37

including the uniform Harnack inequality which follows from Theorem 3.1, are new
in this setting.

Example 4. Consider again a normal covering M of a compact Riemannian
manifold N with the deck transformation group G having polynomial volume
growth. Let L, be the Laplace operator on M, u, be the Riemannian volume, and
V, be the Riemannian gradient. Now let L, u be as in Section 1. Assume that L is
uniformly subelliptic with respect to the Laplace operator L, and that du = mdu,
with C™' < m < C. Also, assume that |Vf| < C|V,f]. (In the case when M is just
the euclidean space, this last hypothesis means that L has bounded coefficients.) It
follows from the local results concerning subelliptic operators (see [9] for details
and references) and the arguments in [25] that (1), (2), holds for L with r, = co.
Note that our hypotheses are satisfied whenever L is the pullback of a subelliptic
operator on the compact manifold N.
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