Pseudo-Poincaré Inequalities and
Applications to Sobolev Inequalities

Laurent Saloff-Coste

Abstract Most smoothing procedures are via averaging. Pseudo-Poincaré in-
equalities give a basic LP-norm control of such smoothing procedures in terms
of the gradient of the function involved. When available, pseudo-Poincaré in-
equalities are an efficient way to prove Sobolev type inequalities. We review
this technique and its applications in various geometric setups.

1 Introduction

This paper is concerned with the question of proving the Sobolev inequality
Vel (M), |fllq<SOM,p,g)VIlp (1.1)

when M = (M, g) is a Riemannian manifold, perhaps with boundary M,
and C°(M) is the space of smooth compactly supported functions on M (if
M is a manifold with boundary M, then points on M are interior points
in M and functions in C.(M) do not have to vanish at such points). We say
that (M, g) is complete when M equipped with the Riemannian distance is
a complete metric space.

In (1.1), p,q € [1,00) and ¢ > p. The norms || - ||, and || - || are computed
with respect to some fixed reference measure, perhaps the Riemannian mea-
sure dv on M or, more generally, a measure dy on M of the form du = odv,
where o is a smooth positive function on M. We set V(z,r) = pu(B(z, 1)),
where B(z,r) is the geodesic ball of center x € M and radius r > 0. The
gradient Vf of f € C*®(M) at x is the tangent vector at  defined by
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92(Vf (), u) = df|, (u)

for any tangent vector u € Ty Its length |V f| is given by |V f|?> = g(V f, Vf).

We will not be concerned here with the (interesting) problem of finding the
best constant S(M, p,q) but only with the validity of the Sobolev inequality
(1.1), for some constant S(M,p, q).

In R™, equipped with the Lebesgue measure dz, (1.1) holds for any p €
[1,n) with ¢ = np/(n — p). The two simplest contexts where the question
of the validity of (1.1) is meaningful is when M = {2 is a subset of R", or
when R" is equipped with a measure p(dz) = o(z)dz. In the former case, it
is natural to relax our basic assumption and allow domains with nonsmooth
boundary. It then becomes important to pay more attention to the exact
domain of validity of (1.1) as approximation by functions that are smooth up
to the boundary may not be available (cf., for example, [13, 14]).

The fundamental importance of the inequality (1.1) in analysis and geom-
etry is well established. It is beautifully illustrated in the work of V. Maz’ya.
One of the fundamental references on Sobolev inequalities is Maz’ya’s treaty
“Sobolev Spaces” [13] which discuss (1.1) and its many variants in R™ and in
domains in R™ (cf. also [1, 3, 14] and the references therein). Maz’ya’s treaty
anticipates on many later works including [2]. More specialized works that
discuss (1.1) in the context of Riemannian manifolds and Lie groups include
[11, 19, 23] among many other possible references.

The aim of this article is to discuss a particular approach to (1.1) that is
based on the notion of pseudo-Poincaré inequality. This technique is elemen-
tary in nature and quite versatile. It seems it has its origin in [4, 7, 17, 18]
and was really emphasized first in [7, 18], and in [2]. To put things in some
perspective, recall that the most obvious approach to (1.1) is via some “rep-
resentation formula” that allows us to “recover” f from its gradient through
an integral transform. One is them led to study the mapping properties of
the integral transform in question.

However, this natural approach is not well suited to many interesting ge-
ometric setups because the needed properties of the relevant integral trans-
forms might be difficult to establish or might even not hold true. For instance,
its seems hard to use this approach to prove the following three (well-known)
fundamental results.

Theorem 1.1. Assume that (M, g) is a Riemannian manifold of dimension
n equipped with its Riemannian measure and which is of one of the following
three types:

1. A connected simply connected noncompact unimodular Lie group equipped
with a left-invariant Riemannian structure.

2. A complete simply connected Riemannian manifold without boundary with
nonpositive sectional curvature (i.e., a Cartan—Hadamard manifold).

3. A complete Riemannian manifold without boundary with nonnegative Ricci
curvature and maximal volume growth.
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Then for any p € [1,n) the Sobolev inequality (1.1) holds on M with ¢ =
np/(n — p) for some constant S(M,p,q) < oo.

One remarkable thing about this theorem is the conflicting nature of the
curvature assumptions made in the different cases. Connected Lie groups
almost always have curvature that varies in sign, whereas the second and
third cases we make opposite curvature assumptions. Not surprisingly, the
original proofs of these different results have rather distinct flavors.

The result concerning unimodular Lie groups is due to Varopoulos and
more is true in this case (cf. [22, 23]).

The result concerning Cartan-Hadamard manifolds is a consequence of a
more general result due to Michael and Simon [15] and Hoffmann and Spruck
[12]. A more direct prove was given by Croke [9] (cf. also [11, Section 8.1 and
8.2] for a discussion and further references).

The result concerning manifolds with nonnegative Ricci curvature and
maximal volume growth (i.e., V(z,7) > er™ for some ¢ > 0 and all x €
M,r > 0) was first obtained as a consequence of the Li-Yau heat kernel
estimate using the line of reasoning in [22].

One of the aims of this paper is to describe proofs of these three results
that are based on a common unifying idea, namely, the use of what we call
pseudo-Poincaré inequalities. Our focus will be on how to prove the desired
pseudo-Poincaré inequalities in the different contexts covered by this theorem.
For relevant background on geodesic coordinates and Riemannian geometry
see [5, 6, 10].

2 Sobolev Inequality and Volume Growth

There are many necessary conditions for (1.1) to hold and some are discussed
in Maz'ya’s treaty [13] in the context of Euclidean domains. For instance, if
(1.1) holds for some fixed p = pg € [1,00) and ¢ = gp > po and we define m
by 1/q0 = 1/po — 1/m, then (1.1) also holds for all p € [pg, m) with ¢ given
by 1/¢ = 1/p — 1/m (this easily follows by applying the pg, go inequality to
|| with a properly chosen o > 1 and using the Holder inequality). More
importantly to us here is the following result (cf., for example, [2] or [19,
Corollary 3.2.8]).

Theorem 2.1. Let (M, g) be a complete Riemannian manifold equipped with
a measure dyy = odv, 0 < 0 € C®(M). Assume that (1.1) holds for some
1<p<qg<ooandsetl/q=1/p—1/m. Then for any r € (m,00) and any
bounded open set U C M

VFeCPW), |Iflle < Cop()Y™T V. (2.1)
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Corollary 2.1. If the complete Riemannian manifold (M,g) equipped with
a measure du = odv satisfies (1.1) for some 1 < p < g < 00, then

inf{s™™V(z,s):x € M, s >0} >0

with 1/g=1/p —1/m.
Proof. Fix r > m and apply (2.1) to the function

Prs(y) =y = (s = p(x,y))+ = max{(s — p(z,y),0},

where p is the Riemannian distance on (M, g). Because (M, p) is complete,
this function is compactly supported and can be approximated by smooth
compactly supported functions in the norm || f|leo + ||V S|+, justifying the
use of (2.1). Moreover, |V¢, | < 1 a.e. so that |V¢, ||, < V(x,r)Y/". This
yields s < C.V(x, s)Y/™ V"V (z,5)Y/" = C.V(x,5)"/™ as desired. O

Remark 2.1. Let {2 be an unbounded Euclidean domain.

(a) If we assume that (1.1) holds but only for all traces f|, of functions f €
C°(R™), then we can conclude that (2.1) holds for such functions. Applying
(2.1) to Yz s(y) = (s — ||z —y|)+, z € £2, s > 0, yields

(e Qo2 <5} >cs™

(b) If, instead, we consider the intrinsic geodesic distance p = pg in 2 and
assume that (1.1) holds for all p-Lipschitz functions vanishing outside some p-
ball, then the same argument, properly adapted, yields V(z, s) > ¢s™, where
V(z, s) is the Lebesgue measure of the p-ball of radius s around z in (2.

For domains with rough boundary, the hypotheses made respectively in
(a) and (b) may be very different.

3 The Pseudo-Poincaré Approach to Sobolev
Inequalities

Our aim is to illustrate the following result which provide one of the most
elementary and versatile ways to prove a Sobolev inequality in a variety of
contexts (cf., for example, [2, Theorem 9.1]). The two main hypotheses in
the following statement concern a family of linear operators A, acting, say,
on smooth compactly supported functions. The first hypothesis captures the
idea that A, is smoothing. The sup-norm of A, f is controlled in terms of the
LP-norm of f only and tends to 0 as r tends to infinity. The second hypothesis
implies, in particular, that A, f is close to f if |V f] is in L? and r is small.
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Theorem 3.1. Fix m,p > 1. Assume that for each r > 0 there is a linear
map Ay : C(M) — L>*(M) such that

o VfeCX(M
o VfeClX(M

;7> 0, A fllao < Car ™| f]l.
>0, [|f = Arfllp < Corl[V flp-

~— —

Then, if p € [1,m) and ¢ = mp/(m — p), there exists a finite constant

S(M,p,q) = C(p, q)CgCll/m such that the Sobolev inequality (1.1) holds
on M.

Outline of the proof. The proof is entirely elementary and is given in [2]. For
illustrative purpose and completeness, we explain the first step. Consider the
distribution function of |f|, F(s) = u({z : |f(x)| > s}). Then

F(s) < p({lf = Arf1 > s/2}) + n({[Ar | > 5/2}).

By hypothesis, if s = 2C,r~™/P|| f||,,, then u({|A,f| > s/2}) = 0 and
F(s) < p({|f — Arfl > 5/2}) < 2°CyrPs PV [}

This gives
P F(s) < 220 O ORIV B F I

This is a weak form of the desired Sobolev inequality (1.1). But, as is already
apparent in [13], such a weak form of (1.1) actually imply (1.1) (cf. also
(2, 19]). O

Remark 3.1. When p =1 and p = v is the Riemannian volume, we get
ST ({|f] > s)) < 2GRVl £

For any bounded open set {2 with smooth boundary 92 we can find a
sequence of functions f, € C°(M) such that f, — 1g, and |Vf,||1 —
vp—1(042). This yields the isoperimetric inequality

o(2)1Ym L MmO/ ™ O, 1 (092).

Of course, as was observed long ago by Maz’ya and others, the classical co-
area formula and the above inequality imply

VI eCOM), || Fllmjmor) < 2FVmCH™Co|V 1.

There are many situations where one does not expect (1.1) to hold, but
where one of the local versions

Vel (M), [fllg<SM,p,q)(IVIilp+I1£lp), (3.1)



354 L. Saloff-Coste

or (€ indicates an open relatively compact inclusion)
VReM, VfeCx(2), |fla<SW2p,a)IVIly+I11llp) (3.2)

may hold. This is handled by the following local version of Theorem 3.1 (cf.
[2] and [19, Section 3.3.2]).

Theorem 3.2. Fiz an open subset 2 C M. Assume that for each r € (0, R)
there is a linear map A, : C°(£2) — L*°(M) such that

o VfeCX(R2),r € (0,R), A flloo < Crr™™P|f|l,.
o VfeCx(2),r e (0,R), |f —Arflly < Cor||V £,

Then, if p € [1,m) and ¢ = mp/(m — p), there exists a finite constant S =
S(p,q) such that
VIeCE(2), fllg < SCY™CallV Il + B S1lp)- (3.3)

Another useful version is as follows. For any open set {2 we let WP (£2) be
the space of those functions in LP(f2) whose first order partial derivatives in
the sense of distributions (in any local chart) can be represented by a locally
integrable function and such that

/ [V fPdv < .
2

We write || f|| ¢, for the LP-norm of f over 2. Note that C*°(£2) N W1?((2)
is dense in W1P(£2) for 1 < p < oo (cf., for example, [1, 3, 13]).

Theorem 3.3. Fiz an open subset £2 C M. Assume that for each r € (0, R)
there is a linear map A, : C*(2) N WLP(2) — L>(M) such that

o Viel()nWhP(2),r € (0,R), [|Arflloc < Crr™ ™2 f]lp.
o VfeCx(Q)NW'P(2),r € (0,R), [If — Acfllp < Cor[[V [l

Then, if p € [1,m) and ¢ = mp/(m — p), there exists a finite constant S =
S(p,q) such that

VEEW (), [Ifllg < SCY™(ClIVflly+ R flp). (3-4)

4 Pseudo-Poincaré Inequalities

The term Poincaré inequality (say, with respect to a bounded domain 2 C
M) is used with at least two distinct meanings:

e The Neumann type LP-Poincaré inequality for a bounded domain 2 C M
is the inequality
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vrew' (@), it [ If—era< Py [ (vipan

e The Dirichlet type LP-Poincaré inequality for a bounded domain 2 C M
is the inequality

TN /Q flPdv < Pp(92) /Q IV f|Pdo.

When p = 2 and the boundary is smooth, the first (respectively, the second)
inequality is equivalent to the statement that the lowest nonzero eigenvalue
AN (£2) (respectively, Ap(§2)) of the Laplacian with the Neumann boundary
condition (respectively, the Dirichlet boundary condition) is bounded below
by 1/Pn(§2) (respectively, 1/Pp(§2)). Note that if M = S™ is the unit sphere
in R"™! and 2 = B(o,r), r < 2m, is a geodesic ball, then Py () — 1/(n+1)
and Pp(f2) — oo as r tends to 2.

Here, we will use the term Poincaré inequality for the collection of the
Neumann type Poincaré inequalities on metric balls. More precisely, we say
that the LP-Poincaré inequality holds on the manifold M if there exists P €
(0, 00) such that

VB = B(x,r), VfecW"(B), inf/ |f—g|Pdu<Prp/ IV fPdv. (4.1)
¢ER Jp B

The notion of pseudo-Poincaré inequality was introduced in [7, 18] to de-
scribe the inequality

VfeCE(M), |If = fillp < CriIVElp, (4.2)

where

fr(z) = V(x,r)_l/ fdv.
B(z,r)

Although this looks like a version of the previous Poincaré inequality, it is
quite different in several respects. The most important difference is the global
nature of each of the members of the pseudo-Poincaré inequality family: in
(4.2) all integrals are over the whole space.

We say the doubling volume condition holds on M if there exists D €
(0, 00) such that

VYeeM, r>0, V(z,2r) < DV (x,r). (4.3)

The only known strong relation between (4.1) and (4.2) is the following
result from [8, 18].

Theorem 4.1. If a complete manifold M equipped with a measure du =
odv satisfies the conjunction of (4.3) and (4.1), then the pseudo-Poincaré
inequality (4.2) holds on M.
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The most compelling reason for introducing the notion of pseudo-Poincaré
inequality is that unimodular Lie groups always satisfy (4.2) with C =1 (cf.
[22] and the development in [7]). The proof is extremely simple and the result
slightly stronger.

Theorem 4.2. Let G be a connected unimodular Lie group equipped with a
left-invariant Riemannian distance and Haar measure. For any group element
y at distance r(y) from the identity element e

VeCG), If = fulls <T@V Ly,

where fy(z) = f(zy).

Proof. Indeed, let 7, : [0,7(y)] — G be a (unit speed) geodesic joining e to
y. Thus,

r(y)
(@) — Flan)lP < ry)P! / IV @y (5)) Pds.

Integrating over x € G yields the desired result. a

With this simple observation and Theorem 3.1, we immediately find that
any simply connected noncompact unimodular Lie group M of dimension n
satisfies the Sobolev inequality

||anp/(n7p) < S(M,p)HVpr

This is because the volume growth function V(z,r) = V(r) is always faster
than er™ (cf. [23] and the references therein). In fact, for r € (0,1), we
obviously have V() ~ r™ and, for r > 1, either V(r) ~ r"¥ for some integer
N > n or V(r) grows exponentially fast. This line of reasoning yields the
following improved result (due to Varopoulos [22], with a different proof).

Theorem 4.3. Let G be a connected unimodular Lie group equipped with a
left-invariant Riemannian structure and Haar measure. If the volume V (r)
of the balls of radius v in G satisfies V(r) = cr™ for some m > 0 and all
r >0, then (1.1) holds on G for all p € [1,m] and ¢ = mp/(m — p).

In this article, we think of a pseudo-Poincaré inequality as an inequality
of the more general form

VfeCE(M), [If = Arfllp < CriIVElp, (4.4)

where A, : C°(M) — L (M) is a linear operator. It is indeed very useful to
replace the ball averages

fo=Vian™ [ L

by other types of averaging procedures. One interesting case is the following
instance.
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Theorem 4.4. Let (M,g) be a Riemannian manifold, and let A be the
Friedrichs extension of the Laplacian defined on smooth compactly supported
functions on M. Let H, = e'® be the associated semigroup of selfadjoint
operator on L?(M,dv) (the minimal heat semigroup on M). Then

VfeCE (M), |If —Heflla < VEIVS]2 (4.5)

Consequently, if there are constants C € (0,00), T € (0,00] and m > 2 such
that
vt € (0,T), [Heflloo < C™f]l2, (4.6)

then there exists a constant S = S(C,m) € (0,00) such that the Sobolev
inequality

VfeCEM), |Ifllam/om—2) < SUVFll2+ T fl2) (4.7)

holds on M.

Proof. In order to apply Theorem 3.2 with A, = H,=, it suffices to prove
(4.5). But

i = [ out.gas
and
(O Hf, He f) = (AH f, He f) = = | Heary 2 (= 2) 21115 > <[V 15
Hence ||H.f — f||3 < t||Vf||3 as desired. O

Remark 4.1. One can show that (4.7) and (4.6) are, in fact, equivalent prop-
erties. This very important result was first proved by Varopoulos [21]. This
equivalence holds in a much greater generality (cf. also [23]). When m € (0, 2),
one can replace (4.7) by the Nash inequality

vecem), |13 < NIV Fllz + T2 )™

which is equivalent to (4.6) (for any fixed m > 2). See, for example, [2, 4, 19,
23] and the references therein.

5 Pseudo-Poincaré Inequalities and the Liouville
Measure

Given a complete Riemannian manifold M = (M, g) of dimension n (without
boundary), we let T, M be the tangent space at =, S, C T,M the unit
sphere, and SM the unit tangent bundle equipped with the Liouville measure
defined by
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[ pu - /M /S s, ()

where we write £ = (x,u) € SM and ds, u is the normalized measure on
the unit sphere. We denote by @; the geodesic flow on M (with phase space
SM). For any t, &, : SM — SM is a diffeomorphism and the Liouville
measure is invariant under @;. By definition, for any x € M, uw €S, C T, M,
we have &y(z,u) = (Yp,u(t), You(t)), where v4., : [0,00) — M is the (unit
speed) geodesic starting at @ with tangent unit vector u and 4y, (t) is the
unit tangent vector to v, at vz, (t) in the forward ¢ direction.

If f: SM +— R is a function on SM that depends on £ = (z,u) € SM
only through « € M, we have (for any fixed ¢ > 0, and with a slight abuse of

notation, namely f(f) f(x)

/fdv—/ fdu = / f o Budp = / FOren(t)ds udv(z). (5.1)

For any (x,u) € SM, let r(z,u) be the distance from x to the cutlocus in
the direction of u. Namely,

r(z,u) =1inf{t > 0: d(z, Py(x,u)) < t}.

The function r defined on SM is always upper semicontinuous and continuous
when M is complete without boundary. Now, let ¥ : (z,u, s) — ¥(z,u,s) =
Vou(s) € Lt (SM x [0,00)) with ¢, (t) = 0 if ¢ > r(x,u). Call such a
function admissible. For f € C2°(M) we set

A, f(2) = w(z,r) ! / ' /§ F o (B)o (£t .

w(x,T) Y 0 (t)dtds .
L

In words, A, f is a weighted geodesic average of f over scales at most r. Note
that, according to our definition, these averages never look past the cutlocus.

Ezample 5.1. Let 1, ,(t) = J(z,u,t) be the density of the volume element
dv in geodesic polar coordinate around z so that

where

dv(y) = J(x,u, t)dtds, u, y = Ypu(t) = P(z,u), t <r(x,u).

By definition, we set J(x,u,t) = 0 for t > r(x,u). Then w(z,r) = V(z,r)
and A, f(x) = f(x) is the mean of f in B(x,r).

Theorem 5.1. On any complete manifold without boundary and for any
choice of admissible 1 € LT (SM x [0,00)), we have

/ \f — A, fPdo < D(r) / IV f PP
M M



Pseudo-Poincaré Inequalities 359

)=t
D,(r)= sup {/%cu }
(z,u)eSM

[ 15 g

< /Mwm / / (@) = F e ()IPtbr s (£)dtds, udo(z)

( / V] () s)pwx,uu)dtd&udv(x)

< /M ﬁ / ' / m / VA1 (o (5)) st (6= s ()
—etO/M/ IV 1P (o (8 (/ Mdt)d wdv(z)ds
(o, ([ 2 ) [ L, [ wov oo

with

Proof. Write

0 [ (s,
M
where D,(r) is as defined in the theorem. Note the crucial use of (5.1) at the
last step. a

Corollary 5.1. Let (M, g) be an isotropic Riemannian manifold. Then, for
any p € [1,00], the pseudo-Poincaré inequality

Vel M), [If = frllp <7IV LI
1s satisfied.

Proof. Use the previous theorem with v, ., (¢t) = J(z,u,t), in which case
A.f = fr, w(z,r) = V(x,r). Observe that J(z,u,t) is independent of (z,u)
because M is isotropic. It follows that

/untdt //Jmutdtdu—V(xr)

Hence D(r) < rP. O
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Note that isotropic Riemannian manifolds are the same as two-point ho-
mogeneous Riemannian manifolds. They must be either R™ or a rank one
symmetric space.

Corollary 5.2. Assume that M is a simply connected complete n-dimensional
manifold without boundary and with nonpositive sectional curvature (i.e., a
Cartan—Hadamard manifold). Set

A () = nr / /S F e (B)8 L dtds, u.

Then, for any p € [1,00], the inequalities
VIeCr (M), [If = Arly <7IVElps 1Arfllo < (20r™) 2 flp-

are satisfied ({2, is the volume of the n-dimensional Euclidean unit ball).

Proof. Apply the theorem with v, ,,(t) = t”fll[o,r(x,u))(t). This gives D(r) <
rP on any manifold (i.e., we have not use nonpositive curvature yet). Now,
since M has nonpositive sectional curvature and is simply connected, we
have 7(x,u) = oo, and the classical comparison theorem gives w, 11"~ ! <
J(x,u,t) (wp—1 the volume of the unit sphere in R™). Hence

1

(Wn—1/n)r"

1
Ry ], e

The proof is complete. a

1A, £(2)] < / /S | (o (81 (10, £) s

N

This and Theorem 3.1 yield the following classical result (case (2) of The-
orem 1.1).

Corollary 5.3. Assume that M is a simply connected complete n-dimensional
manifold without boundary and with nonpositive sectional curvature (i.e., a
Cartan—Hadamard manifold). Then the Sobolev inequality (1.1) holds on M

with ¢ = np/(n — p) for any p € [1,n).

This argument allow us to obtain a generalized version of this important
result. Namely, for any x € M, let

Ry ={u€eS;:r(z,u) =00}

In words, R, is the set of unit tangent vectors u € T, M associated with rays
starting at x (a ray is a semiinfinite distance minimizing geodesic starting at

x). Let
Ra| = / ds,u
Ra
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be the normalized volume of R, as a subset of S,.. Now, set

n

r
|R ‘T’" /R /O f(’}%,u(t))tn_ldtd§zu
T x

Obviously, Theorem 5.1 yields

1f = ALfllp < IV £lp-

Further, if M has nonpositive sectional curvature along all rays,

n
Al f(x gi/ dv.
AN < G [ 1]

Hence we obtain the following statement.

AL f(x) =

Theorem 5.2. Assume that M is a complete Riemannian n-manifold with-
out boundary and with nonpositive curvature and such that p = ming{|R,|} >
0. Then M satisfies (1.1) with ¢ = np/(n — p).

The simplest example of application of this result is to the surface of rev-
olution known as the catenoid (it looks essentially like two planes connected
through a compact cylinder) which is a celebrated example of minimal sur-
face in R3. The theorem applies for p € [1,2) and yields, for instance, the
Sobolev inequality || f|l2 < S|V f]l1.

6 Homogeneous Spaces

In this section, we revisit the pseudo-Poincaré inequality on unimodular Lie
groups to extend it to a class of homogeneous spaces. The argument we will
use contains similarities as well as serious differences with the argument based
on the invariance of the Liouville measure that was described in Section 5. We
present it in the context of sub-Riemannian geometry. For an introduction
to sub-Riemannian geometry (cf. [16]).

Let G be a unimodular Lie group, and let K be a compact subgroup.
Let M = G/K be the associated homogeneous space equipped with its G
invariant measure du. Let 7, : M — M be the action of G on M, and let
(@) = f(rga), [ € C.(M).

Assume that M is equipped with a (constant rank) sub-Riemannian struc-
ture, i.e., a vector subbundle H C T M equipped with a fiber inner product
(+,-ypg such that any local frame (X7,...,X}) for H is bracket generating
(i.e., satisfies the Hormander condition). For any function f € C°(M), let
Vi f(x) be the vector in H, such that df|, (u) = (Vg f,u)g, forany v € H,.

Assume further that (H, (-,-)g) is G invariant, i.e., for all g € G, z € M,
X,Y € H, we have dr,(X) € H; , and
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(drg(X), drg(Y)) i1, = (X, Y ),

Tg]?

The space H is called the horizontal space. Under the Hormander condi-
tion, any two points can be joined by absolutely continuous curves in M that
stay tangent to [ almost surely. For any such c : [0,T] — M with ¢(t) € H.g
we set

T
Culc) = /0 (.82, dt.

This is the horizontal length of ¢. By definition, for any two points x,y € M,
dy(x,y) is the infimum of the horizontal length of horizontal curves joining
x to y. It is not hard to check that dg(z,y) is also equal to the infimum
of all T such that there exists an absolutely continuous horizontal curve
¢:[0,T] — M with (¢, ¢y < 1 joining x to y. Since the action of G preserves
horizontal length, it also preserves the distance diy. We let By (x,r) = {y €
M :dy(z,y) < r} and Vg(r) = u(Bg(z,r)) which is, indeed, independent
of . Our aim is to prove the following result.

Theorem 6.1. Let M = G/K with G unimodular and K compact be an
homogeneous manifold. Assume that M is equipped with a sub-Riemannian
structure (H, (-, -y i) satisfying the Hormander condition and preserved by the
action of G. Then, for any 1 < p < oo,

VfeCM), |If = felp <rlVaflp

Proof. We can choose the Haar measure on G and the G invariant measure
won M so that for any F € C.(G)

| Pwis= [ [ Fakaraua),

where dk is the normalized Haar measure on K. Here, g, stands for any
element of G such that x = gK. Note that

T — / F(g.k)dk € C.(M)
K

is indeed independent of the choice g,, x € M. We need to observe that there
is such an integration formula for any choice of an origin in M. Namely, for
any z € M there is a compact subgroup K, in G that fixes z and we can
write

| P~ [ [ gy (o) (6.1)

for some choice of Haar measure on K. Because p is invariant under the
action of G and G is unimodular, the Haar measure on K, must be taken to
be the normalized Haar measure (cf., for example, [20]).

Now, for any y € g,K € M we pick an horizontal path ¢ : [0,T7] — M of
horizontal length | with (¢,¢)y < 1 and joining 0 = eK to y. For any g € G
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and f € Co(M)

T
1F(730) — F(ran)lP < TP / IV 1 f (ryet)) Pt

Hence

/ |F(ry0) — f(rgy)|Pdg < TP~ / / IV 1 f (rye(t)Pdgdt.

We now use (6.1) with z = ¢(t) and F(g) = |V f(14¢(t))? to compute

JVnstae@npis= [ [ 9o i b

- / IV i f (@) dp(a).
M

Hence
[ 1ry0) = 1yl < 771V 11

Optimizing over the value of T yields
[ 1#0) = 1oy < dlo.s) Va1
Next, for any g € G
Vo [ ) = Vi) [ i)

H(tgo,r)

Hence, if we set

fo(w) = Vi (r) ! / fdu,

By (z,r)
we have

p

du()

I = folln = /‘ fdu

BH(I T)
-,
-,

p
dg

F(r0) — Vir(r)™! /B g

p

dg

F(r0) — Via(r) ™! /B i)
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<Vu@) [ [ 1f(ry0) = Fr)lPdgda(y)
Bu(o,r) JG

<rPIVELD.

This finishes the proof of Theorem 6.1. a

Corollary 6.1. In the context of Theorem 6.1, if Vg (r) = cr™ for allrT > 0,
then the Sobolev inequality

VieC(M), |fllq<SM,H,p,q)|Vuflly

holds on M for all p € [1,m) with ¢ = mp/(m — p) and a finite constant
S(MaHaC7paQ)'

This covers the case of unimodular Lie groups (M = G, K = {e}) equipped
with a family of left-invariant vector fields {X7,..., Xy} that generates the
Lie algebra (in this case, |Vgf|?> = E’f |X:f|?). It also covers the case of
noncompact symmetric spaces M = G/K, G = NAK semisimple, equipped
with their canonical Riemannian structure. Note that when M is a noncom-
pact symmetric space, the inequality || f||, < C(M,p)||V f||, holds as well for
different reasons.

7 Ricci Curvature Bounded Below

This section offers variations on results from [19]. Let (M, g) be a Riemannian
manifold of dimension n (without boundary) with Ricci curvature tensor Ric.
Fix K,R > 0, an open set 2 C M. We assume throughout that 2z =
{y € M : d(z,y) < R} is compact and that the Ricci tensor is bounded by
Ric > —Kg over 2g. It follows that for any x € 2 and r € (0, R) almost
every point y in B(z,r) can be joined to z by a unique minimizing geodesic
Yoy © [0,d(x,y)] — £2r. Note that we use somewhat conflicting notation
by letting 7, . denote the unit speed geodesic starting at x in the direction
u € S, and letting vy, , denote the minimizing unit speed geodesic from x to
y (when it exists). Note also that for any « € 2 and v € S, and r € (0, R),
the unit speed geodesic 7, ,, (not necessarily minimizing) is defined at least
on the interval [0, 7] because 2 is compact in M.

In this context, the Bishop—Gromov comparison theorem yields the fol-
lowing properties:

e Forallz€e N and0<s<r< R

Viz,r) < V(z,s)(r/s)"eV (n=DKr
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e Forany x € 2, u € S;, and 0 < s < r < R such that v, is minimizing
on [0,7]

J(x,u,r) < J(z,u,s)(r/s)" e (n—DKr
We will use these properties to prove the following result.

Theorem 7.1. Referring to the above setup concerning (M, g) and 2, K, R,
we have

Vre (0,R), YVfeC(2), |f—flb<8nedVnDErme|gyrp,

Proof. For simplicity, we write dz for the Riemannian measure v(dx). It suf-
fices to show that, for any f € C°(£2) and r € (0, R)

/ / 7(@) — £ 2D 4oy < gV TIR g g
Viz,r)
By the Bishop—Gromov volume inequality, for z,y € (2
1B(:c,r) (y) < 9" (n—DKr 1B(w,r) (y)
V(z,r) V(z,r)V(yr)

and it suffices to bound

= ) — plB(m>—T)(y) T
- /Q /Q ) = e dody

Let W be the (symmetric) subset of 2 x £2 of all (z,y) with d(z,y) < r such
that there exists a unique minimizing geodesic v, , : [0, d(z,y)] — M joining
x to y. As was noted above, for any x € {2, almost all y € B(z,r) have this
property and the image of v, , is contained in {2z. Hence

_ ) — p1]3(“57—r)(y) T
1= [ W@~ sr S dndy
d(z,y) d(z, )PV f(Ya,y () P1B(wm (1)
</ / V{z.n)V(y.1)

The following step is essential to the proof. By symmetry between x and y
and since vg () = vy,2(d(z,y) — s), we have

dsdzxdy.

[ a9 D ens0) 1, -

V(z, )V (y,r)

/ /dmw d(z,y)" MV f (Yo () PLB () ()
Viz,r)V(y,r)

dsdxdy.
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Hence

Adz.9) N (v, Pl
I<2rP™ 1/ / VI Oy (9))l B(m’r)(y)dsdxdy.
d(.y)/2 Vi(a,r)V(y,r)

By the Bishop—Gromov comparison theorem, we have

]-B(w,r)(y) < 2" /(n—1)K r 1B(w,7')(7r,y(5)) '

Ve,ye M, 0<s<r, —————
V(.TZ,’I”)V(y,T) V(,YI:U(S)’T)

Moreover, again by the Bishop—Gromov comparison theorem, for all (z,y) €
W and d(z,y)/2 < s < d(z,y) < r, the Jacobian J(7,4(s)) of the map

y — 2 = ¢(y) = Yuy(s) is bounded below by 2= "+1e=V=DET Note that
we use here the fact that the image of the whole 7, , lies in {2, where the
Ricci lower bound is satisfied.

For each s € [0,7] we set

Ws ={(z,y) e W:s<d(z,y)}.

Using the two observations above in the previous upper bound for I and
setting C(r) = 4"rP~1e2V(=DET e obtain

@9 |V f (Vary () PI (Y, () 1By (Y, (5))
s / /d(a:y V{(Ya,y(8),7)

IV () PIy() Lon o1 ()
< C<’°)/o / V(7 (5),7) drdyds

v p]‘ ZT
// IV f(2)[P1p( ()dzdzds
MxM V(z,7)

r /M IV f(2) P

Taking (7.1) into account, we obtain the desired result. O

dsdzxdy

As corollaries of Theorems 3.1 and 7.1, we obtain the following three well-
known results.

Theorem 7.2. For any relatively compact set 2 in a Riemannian manifold
M (without boundary) of dimension n, the Sobolev inequality

Vecr(9), [Iflleg<SW2.p,a)(IVFlp+1£lp)
holds for any p € [1,n) and ¢ = pn/(n — p).

For the proof of the next result, in addition to Theorems 3.1 and 7.1, one
uses the Bishop—Gromov comparison theorem in the form of the volume lower
bound
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Ve e M, Vse(0,r), V(z,s) = c(x,r)s"

with c(z,r) = eV DETY (2 1) which is valid as long as the closed ball
B(x,2r) is compact and K > 0 is such that the Ricci curvature tensor is
bounded below by Ric > —Kg on B(z, 2r).

Theorem 7.3. On any Riemannian manifold M of dimension n (without
boundary), the Sobolev inequality

(p,n, Kr?)r

C
VR B ), Ml < s (90 + 1)

holds for any p € [1,n) and ¢ = pn/(n—p) as long as the closed ball B(zx,2r)
is compact and K > 0 is such that the Ricci curvature tensor is bounded
below by Ric > —Kg on B(x,2r).

If one follows the constants in the proof of Theorem 7.3, one finds that
C(p,n, K1%) < Cy(n, p)eC2(mpIVEr®

for some finite constants Cy(n,p) and Ca(n,p).
The next result can be obtained from the previous theorem by letting r
tend to infinity (which is possible when K = 0 since Kr? = 0 for all r > 0).

Theorem 7.4. For any complete Riemannian manifold M of dimension n
with nonnegative Ricci curvature and mazimum volume growth (i.e., there
exists ¢ > 0 such that V(x,r) = cr™ for all x € M, r > 0) the Sobolev
inequality

VfelEM), [Ifllg <S(e,n,p)lVIlp
holds for any p € [1,n) and ¢ = pn/(n — p).

8 Domains with the Interior Cone Property

In this final section, we illustrate yet a slightly different use of the pseudo-
Poincaré inequality. Let (M, g) be a complete Riemannian manifold without
boundary.

Fix § € (0,1] and r > 0. A (4, 7)-cone at z is a set of the form

C(z,we,m) ={y =Vau(s) tu Ew,, 0 < s < T}

where w, is an open subset of S, with the property that r(z,u) > r for all
u € wy and |w,| > 0. Here, |w,| denotes the measure of w, with respect to
the normalized measure on the sphere S,. We always assume further that for
any continuous function f the function
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T — fy)dv(y)
C(z,wg,r)

is measurable. In particular, x +— v(€(z, wy,r)) is measurable.

Note that the existence of a (J,7) cone at  is a non trivial assumption. A
domain {2 which contains an (4, ) cone at z for any x € {2 is said to satisfy
the (8, 7) interior cone condition.

In the Euclidean space context, the interior cone condition is perhaps the
most classical condition for the validity of various Sobolev embedding theo-
rems (cf. [1, 13]). In the geometric context of complete Riemannian manifolds,
we offer two results based on the interior cone conditions. The Sobolev in-
equalities stated in the following two theorems are of a different nature than
those discussed earlier in this paper because the functions involved need not
vanish at the boundary of (2. To obtain these inequalities, we use Theo-
rem 3.3.

Theorem 8.1. Let {2 be a domain in an n-dimensional complete Riemannian
manifold (M, g) (without boundary). Fiz K,R > 0 and assume that

e The Ricci curvature is bounded by Ric > —Kg on (2.

o There exists 6 € (0,1) such that for any x € 2, there is a (6, R)-
cone €(x,w,, R) at x contained in 2 with the additional property that
v(&(x,wy, 1)) = cr™ for any r € (0, R).

For any f € C=(2) N WLP(2) we set

1
Q[Tf(.f) = m /¢(m,wm,7’) fdv.

Then for all f € C*°(2) N WLP(2) the inequality

Ve (0.R), |If =% fllap < (a1 /en)e?V DRV g,
holds. Further, for p € [1,n) and ¢ = np/(n — p) the Sobolev inequality
Ve nWh(Q), [Ifleq < S(ep,n Kr?) (IVflop+ R flop)

1s satisfied.

Proof. Let f € C>®(2) N WLP(£2). For any x € {2 we write

o€ lfe) =A@ < [ [ [ 9w, s dsds, o
wge JO 0
By the Bishop—Gromov comparison theorem, for all 0 < 7 < s < r < r(z,u)

J(x,u,7)(s)7)" " LeVTDES > g5 0, ).
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Hence
v(€(a, )| f () = Ar f ()]
< eV(n-DEr e NV (Yaru J drs"Ldsd
<e /w,/o /O TV (Vo u (T) | (2w, T)dTS sds, u

O Nc
n 2NB(z,r) d(zvz)nil

Using the hypothesis v(€(x,r)) > cr™, we obtain

[f () — 2 f ()7

—1
_ P/ (=K / da P / IV f(2)|P o
(C?’L)p 2NB(z,r) d(l‘7 Z)n_l 2NB(x,r) d(l‘, Z)n_l

The Bishop comparison theorem yields

/ dix <w,_ jeVn—DEr,
2NB(z,r) d(

z, )=t
The inequality
1f = %o fllop < (@ /en)eV TR T 1]l

follows, and Theorem 3.3 gives the desired Sobolev inequality. ad

Theorem 8.2. Fiz R > 0 and 6 € (0,1). Let 2 be a domain in an n-
dimensional complete simply connected Riemannian manifold (M, g) without
boundary and with nonpositive sectional curvature (i.e., a Cartan—Hadamard
manifold). Assume that £2 as the (J, R) interior cone property. Namely, for
any x € §2 there is a (6,R)-cone {y = vzu(s) : 4 € wz,0 < s < R, } at
contained in §2. For any f € C*(£2) we set

n T
A flz) = — ou(5)s" Ldsds. u.
1@ = Gl [ fOmat s
Then for all f € C®(2) N WLP(R) the inequality
Vre (OvR)’ ”f - AerQ,p < 571/pr||vf||97p

holds. Further, for p € [1,n) and ¢ = np/(n — p), the Sobolev inequality

Viec(@nWi(9), |fleq<S0p.n) (IVFlep+ B len)
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is satisfied.

Proof. Let f € C(£2) N WLP(£2). For any = € {2 we write

- / / / IV f (Vou(T))|drs™ Ldsds, u.
o™ Ju. Jo Jo ' &

Hence, using (5.1) for the last step,

n (" " -
5=ty < g [ [ [ 195 Cna e st dsdrda

nrp—1
n—|—p—16/// IV f(vpu(T))|Pds, udzdr

- r: : /0 /Q /w IV f (Yo (M) PLa (Yo (7)) s, udadr
Tp(; 1 /0 /M /g IV (Vo,u (TP Lo (Va,u (7)) ds, udzdr

rP
= ZIV 5,

[f(z) = Arf(2)] <

N

This yields the desired pseudo-Poincaré inequality. To obtain the stated
Sobolev inequality, we simply observe that

n " n—1 n
A < — dsd < d
| Tf(x)l =X Srm /T /O |f( 7w,u(5)‘3 Sas, U X S / ‘f| v

because, on any Cartan-Hadamard manifold, J(z,u,s) = s"~! for all u. It
then suffices to apply Theorem 3.3. a

FExample 8.1. Let M be an n-dimensional Cartan—Hadamard manifold. Let
C be a closed geodesically convex set, and let 2 = M \ C. We claim that {2
has the (1/2, 00) interior cone property. Indeed, for any x € (2, let w, be the
subset of those unit tangent vectors v at = such that C N {y = v, .(s) : s >
0} = @. Because C is geodesically convex and x € (2, for any u € S,, either
u or —u belongs to w,. This implies that |w,| > 1/2. Applying Theorem 8.2
with R = oo, we obtain the Sobolev inequality

Ve W), |fleq<SEn)Vilep a=np/(n—p).

Note that the functions f € C>(2)NW1P(£2) do not necessarily vanish along
the boundary of (2. Balls and sublevel sets of Busemann functions provide
examples of geodesically convex sets in Cartan—Hadamard manifolds.
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Ezample 8.2. Consider a geodesic ball of radius p > 1 in the hyperbolic plane.
It is not hard to see that it has the (4, 1) interior cone property. One may ask
if, uniformly in p > 1, these balls have the (J,ap) interior cone property for
some d,a € (0,1). The answer is no. If one wants to fit cones of length ap in
a ball of radius p, then the aperture a(a, p) has to tend to 0 with p.
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