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This is a survey article on Brownian motions on compact connected groups and the
associated Gaussian convolution semigroups. The emphasize is on infinite dimensional
groups such as the infinite dimensional torus and infinite products of special orthogonal
groups. We discuss the existence of Brownian motions having nice properties such as
marginales having a continuous density with respect to Haar measure. We relate the
existence of these Brownian motions to the algebraic structure of the group. The results
we describe reflect the conflicting effects of, on the one hand, the infinite dimensionality
and, on the other hand, the compact nature of the underlying group.
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1. Introduction

On G = R", up to automorphisms of the group structure, Brownian motion is
the unique G-valued process having independent stationary increments, continuous
paths, which is nondegenerate and is invariant under the mapping x — —x. For a
good choice of Euclidean structure, the one-dimensional marginal at time ¢ > 0 is
the measure with density

() = oz exp(—la/ ). (1)

where |z| is the Euclidean length of x (our convention is that Brownian motion is
driven by >°7 02, not by 1/2 57 92).

On a general group G, we call symmetric left-invariant diffusion any G-valued
process having independent stationary increments, continuous paths, and which is
nondegenerate and invariant under the mapping = — =z~ '. If the group is com-
pact, we call Brownian motion any symmetric left-invariant diffusion which is also
invariant under all inner automorphisms, that is, under z — aza™"', a € G.
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When the group G is a connected Lie group, the one-dimensional marginals
of any Brownian motion have smooth positive densities z — p¢(x), t > 0, with
respect to Haar measure. For instance, on the n-dimensional torus T" identified
with (—m, 7)™, the standard Brownian motion has density

=) 32 e (-E5E)

ke2nZm
with respect to the normalized Haar measure. In general, there is no simple formula
for the density of a Brownian motion on a Lie group but, as t tends to 0, this
density resembles (1.1) where n is the topological dimension of G and |x| must be
interpreted as a certain bi-invariant Riemannian distance on G. In particlular,

1
log pt(€) ~ glog 7 * t—0 (1.2)
and
}ir% 4tlog pue (z) = —|z|*. (1.3)

The aim of this paper is to survey recent results of the authors on three types
of problems concerning Brownian motions on compact groups of infinite dimension:
(a) Existence of Brownian motions having certain prescribed properties such as one-
dimensional marginals having continuous densities; (b) Relations between various
properties, most of them being expressed in terms of the one-dimensional marginals;
(c) Relations between certain properties of the one-dimensional marginals and the
structure of the underlying group. For instance, are there statements resembling
(1.2)—(1.3) that hold for Brownian motions on general compact groups? For various
applications to potential theory, sample path regularity and more see, e.g. Refs. 5,
8, 15, 16, 18 and 38. Good examples of infinite dimensional compact groups to keep
in mind are the infinite dimensional torus T, which is the product of countably
many circles, and the product G = [];2, SO(n;) of special orthogonal groups of
various dimensions.

We would like to convey the idea that Brownian motions on general compact
connected groups can be studied from a rather concrete viewpoint. See for instance
Theorems 2.1, 2.3, 3.1 and the examples given throughout this paper. Some of
the key ingredients needed to develop this program are refined results concerning
Brownian motions on compact Lie groups and how the behavior of the densities
of the law of X; (i.e. the heat kernel) depends of the dimension, see Refs. 7 and
40. As we do not include proofs, these ingredients will not be very visible here but
they play a crucial role in Refs. 7-9, 11 and 13. The results described below show
that many infinite dimensional compact connected groups carry Brownian motions
having very nice properties resembling those of Brownian motions on Lie groups.
This is due to the compacity of the underlying group and is in sharp contrast with
what happens on infinite dimensional vector spaces.

Three early references relevant to the subject of this paper are Refs. 31, 34
and 44. Heyer’s book?® is a thorough introduction to the fundamental objects that
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we will discuss in this survey, i.e. Brownian motions and Gaussian convolutions
semigroups on compact connected groups. In particular, Secs. 3 and 4 in Chap. 6
of Ref. 36 can be considered as one of the starting points of our investigations.
However, most of the issues discussed in this survey are not considered in Ref. 36.
One of the more specific roots of our investigations can be found in the independent
works of Bendikov and Berg in 197412
infinite dimensional torus are studied in details. The work of Bendikov and Berg,
and its potential theoretic relevance, are explained in detail in Ref. 3 which is one
of important sources of ideas for the developments presented here.

where certain Brownian motions on the

1.1. Brownian motions on compact groups

Let us give a more formal definition of what we call a Brownian motion on a compact
group G. Let X = ((X¢)t>0,P), Xo = e, be a G-valued random process.

Definition 1.1. We say that X is a Brownian motion on G if the following prop-
erties are satisfied:

(1) X has independent stationary increments, i.e. for any subdivision 0 < t; <
co <, {th1 X¢,}71 is a family of independent random variables and the law
of Xt_i_llXti depends only on s =¢; — t;_1.

(2) X has continuous paths ¢t — X;(w), P a.s.

(3) X is symmetric, i.e. X; * has the same law as X, for all t > 0.

(4) X is central, i.e. = X;a has the same law as X, for all t > 0 and a € G.

(5) X is non-degenerate, i.e. for any connected open neighborhood U of the identity,
X, visits any open subset of U with positive probability before it first exits U.

Remarks. (a) We obtain a process having an arbitrary starting point g € G by
considering (gX¢)i>0. We call this process X as well.

(b) Property 1 contains the fact that the process X is left-invariant. Together
with Property 1, Property 4 is equivalent to the requirement that X be also right-
invariant, hence bi-invariant. As we work here on compact groups, Property 4 is
a natural requirement. We would like to point out that dropping this condition
would considerably change the class of processes one deals with. For instance, on
Lie groups, it would allow processes whose infinitesimal generator is subelliptic but
not elliptic. In fact, it is a very natural problem to study general symmetric left-
invariant diffusions on compact groups and try to generalize to such processes some
of the results described in this survey for Brownian motions. This however seems
to be a very difficult task.

(c) Property 2 implies that X never leaves the connected component of the neu-
tral element. Hence, there is no loss of generality in assuming that G is connected.
The existence of Brownian motions on any compact connected group is proved us-
ing the fact that any compact connected group is the projective limit of compact
connected Lie groups. See Chap. 6 of Ref. 36 for metrizable groups.
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(d) In contrast with the case of R™, there are often more than one Brown-
ian motion on a given compact Lie group G, even after taking into account all
automorphisms of G and linear changes of time scale. For instance, on the two-
dimensional torus T2, Brownian motions are in one-to-one correspondence with flat
Riemannian metrics (up to scaling) and classifying Brownian motions up to linear
time changes is the same as classifying lattices in R? up to isometries and dilations.
To understand this phenomenon, consider the torus as R?/Z2. Lift the given Brow-
nian motion to R2. There is a basis in R? in which our Brownian motion has the
canonical form. However, the transformation involved in this change of basis will
not, in general, leave the lattice Z?2 invariant. Obviously, as far as T? is concerned,
only those transformations that preserve Z? can be allowed, leaving us with an
infinite family of different Brownian motions on T2.

(e) As far as lack of unicity goes, the Abelian case is, in some sense, the worst
possible case. Indeed, on a compact connected simple Lie group, there is (up to time
change) a unique Brownian motion. It corresponds to the unique (up to scaling) bi-
invariant Riemannian metric. This bi-invariant Riemannian metric can be obtained
canonically as (minus) the Killing form. For all of this, see Ref. 35. Note that the
requirement that any Brownian motion be invariant under inner automorphisms is
crucial to have this unicity on simple compact Lie groups. Any compact connected
semisimple Lie group G is a quotient of a product of finitely many connected com-
pact simple Lie groups by a finite central subgroup.?® On such a group, the set of
all Brownian motions can be parametrized by a finite sequence of positive numbers
(as many as simple factors), each of which is a scaling factor. This fact generalizes,
in some sense, to any compact connected semisimple group. See Ref. 37 and Secs. 3
and 4.1 below.

1.2. Convolution semigroups

As explained above, the one-dimensional marginals of Brownian motions will be our
main object of study in this survey. Obviously, they form convolution semigroup of
measures on G. More precisely, one has the following well-known characterization
of Brownian motions in terms of convolution semigroups. Recall that a metrizable
group is a group whose topology can be defined by a metric. For locally compact
groups, this condition is equivalent to having a countable basis for the topology.

Theorem 1.2. Let G be a compact connected group.

(1) Let X be a Brownian motion on G and let p; be the law of Xy, t > 0. Then

1.1 For anyt, s >0, pz * fts = fht+s-
1.2 py — 0. weakly ast — 0.
1.3 For any neighborhood V' of e,

1
lim 4 (G\V) = 0.
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1.4 For anyt > 0 and Borel subset V, puy(V™1) = uy(V), i.e. py is symmetric;

1.5 For any t > 0, a € G, and Borel subset V, uy(a=Va) = u(V), i.e. py is
central,

1.6 For any t > 0, u; is non-degenerate, i.e. for any t > 0, the projection of
we on any Lie quotient of G is absolutely continuous with respect to Haar
measure.

(2) Conversely, if G is a metrizable group, for any family (ui)i>o of probability
measures on G satisfying 1.1-1.6, there exists a Brownian motion X on G such
that py is the law of Xy, t > 0.

Properties 1.1 and 1.2 define convolution semigroups of measures. The additional
Property 1.3 defines Gaussian convolution semigroups. Theorem 1.2 asserts that,
in the metric case, Brownian motions on G are in one-to-one correspondence with
nondegenerate central symmetric Gaussian convolution semigroups. For the Abelian
case, see, e.g. Refs. 22 and 25. The non-Abelian case is due to Heyer and Siebert,
see Chap. 6 of Ref. 36.

Let G be a compact, connected group. Our main interest is to investigate prop-
erties that the convolution semigroup (p:):>o associated with a Brownian motion
X on G might have or not. Let us observe that, in infinite dimension, it is often
the case that the measures py, ¢ > 0, are singular with respect to Haar measure.
For instance, if G is a countable product of identical factors N; =2 N where N is a
compact Lie group, and if y; is the product of identical factors u¢ on each IN;, then
a well-known theorem of Kakutani easily implies that u; is singular with respect to
Haar measure.

One natural question is that of existence, on any given compact connected group
@G, of Brownian motions having some of the following properties.

Definition 1.3. We say that a Brownian motion X on G is:

(AQC) if, for all ¢ > 0, p; is absolutely continuous w.r.t. Haar measure.
(CK) if (AC) holds and, for all ¢ > 0, u+ admits a continuous density;
(CKA#) if (CK) holds and the continuous density p:(-) satisfies

}irr(l) tMlog s (e) = 0
(when A =1, we write (CKx) for (CK1x));
(CK#) if (CK) holds and the continuous density p.(-) satisfies
lim sup p(xz) =0
t=0,cK
for each compact K such that e ¢ K.

In Sec. 4.4, we review what is known about the existence of Brownian motions
having such properties. It turns out that there are many Brownian motions on
infinite dimensional groups which satisfy some or all of these properties. Proper-
ties (AC) and (CK) are very natural properties to consider. The importance of
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properties such as (CKx) and (CK#) first appeared in the early work of Forst,3!
Berg?!:23:24 and Bendikov.!? These properties play an essential role in what follows.

Note that, by comparison with (AC) and (CK), (CKAx*) is a more quantitative
property. One should also stress the difference between properties (CK)—(CKAx)
and properties (AC)—(CK#). The former are expressed in terms of the on-diagonal
behavior of fi, i.e. in terms of u;(e) (indeed, (CK) is equivalent to u:(e) < +oo,
for all ¢ > 0). The latter properties involve the off-diagonal behavior of p;.

Anticipating on some of the definitions that will be given below, let us relate
the notions introduced above to well-known facts concerning Brownian motions on
compact connected Lie groups. Thus, let X be a Brownian motion on a compact
connected Lie group G of dimension n. Let (u¢)i~0 be the associated Gaussian
semigroup.

(a) If G is Abelian, then G = R"/Z" is a finite-dimensional torus. The infinitesimal
generator —L of X has the form

—L = i ai7j8i8j,

i,j=1

where a; ; = a;; (by Definition 1.1(3)). It is not very hard to see that Defini-
tion 1.1(5) implies that L is elliptic, that is

D ai €& >0 forall & =(&,...,&) #0.

(2¥]

(b) If G is simple, Definition 1.1(4) implies that the infinitesimal generator is pro-
portional to the Laplace-Beltrami operator of the bi-invariant Riemannian met-
ric induced by the Killing form on G. By Definition 1.1(5), the proportionality
constant is not 0.

(¢) By the structure theory of compact connected Lie groups, it follows from the
Abelian and simple cases that, in general, the infinitesimal generator —L of X
is the Laplace—Beltrami operator of a bi-invariant Riemannian metric on G. In
particular, L is an elliptic operator. In the sense of distributions, (14)¢>0 solves
the heat diffusion equation (9; + L)u = 0 with initial data the Dirac mass at the
neutral element. Hence classical regularity theory implies that, for each ¢t > 0,
¢ admits a smooth positive density w.r.t. Haar measure. Denote this density
by « — u¢(x). Then it is well known that

1
log pt(e) ~ glog ; o t tends to 0.

Hence, on a Lie group, property (CKAx) is always satisfied for all A > 0. In
addition, Gaussian heat kernel bounds as developed in Refs. 30 and 45 show
that (u:)i>o satisfies property (CK#).
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1.3. Projective limits

A fundamental structure theorem concerning compact connected groups is that they
all arise as projective limits of compact connected Lie groups (see, e.g. Refs. 33,
36, 37 and the reference therein). More precisely, any compact connected group G
contains a descending family of compact normal subgroups K., a € X, such that
Nk Ko = {e} and G, = G/K, is a compact connected Lie group. Write a@ < 3
if Ko D Kg. If a < (3, let mo 3 be the canonical projection of Gg onto G, and
T, be the canonical projection of G onto G. It follows from the properties of the
family K, a € R, that G is the projective limit of (G4, Ta,8)a,8er;a<3- This means
that G is isomorphic to the closed subgroup of the Cartesian product [[, Go whose
elements are those g = (go) such that, for all pairs @ < 8 in R, 7 8(98) = ga-
When G is metrizable, one can take N to be at most countable and the sequence
K, to be decreasing.

The projective structure described above allows us to construct the projective
Lie algebra & of a compact connected group G. The Lie algebra & is defined to
be the projective limit of the Lie algebras &, equipped with the projection maps
dmg o, o < . It is independent of the choice of the descending system (K, )x and
is a linear topological space isomorphic to a product of lines (finite, countable, or
uncountable). This follows from Ref. 27 where Born studies carefully the notion of
projective basis associated with a descending system (K, ) in G (see also Ref. 29).
Given a descending system (K ) as above, a family Y = (Y;);er of elements of & is
a projective basis relatively to (K ) if, for each « € X, the subset I, of all i € I such
that dmo(Y;) # 0 is finite and the family {YV* = dno(Y;) : i € I} is a vector basis
of the Lie algebra &,. Born?” shows that there always exists a descending family
(K, ) such that & admits projective basis with respect to (K4). By construction, if
Y = (Yi)ier is a projective basis, then & = {Y =", 4;Y; 1 y; € R} = R with the
topology of convergence coordinate by coordinate, i.e. the product topology.

The space B(G) of Bruhat test functions on G (introduced in Ref. 29) can be
defined as the space of all functions f on G for which there exist o € X and a smooth
function ¢ on G, such that f = ¢ o m,. Given a projective basis Y = (Y;);cs, any
element Y = > y;Y; of & can be viewed as a left-invariant differential operator on
G acting on any Bruhat test function f = ¢ o m, by

Y= wlV¢loma.

1€l

By definition, a homogeneous left-invariant operator P of order k£ on G is a formal
sum

P:Zajw’,

jerr

where Y7/ = Y;, ---Y;, if j = (i1,...,ix). Its action on the Bruhat test function
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f = ¢om, is given by
Pf=2% [y Yi¢lom.
Jelk
One can check that the space B(G) and the notion of homogeneous left-invariant
differential operators introduced above are independent of the choice of the de-
scending family (K,) (see Ref. 29).
Differential operators on G or G/H can obviously be identified if H is a finite
normal subgroup of a Lie group G. One generalization of this statement is as follows.

Theorem 1.4. Let G, G be locally compact connected groups such that G = G/N
where N is a closed normal totally disconnected subgroup of G. Then, for any left-
invariant differential operator P on G there exists a unique left-invariant differential
operator P on G such that

VfeB(G), Plfor]=(Pf)om
where T is the canonical projection from G onto G.

The proof consists of showing that G = G//N and G have the same projective
Lie algebra.

1.4. Infinitesimal generators

Let G be a connected compact group with normalized Haar measure v. Fix a
Brownian motion X = ((X¢)t>0,P) on G. Let yu; be the law of X;. Consider the
self-adjoint Markov semigroup of operators on L?(G, dv) defined by

H,f(z) = EP(f(zX})) /f xy)dp (y

The infinitesimal generator —L of H; is defined by

I1—-H
L = lim

with domain D equals to the set of all functions in L?(G, dv) such that this limit
exists in L2(G, v). See Ref. 32. By construction L is a bi-invariant self-adjoint non-
negative operator on L2(G, v). In the case of Lie groups, a celebrated (more general)
theorem of Hunt describes L as the unique extention of a left-invariant (in our case
bi-invariant and symmetric) second-order differential operator. Using the projective
structure, this generalizes to all compact connected groups.

Theorem 1.5.2% Let G be a compact connected group. Let Y = (Y;)icr be a projec-
tive basis. Then, the domain D of the infinitesimal generator —L of any symmetric
Gaussian semigroup contains the set B(G) of all Bruhat test functions on G as a
core. Moreover, restricted to B(G), L is a left-invariant second-order differential

operator of the form
= - Z ai,jYin 5
4,J
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where the matric A = (a,;) is real symmetric and satisfies Zij’ a; ;j&& > 0 for
all § = (&)ier with finitely many nonzero coordinates.

The infinitesimal generator —L can be used to define the so-called intrinsic
quasi-distance associated to X which introduces an adapted geometric structure on
the group G. Define the field operator I'(f, f) by setting

1
L(f, f) = —5(Lf* = 2fLf)
for any Bruhat test function f on G.

Definition 1.6. For any z, y € G, set

d(xz,y) =sup{f(z) = f(y): f € B(G), T(f,f)<1}.
Set also d(z) = d(e,z) and D = {z € G : d(z) < o0}.

The quasi-distance d has become a classic object in the context of analysis on
local Dirichlet spaces. See, e.g. Ref. 43. Observe that, because L is bi-invariant, d
is also bi-invariant, that is d(z,y) = d(zz, zy) = d(xz, yz) or, equivalently, d(zy) =
d(yz). It can be shown that D is a dense Borel subgroup of G. It follows that either
D = G or v(D) = 0. Moreover, if D = G, then d is bounded on G. For all of this,
see Ref. 17. It is an interesting problem to relate properties of d to properties of
X. For instance, what can be said about X if d is continuous? Conversely, which
property of X implies that d is continuous? These questions will be discussed later
on in this survey.

2. The Case of the Infinite Dimensional Torus

To illustrate the above definitions, let us consider the important case where G =
T = R>/Z>. In fact, by a theorem of Dixmier (see, e.g. Refs. 36 and 37), T* and
the finite-dimensional torii T™ are the only compact connected locally connected
metrizable Abelian groups. Let X be a Brownian motion on T* and (ut):>0 be the
associated convolution semigroup. These two objects are uniquely determined by
an infinite symmetric positive matrix A. Here, positive means that Zl ; i, €& >0
for any nonzero vector £ € R(>) (i.e. € has only finitely many nonzero coordinates).
The matrix A can be introduced via Fourier analysis. Namely, the dual of T is
the group Z(*®) and the Fourier transform ji; is given by

fi(0) = exp(—t(0))

where 1(6) is a positive definite quadratic form on Z(>). The matrix A is the matrix
of v in the standard basis, i.e.

$(0) = ai;0:0; .
i
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The matrix A can also be viewed as the matrix of the coefficients of the infinitesimal
generator

—L = Z aiyj&-@j

acting on functions depending on finitely many coordinates. This second viewpoint
illustrates Theorem 1.5 in the easy case of T°°.

A natural problem in this setting is to relate properties such as (AC), (CK),
(CKAx), (CK#) to properties of the matrix A.

2.1. The diagonal case

On T, the existence of Brownian motions having some prescribed properties can
be obtained by looking at the diagonal case where a;; = a;, a; ; = 0 for ¢ # j, for
some sequence a = (a;) of positive numbers. The study of this case is crucial in
discovering interesting relations between different properties and developing reason-
able conjectures for the general case. Around 1974, Christian Berg?! and the first
author! were the first to study Gaussian semigroups on the infinite-dimensional
torus explicitly. They mostly looked at the case when A is diagonal and were mo-
tivated by potential theoretic questions raised by the work of Bliedtner.2® See,
e.g. Refs. 1-3, 21, 23 and 24.
Given a = (a;), set

N(s):Na(s):'Z 1=#{i:a; <s}.

The following theorem gathers some of the noteworthy results (mostly from Refs. 1,
3, 4, 23 and 24) concerning the diagonal case a;; = a; > 0, a; ; = 0 otherwise.

Theorem 2.1.3%79 In the diagonal case on T, we have the following results:

(1) Define t, € [0, +0o0] by setting

te = %liisolip é log N(s).
Then py is singular w.r.t. Haar measure for t < t. and is absolutely continuous
w.r.t. Haar measure for allt > t.. Fort > 2t,, u; admits a continuous density.
For t € (t.,2t.), the density of p is unbounded but belongs to all LP, p €
[1,400).

(2) (AC) is equivalent to (CK) and holds if and only if

lim 1logN(s) =0.
5—00 S
(3) (CK#) is equivalent to (CKx) and holds if and only if
lim lN(s) =0.

§—00 §
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(4) The quasi-distance d is continuous if and only if

> N(s) . — 1
/0 =2 ds < 4oco0, 1t.e. Z_.<OO'

Moreover, if d is continuous, then

}iH(l) —4tlog pi(x) = d(x)?.

(5) There exists a positive continuous function s — G(s) satisfying G(s) = 1/2+
o(e™1/%) as s — 0 and G(s) = 2se™*(1 + o(1)) as s — oo and such that, for
any symmetric diagonal Gaussian semigroup on T,

log () = / aovm .

Part 5 allows us to construct Gaussian convolution semigroups having various
behaviors. To illustrate some possible behaviors consider the following cases treated
explicitly in Ref. 4. Let A be a positive real parameter.

(1) Set ax, = k'/*. Then N(t) ~ t* which gives
log pe(e) ~ ext™ ast—0.

(2) Property (CKA#) is equivalent to N(t) = o(t*) as t tends to infinity. For in-
stance, taking aj, = [klog(1 + k)]*/* gives N (t) ~ A1t} [log(1 +t)]~* which, in
turn, gives

C)\tf)‘
log(1+1/t)

(3) Set a = eF'"*. Then N(s) ~ [log(1 + 5)]*, which yields

log it (e) ast—0.

log f1¢(€) ~ callog(1+1/1)]*** ast —0.
/
(4) Set ay = ¢ Then N(s) ~ [logz)(s)]*, where logs)(s) = log(1+1log(1+s)).
This yields
log () ~ exlog(1 + 1/t)[10g(2)(1/t)])‘ ast— 0.

(5) Set aj, = [log(1 + k)]'/*. Then N(s) ~ e*". If A > 1, then we have t, = 400
whereas, for A = 1, we have t, =1/2. If A € (0, 1), then ¢, =0 and

loglog pu(e) ~ ext ™M ast —0.

2.2. The general Abelian case

Understanding general symmetric Gaussian semigroups on T is a delicate question
and we can start by stating what appears to be one of the fundamental open problem
in this area of research: Is (AC) always equivalent to (CK)? As we have seen above,
in the diagonal case, (AC) is indeed equivalent to (CK).
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Introduce the spectral function
W(s) = Wa(s) = #{0 € Z(>) : (46,6) < s}.

In words, W counts the number of lattice points in the ellipsoide {{ : (A, &) < s}
in infinite dimension. It seems that the best one can hope for is to describe the
properties of (pt)i>0 in terms of W. On the one hand, this is easy for certain
properties related to the behavior of u(e) because

pe(e) = /000 e *tdW (s) .

For instance, for any fixed A € (0, 00), (CKA*) holds true if and only if log W (s) =
o(s* 42 A more subtle argument due to Berg? shows that property (CK) is
equivalent to the behavior

logW(s) =o0(s) ass— oco.
On the other hand, characterizing properties such as (AC) or (CK#) is not obvious.

Theorem 2.2.° For any Brownian motion on T properties (CK#) and (CKx)
are equivalent and they hold true if and only if

logW(s) = o(v/s) ass— oco.

Yet another equivalent property is that the Green function q = fooo e tuydt is ab-
solutely continuous w.r.t. the Haar measure and admits a continuous density on

G\ {e}-

This is a fundamental result and we comment on the proof. That (CKx) implies
(CK#) holds in greater generality. In particular, it holds for any symmetric Gaus-
sian semigroup on any locally compact metrizable group. See Refs. 9 and 17. The
same applies to the fact that (CK#) implies that the Green function ¢ admits a
continuous density on G \ {e}. See Ref. 3. To show that (CKx%) must hold when ¢
admits a continuous density on G \ {e}, we use the inequality

Ve eT', Vi>0, p(x)> p(e)e 4 /4

which holds true for any symmetric Gaussian semigroup on any finite dimensional
torus T™ and extends, in some sense, to T°°. See Ref. 9.
The same inequality is crucial for the following result.

Theorem 2.3.° Let X be a Brownian motion on T.

(1) If the quasi-distance d is continuous, then X satisfies (CKx).
(2) If X is (CKAx) for some X\ € (0,1), then d is continuous and

tlin(l) —4tlog s () = d(z)? .
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We end this section with some further open questions concerning symmetric
Gaussian semigroups on T*°. Consider the following critical times regarding the
appearance of certain nice properties of y; as ¢ > 0 increases. Let tging, (resp. tac,
tre, tck) be the infimum of the times ¢t > 0 such that p; is not singular with re-
spect to Haar measure (resp. is absolutely continuous, is absolutely continuous with
density in LP, is absolutely continuous with a continuous density). Since (ft)t>0
is a convolution semigroup, for any of these properties, u; automatically has the
property in question for all times t larger than the corresponding critical time.
Note also that, by convolution and symmetry, we always have 2t;2 = tp~ = tcxk,
see Lemma 4.2 of Ref. 13. Moreover, it is easy to check that

1
tr2 = limsup B log W (s).

§— 00

In the case of diagonal Gaussian semigroups, Theorem 2.1 shows that
tsing = tac = trr = tck /2, (2.1)

where p € [1,00). Thus it is natural to ask whether (2.1) also holds in the general
case. In fact, much weaker questions are open. For instance, does there exists a
constant C' such that for any symmetric Gaussian semigroup on T, tcx < C'tging?
Is it true that tging < oo implies tcx < o00? Is it true that tsine < oo implies
tac < 0o? Is it true that tac < oo implies tox < 007

2.3. Hidden diagonal cases

The aim of this section is to point out that the diagonal case of Sec. 2.1 covers
more cases than one would naively think. The idea indicated below may also prove
important in understanding general Brownian motions on T°.

We need to be more explicit about our use of coordinates on T°. By definition,
R>® = {z = >""x;E;}, where E; is the sequence with a 1 in position i and 0 every-
where else, i.e. “the standard basis” of R*°. The topology is the product topology,
i.e. the topology of convergence coordinate by coordinate. Set

Z“:{Z:ZziEi:ziEZ} .
Then, by definition, T = R> /27Z>.

Let us now define a suitable notion of “basis” for R>. Let F' = (F;){° be a

family of vectors in R*°. For any sequence of reals y = (y;), set

n
Yy = Z yi I
1

and let 27 (y), ¢ = 1,2,. .., be the coordinates of y™ in the standard basis E = (E;).
We say that F is a basis of R* if the following two properties are satisfied:
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(1) For any x = Y [°;E; € R™, there exists a unique sequence y = (y;) of reals
such that

T = iyiFi
1

in the sense that 2% (y) converges to x; as n tends to infinity.
(y) converges, as n

n

(2) For any sequence y = (y;) of reals, for each i =1,2,..., «}

tends to infinity.

Let us give some examples and counterexamples concerning basis of R*°. First,
changing the order of the elements of a basis produces a new basis. Second, for any
infinite upper triangular matrix C' with nonzero diagonal entries, F; = > y ¢i i Bj
is a basis of R*°. The same conclusion applies, for any infinite matrix C' which
is block-diagonal with finite dimensional blocks C, Cs, ... which are all invertible
matrices. These three families of examples already yield many nontrivial bases and
more are obtained by iterating these constructions. One interesting simple example
of basis is F' = (F;) with F; = > -, E;, i = 1,2,.... Let us mention also two
examples of families F' = (F;) which are not basis in the sense considered above:
(1) F = (F;) with F; = Y. Ej, i = 1,2,..; (2) F = (F}) with F; = E; and
FE=FE,_1+FE;,1=23,....

Any basis F' as above is as good as the standard basis E to write R*™ as a
product of lines. However, it is important to realize that, as far as our given infi-
nite dimensional torus T = R /27Z> is concerned, not all changes of basis are
admissible. For any basis F', set

ZF:{z:ZziFi:ziGZ}.

Of course, given a basis F' of R™®, Trp = R /Zp is an infinite dimensional torus.
But, for our study of Gaussian convolution semigroups these different infinite di-
mensional torii should be viewed as distinct objects. Indeed, for a given coefficient
matrices A, let (ﬂf)bo denote the associated Gaussian semigroup on R*> and let
(utF ’A)t>o be the projection on Tg. Then, for a given A, the different semigroups
(utF ’A) may have very different properties, depending on F'. For instance, it is well
possible that for one F, (ul"*);so is absolutely continuous with respect to Haar
measure whereas, for another F', it is singular.

Still, there are many bases F' of R that are admissible with respect to T in
the sense that Zrp = Zg. For such basis, we of course have (with equalities, not
isomorphisms)

T =Tg=Tp.

Thus, a fundamental problem in the study of Gaussian convolution semigroups
on T*° can be formulated informally as follows. Given a symmetric positive definite
matriz A associated in the standard basis E to a Gaussian semigroup (fit)is0 =
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(1) is0 on T, find an admissible basis F' of R® which is well suited to the study
of (1t)e>0-

This seems to be a rather hard problem. Note that, in each basis F, (ut)i=o =
(u)¢>0 will be represented by a different matrix Ap and it is well possible for Ap
to be a diagonal matrix for a well chosen basis F'. If this is the case, (ut)i>o is
a diagonal Gaussian convolution semigroup for the product decomposition of T
associated to F' and the results of Sec. 2.1 apply. This leads us to a weaker but more
precise form of the problem posed above. Given a symmetric positive definite matrix
A associated in the standard basis E to a Gaussian semigroup (js)eso = (ui)¢>0
on T, find whether or not there exists an admissible basis F in which the matriz
Af representing (put)e>o0 s diagonal (or block diagonal). We have no good answer
to this problem at this writing, but it seems worth giving a simple example.

Consider the following family of matrices. For any non-decreasing sequence b =
(b;) of positive numbers, set

by by by by by by - -
b1 by bg by by by - -
by by b3 bs bz b3 - -
by by b3 by by by - -
by by b3 by bs b5 - -
b1 bo bz by b5 bg - -

This is a symmetric positive definite matrix with (7, j)-coefficient min{b;, b;} and we
can consider the symmetric Gaussian semigroup (p4)i=0 = (p)¢>0 on T, whose
matrix in the standard basis F is A. Set F; = EjZi E;,i=1,2,.... Then F = (F})
is an admissible basis with respect to T°°. Moreover, an easy computation shows
that, in F', the matrix Ap representing (u¢):>o is diagonal with entries a; = b;—b;_1,
1 =1,2,..., with the convention that by = 0. Thus we can apply the various results
of Theorem 2.1. To illustrate this, assume that b; = %, with @ € (0,00). In this
case, Theorem 2.1 gives the following results.

(1) If « € (0,1], then p, is singular for all ¢ > 0.

(2) If @ € (1,00), then pu; is absolutely continuous and admits a continuous density
for all ¢+ > 0. Moreover, log u(e) ~ cot'/(*~1) as t tends to 0.

(3) If a € (2, 00), then the associated intrinsic distance d is continuous and we have

Vo eT™, }iH(l) —4tlog () = d(z)? .

3. The Semisimple Case
3.1. Simple Lie groups

Recall that a Lie algebra G over a field of characteristic 0 is simple if it is not
Abelian and has no ideals except {0} and G. See e.g. Refs. 35 and 37. A simple
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Lie group is a Lie group whose Lie algebra is simple. Simple Lie algebras and sim-
ple connected Lie groups are classified. Here, we are interested in simple compact
connected Lie groups. The simple compact connected Lie groups come in four infi-
nite series and three exceptional series, depending on the type of the corresponding
complexe simple Lie algebra (obtained by complexification of the Lie algebra of the
group). The infinite series Ay, By, Cy, Dy correspond to the classical groups. Type
Ay corresponds to SU(¢ + 1), type By to SO(2¢+ 1) and its two-cover Spin(2¢ + 1),
type Cy to Sp(¢) and type D, to SO(2¢) and its two-cover Spin(2¢). The exceptional
groups correspond to simple complex Lie algebras of type G2, Fy and F;, i =6, 7,
8. For each simple complex Lie algebra, there is a unique simply connected compact
group associated to it and all other compact groups in the class are finite central
quotients of this group.

Each simple compact Lie group comes equipped with a canonical metric given
by (minus) the Killing form which is, up to multiplication by a positive scalar, the
unique bi-invariant Riemannian metric on G. Let us spell this out in the case of
G = SO(m), m > 2. The dimension of SO(m) is n = (7}'). The Lie algebra & of
SO(m) is the space of real skew symmetric matrices with the exponential map given
by

exp:® -G, Mw—exp(M)= T
0

It is simple for m # 2, 4. Let {E;; : 1 < i < j < m} be the natural basis of &

where E; ; has all entries zero except the (4, j) and (j,¢) entries which respectively
equal 1 and —1. The metric induced by the Killing form is

B(M,N)=2(m—2)Y_ M;;N;; =—(m—2)Te(MN).

1<j

This metric has Ricci curvature equals to B/4. Let ¢ = (g;,;) be an element of
SO(m) and denote by g; the column vector g; = (gx.i)1<k<m. The normalized Haar
measure is given by

dg = ['(m/2)0((m —1)/2)---T(3/2)l'(1) A gidg

om—1,n/2
i<j

Write m = 2p or 2p+1 and let e 6; € [0,27), 1 < i < p, denote the eigenvalues
of g, (there is one additional eigenvalue 1 in the odd case). The by-invariant distance
d on G induced by the metric B is given by

d(e,g)* =2(m—2) ) _|0:3,
where

|0]1 = min{0, 27 — 6} .
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Thus, the diameter is

my/m(m — 2) if m is even

diam(SO(m)) = {w (m—1)(m —2) if mis odd

and diam(SO(m)) ~ mm ~ m\/n/2 as m tends to infinity (n = (7}') = dim(SO(m))).

Although we will not go into any detail here, let us emphasize that the results
that we will present below concerning compact connected semisimple groups depend
in a crucial way on a uniform analysis of the densities of the Gaussian semigroups
associated with Brownian motions on compact connected simple Lie groups. Here
uniform refers to the time parameter ¢t € (0,+00) and to the underlying group.
In particular, the role played by the dimension of the underlying group must be
controlled.

3.2. Semisimple groups

For any compact connected group, any element of the algebraic commutator group
(i.e. the group G’ generated by commutators) is a commutator. It follows that G’
is closed and G” = G’. By definition, a compact connected group is semisimple
if G = G'. This coincides with the usual definition in the case of Lie groups. See
Ref. 37.

Semisimple compact connected groups have a very nice structure: up to quo-
tient by a central subgroup they are direct products of compact connected simply
connected simple Lie groups. For our purpose it will be sufficient to describe this
structure for metrizable groups, i.e. groups which admit a countable basis for their
topology. If G is a compact connected metrizable semisimple group, there exists a
finite or infinite sequence (Xx) of compact connected simply connected simple Lie
groups such that

G=3%/2, L=]]=,

where = is a central closed subgroup of ¥. As the center Z of ¥ is the product
Z =[] Z; of the centers of the ¥;’s and each Zj, is finite, it follows that Z C Z is
totally diconnected. (When G is not metrizable, the product above can be over an
uncountable number of factors.)

To write G as a projective limit of Lie groups, consider the decreasing sequence
(K;) of compact subgroups where Kj; is the image in G of []; -, Xx. Let & be Lie
algebra of G. It can be identified with the Cartesian product of the Lie algebras of
the Y. Let Y be a projective basis of & obtained by listing consecutively linear
bases of the Lie algebras of the groups Xx, k = 1,2,.... Now, if X is a Brownian
motion on G = [[ £ /E, its infinitesimal generator —L is a second-order differential
operator as described in Theorem 1.5. Because this operator is bi-invariant, it is
not hard to see that it must split as a sum of bi-invariant second-order differential
operators defined on the simple factors Xj. But, on each simple factor X, any bi-
invariant second-order differential operator equals a scalar multiple of the Killing
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Laplace—Beltrami operator Lj. Thus there exists a sequence a = (ay) of positive
reals such that

La = Z akLk
k

and the central Gaussian semigroup (u¢)¢>o associated with the Brownian motion
X is given on the set B(G) of Bruhat test functions by

frp=ettof.

Let ng be the dimension of Y. It turns out that the two sequences (ny) and
() suffice to characterize many properties of (pu¢)¢>0 through the behavior of the
function

No(s)= Y m.

kiap<s

Theorem 3.1.7811:13 Let G be a connected compact semisimple metrizable group.
Let X be a Brownian motion on G with one-dimensional marginals (fi¢)t>0-

(1) Define to € [0, +00] by setting

1
to = limsup 3 log N4 ().

§— 00

Then, if t < to/4, u; is singular w.r.t. Haar measure whereas, for t > 2tg, p; is
absolutely continuous with respect to Haar measure and its density belongs to
all LP, p € [1,+00). For t > 4tg, e admits a continuous density.

(2) The properties (AC) and (CK) are equivalent. They hold true if and only if

1
tlim ElogNa(t) =0.

Another equivalent property is that the Green function q = fooo e tuydt is ab-
solutely continuous w.r.t. Haar measure.
(3) The properties (CK#) and (CKx) are equivalent. They hold true if and only if

.1

Another equivalent property is that the Green function q defined above is ab-
solutely continuous w.r.t. Haar measure and admits a continuous density on

G\ {e}-

(4) The associated quasi-distance d is continuous if and only if
e ds ny

N, — < oo, le. — < 00.

/0 w(8) = <00, E 00

This is also equivalent to fol log pt(e)dt < oo.
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(5) If X satisfies (CK), then there exist constants c;, 1 < i < 4 such that, for all
te(0,1),

1 NF (co/t) <logpi(e) < caNF (ca/t)

where
4 ’ dt T = N (o)t
N7(s) = Na(t)7, NZF(s) = N7 (st)e™"dt.
0 0

The fifth statement of this theorem can be used to obtain existence and non-
existence results. For instance, it is used in the proof of Theorem 4.4 to exhibit
nice central Gaussian semigroups on any metrizable connected locally connected
compact group. It is also used to show that, even in infinite dimension, the structure
of the underlying group imposes some restrictions on the type of behaviors that can
occur for u:(e). See Sec. 4.5.

Next, we illustrate Theorem 3.1 by looking at the simple case where G =
[15° SO(n;) with n; =5+ [i?] for some ¢ > 0. Fix also v > 0.

(1) Let a = (a;) with a; = (14 i)?. Then No(s) ~ £ s(1+29)/7 and we have:

(a) For all o, v > 0, for all ¢ > 0, p; is absolutely continuous w.r.t. Haar
measure and admits a continuous density = +— p¢(z). The Green function
q is absolutely continuous w.r.t. Haar measure.

(b) If 1 + 20 > =, then the intrinsic distance d is infinite almost everywhere.
The (1-excessive) density of the Green functions ¢ has poles in G \ {e}. In
fact, it has a dense set of poles if 1 + 20 > . See Ref. 7.

(¢) If 1 + 20 < +, then the associated intrinsic distance d is continuous and
defines the topology of G. Moreover, there are constants ¢, C' € (0,00)
depending only on o, v such that

Vte (0,1), et <logule) < Ct™,
where A = (1 + 20)/~. The (1-excessive) density of the Green function q is
continuous on G \ {e}.
(2) Set a; = e’ Then N, (s) ~ +(log 5)(1+29)/7 In this case, j; has a continuous
density for all t > 0 and satisfies

clog(1 +1/t)* <logu(e) < Clog(1l + 1/t)1T>

with A = (1 + 20)/v. The intrinsic distance d is continuous and defines the
topology of G. The Green function is absolutely continuous and its (1-excessive)
density is continuous on G \ {e}.

(3) Set a; = [log(3 +14)]7. Then Nu(s) ~ = exp((1 + 20)s'/7). It follows that the
intrinsic distance d is infinite almost everywhere.

(a) If v € (0,1), then p is singular for all ¢ > 0.
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(b) Ify =1, then tp = 1420. For t < (1+20)/4, p; is singular. For ¢t > 4(1+20),
p+ has a continuous density. For all v € (0,1], the Green function ¢ is not
absolutely continuous w.r.t. Haar measure.

(¢) If v > 1, then py is absolutely continuous with a continuous density for all
t > 0. The Green function ¢ = [~ e~*uudt is absolutely continuous with
respect to Haar measure but has a dense set of poles in G.7

4. General Compact Connected Groups
4.1. The structure of compact connected groups

In order to study in detail Brownian motions on compact connected groups one
needs some understanding of the structure of such groups. For a comprehensive
treatment, see Ref. 37.

Let G be a compact connected group. In such a group, the commutator subgroup
G’ of G is closed in G. Let Z° be the connected component of the center of G and
H=27°NG" Set also H = {(h,—h) : h € H} C Z° x G'. Then the Levy-Malcev
decomposition asserts that

AR E
T

Moreover, G’ is semisimple (i.e. (G')’ = G’) and thus has a decomposition of the
form

G

I

(4.1)

G'=%/= with ¥ =[], (4.2)
k

where each ¥ is a simple, connected, simply connected Lie group with (finite)
center Zj, and = is a closed subgroup of the center [| Zj of ¥. Of course, the number
of simple factors can be finite or infinite, countable or uncountable. However, if G
is metrizable then the number of factors in (4.2) is finite or countable. In any case,
setting

G=7"x%, (4.3)
we see that G is a “kind of cover” of G having the same structure that in the case
of Lie groups. The important caveat here is that G is not a cover in the proper
sense, let alone a finite cover. Indeed, the group H (resp. =) is, in general, not a
finite group but a closed central totally disconnected (not discrete) subgroup of
Z% x G' (resp. X). It follows that the kernel N of the natural projection G — G is,
in general, a central closed totally disconnected subgroup.

Besides the Levy-Malcev decomposition (4.1) there is an equally important
description of G known as the Borel-Hofmann—Scheerer decomposition. See Theo-
rem 9.39 of Ref. 37. It asserts that G is the semi-direct product

G=TwG, (4.4)
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where T is a compact connected Abelian subgroup of GG, isomorphic to the quotient
A=Z7°/H, H=Z°NG". It is worth noting that A is also naturally isomorphic to
G/G'. We call G’ the semisimple part of G and A the Abelian part of G.

The two descriptions of G given by (4.1) and (4.4) complement each other. For
instance, even if G is locally connected, it might happen that Z° is not. However,
by (4.4), G is locally connected if and only if A = Z°/H is locally connected
(Corollary 9.66 of Ref. 37). The reader who wants more detail on this should consult
Chap. 9 of Ref. 37.

4.2. The dimensional spectrum

Assuming that G is a metrizable group, the Levy—Malcev decomposition (4.1)—(4.2)
allows us to define the notion of dimensional spectrum of G. The Abelian group Zg
is the projective limit of torii (T;);es (torii are the only Abelian connected compact
Lie groups). We define the dimension of Zj to be

no(G) = sup dim(T3).
iel
Each Y in (4.2) is a compact simple Lie group. Let ny be its dimension. We say
that (ny) is a semisimple dimension sequence for G. A group G has many dimension
sequences that differ by the ordering of their terms. To obtain a uniquely defined
invariant of G, we proceed as follows. It is well known that the set of compact con-
nected simply connected simple Lie groups, up to isomorphisms, is a countable set
SL. Order this set so that the topological dimension is a non-decreasing function on
SL. We denote by A the image of the topological dimension as a map from SL to
the integers. NV contains all the numbers of the form n(n+2) withn > 1, n(2n+1)
with n > 2, n(2n — 1) with n > 4, and 14, 52, 78, 133, 248, corresponding to the
exceptional groups (it is not really important for our purpose to know N precisely).
Now, for G as above, we can define the semisimple dimensional spectrum o(G) of
G to be the sequence (o(£))scn where o(£) equals the multipicity of £ € A in any
semisimple dimension sequence (ny) for G. The full dimensional spectrum is the
function o : {1}UN — {0,1,2,...} U{cc} given by 1 — no(G) and ¢ — o(¢) other-
wise. We will say that the dimensional spectrum of G contains infinite multiplicity
if at least one of the o(¢), £ € {1} UN is infinite. Otherwise we will say that G has
a finite multiplicity dimensional spectrum. Note that each dimension in A occurs
for at most a (small) finite number of not isomorphic Lie groups. Thus, infinite
multplicity occurs only if some simple Lie group occurs with infinite multiplicity
in the decomposition of G. If G has a finite multiplicity dimensional spectrum, we

denote by n! = (nl,n; ...) any nondecreasing semisimple dimensional sequence

of G.

To give an example, consider

G =S0(2) x SO(3) x SO(4) x --- x SO(n) x - -,
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the product of all the special orthogonal groups. Recall that SO(2) = T is a circle,
that SO(4) is not simple but is covered by SU(2) x SU(2), and that SO(n) has
dimension (%). Thus the dimensional spectrum of G has (1) = 1, o(3) = 3 (because
of one SO(3) and two SU(2) factors), and o(¢) = 1 if £ = (}) for some n > 5 and 0
otherwise. The dimensional spectrum of this group has finite multiplicity.

4.3. Examples of metrizable compact connected groups

An Abelian compact connected Lie group is a torus T™ where n, the topological
dimension, is an integer. Compact connected Lie groups are finite quotients of direct
products of the form T x X X - - - X ¥, where T is a finite dimensional torus and each
¥, is a simple, simply connected, compact connected Lie group. A good example of
simple, simply connected, compact connected Lie group is SU(n).

By a theorem of Dixmier, an Abelian compact connected locally connected
metrizable group is a torus T™ where n is either an integer or oo (countable co).
Moreover, any Abelian compact connected metrizable group can be realized as a
closed subgroup of T°°.

The simplest compact connected Abelian groups that are not locally connected
are solenoids. To describe these, let a = (a1, ag, . . .) be a sequence of natural integers
and define a} = H?H a;. Consider the projective sequence (T%, ), £ < k where,
for each k, Ty is the circle T = {z € C : |z| = 1} and 7wy : Ty — Ty is the map
2 2%,

By definition, the a-adic solenoid S, is the projective limit of the projective
sequence (T, ¢ k), ¢ < k. In more concrete terms, it means that S, is the subgroup
of [17° Tk of those points = (1,22, ...) such that m,(zg) = 2, for all £ < k.
It follows that S, is a compact connected group having a countable basis for its
topology. The following well-known alternative description of .S, shows that it is not
locally connected. Let A, be the set of all a-adic numbers of the form z = Y ° z;af),
0 < z; < ajy1- The topology of A, is defined by a metric and, in this metric, the
distance from z to the neutral element 0 is |z| = (a§)~! where ¢ is the smallest
integer ¢ such that z; # 0. The integers Z form a dense subset of A,. With this
notation,

Se =2 (Rx A,)/H,

where H is the discrete subgroup {(h,—h) : h € Z}. The natural homomorphism
that leads to the isomorphism above is ¢ : R x A, — S, given by

. i1
V(o k) —a=(r1,22,...) witha; =exp (2—7? <¢+Zk5a€>> .
@ 0

Set A, = {0} xA, and A, = 9(A,). Then A, is a closed subgroup of S, isomorphic
to A,. Moreover, A, is the projective limit of finite cyclic groups Z/ajZ with
projection maps 7, : Z/ayZ — Z/a§Z. Finally, S,/A, = T. See, e.g. Ref. 15
where there is also a short discussion of Gaussian measures on solenoids.
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Next we present a class of examples of non-Abelian compact connected locally
connected groups that was brought to our attention by K. Hofmann. See pp. 488—
489 of Ref. 37. Fix a sequence of natural integers a = (aj) and set af = H’ZH a; as
above. Let ¥, be the product group

Sa =[] SU(af).
1
Obviously, this group is semisimple, i.e. ¥, = X/. The center Z(SU(n)) of SU(n)
is isomorphic to Z/nZ through the isomorphism
j — e??rij/n[n ,

where I, is the n by n identity matrix. The center Z(3,) of 3, is the direct product
of the finite groups Z(SU(a§)). For ¢ < k, consider the map py . : Z(SU(ak)) —
Z(SU(af)) defined by

. 2mg ak 2mij/al
pej €TI0 Ly — 2T,

The sequence (Z(SU(ak)),pex) is a projective sequence and we denote by D, its
projective limit. It is clear that D, is a compact central totally disconnected sub-
group of 3,. It is also easy to see that D, is isomorphic to the subgroup A, of the
solenoide S,. The isomorphism is given

r: A, = Do, (zk) = (zrdgy) -

We are now ready to define the class of examples that we call Hofmann groups.
Set

with
H,={(z""7(2)):2€A,} CA, x D,.

Thus, G, is a compact connected group having a countable basis for its topology.
Its semisimple part is

G, = ({0} x Zo)He/H, = X,

whereas the connected component of the neutral element in the center is
70 = (S, x {e})H,/H, = S, .

Thus, Z? is not locally connected. The intersection of G/, and Z? is

H,= 200G, = (A, x Do)/H, = A, = D,
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The Abelian part of G, is

AR'D> A xX
Aa: o r_ ( Za ” Ha =a © ~a
- (%52) [ (252)

=~ (20 % %) /(Aa X Za) 2 Su/A, 2 T.

That is, A, is isomorphic to a circle. By the Borel-Hofmann-Scheerer theorem,3”

the group G, is isomorphic to the semidirect product of G/, x4 A,. It follows that
G, is locally connected.

Using the decompositions G, = (S X X4)/Ha, Sq = [[7° SU(af), we can write
any generator of a symmetric central Gaussian semigroup in the form

—L =30 - ZﬂkLk ,
1

where 0 refers to differentiation in the one real variable corresponding to S, and
Ly, is the canonical Killing Laplace-Beltrami operator on SU(alg).

4.4. General existence results

Let us start this section with a result from the 70’s due to Heyer and Siebert.

Theorem 4.1. (Chap. 6 of Refs. 36 and 41) If there ezists a Brownian motion on
G such that the law py of X1 is absolutely continuous w.r.t. Haar measure, then G
is locally connected and metrizable.

Conversely, if G satisfies these two topological properties, then there are Brown-
ian motions on G such that py is absolutely continuous and has a continuous density
forallt>1.

For details and further discussion, see Chap. 6 of Refs. 36 and 10. Because of
this result we will concentrate in what follows on the case of locally connected
connected compact metrizable groups. Note that this theorem fails to prove the
existence of (AC) Brownian motions, let alone the existence of (CK) or (CKAx)
Brownian motions.

The next definition introduces further interesting types of on-diagonal bounds
that complement property (CKAx). See Definition 1.3.

Definition 4.2. Let ¢ be a nondecreasing, non-negative function on (0, +00). We
say that a (CK) Brownian motion X on G with continuous density x — p:(z) is:

(CK
(CK
(CK

) if it satisfies sup;c(o,1 P(1/t) " og pi(e) < oo;
) if it satisfies lim;—q ¥(1/t) "1 log us(e) = 0;
) if it satisfies ¢ < ¢(1/t) ! log s (e) < C for two constants 0 < ¢ < C' < +oc.

TRE* &
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Typical functions 1 of interest are as follows: 1(t) = clog(t); ¥(1+t) = ct*, A >
0, more generally, 1 a regularly varying function of index A > 0; ¥ a slowly varying
function such as exp(c[log(1+1)]%), a € (0, 1), or c(log(1+1))*(log(1+log(1+1)))?,
a>1 BeR.

To illustrate these definitions let us state the following simple result.

Proposition 4.3. Let G be a compact connected group. Then a necessary and
sufficient condition for the existence of a Brownian motion on G satisfying (CKiog)
is that G is a Lie group. Moreover, if G is a Lie group, all Brownian motions on
G satisfy (CKRg,)-

The sufficiency and the second part of the proposition follow from (1.2). For the
necessity we refer to Ref. 17 where it is shown that, if G is not a Lie group but
carries a (CK) Brownian motion with density  — p¢(z), then

iy L08 He(e)
m ———=
t—0 log(1+ 1/t)

We now state our main existence result.

= +o00. (4.5)

Theorem 4.4.'! Let G be a compact, connected, locally connected metrizable group.
Then:

(1) There exist many (CK) or even (CKx) Brownian motions on G.
(2) In fact, for any increasing positive function v tending to infinity as t tends to
infinity there exists a (CKy) Brownian motion on G where

P(t) =log(1+t)v(t).

(3a) If G is not a Lie group and if ¢ is a reqularly varying function of index A > 0,
then there exists a Brownian motion X on G satisfying (CKy) and

limsup(1/t) "' log pue(e) > 0.
t—0

(3b) Finally, if G is not a Lie group, for any increasing positive function v tending
to infinity as t tends to infinity there exists a (Cbe) Brownian motion on G
where ¢ is a certain slowly varying function such that ¢(t) < log(1l +t) v(t).

Statements 1, 2 and 3b above are increasing in strength and difficulty. The
first statement already improve upon Siebert’s result asserting the existence of a
Brownian motion on G with continuous density for ¢ > 1.

Statements 2 and 3 of Theorem 4.4 are sharp in various ways. First, for G not
a Lie group, Statement 2 should be compared with (4.5). Statement 3a cannot be
improved much. See Theorem 4.5 below.

Statement 3b is rather subtle. It says that, for any positive v increasing to
infinity, one can find a (CK) Brownian motion (X;):>¢ and a slowly varying function
¢ bounded above by ¥(t) = log(1 + t)v(t) such that

c(1/t) <logue(e) < Co(t),
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where p; is the law of Xy, ¢ > 0, and = — pu(z) is the continuous density of p
with respect to Haar measure. However, Theorem 4.4 does not give any indication
on how small ¢ might be compared to . In fact, in some cases, ¢ has to be chosen
much smaller than ¥. See Theorem 4.7.

4.5. Existence results involving the dimensional spectrum

Given a reasonable function ¢ such as 1(t) = t*, A > 0, and an infinite dimensional
compact connected locally connected metrizable group G, it is natural, in view of
Theorem 4.4, to ask whether there exists any Brownian motion satisfying (CK7)
on G. The answer is no.

Theorem 4.5.'! Let G be an infinite dimensional compact connected locally con-
nected metrizable group. Let 1 be any fized reqularly varying function of index A > 0,
e.g. ¥(t) = t*. Then there exists a Brownian motion on G satisfying (CK7) if and
only if either the dimensional spectrum of G (see Sec. 4.2) contains infinite multi-
plicity or it has finite multiplicity and

"
sup le < +o0o0,
kS,

where S,l = Zlf njT and (n;) is the nondecreasing semisimple dimension sequence
of G (see Sec. 4.2).

It should be noted that the necessary and sufficient condition in this theorem
is independent of A. To give concrete examples, for each A € (0,00), the group
G = [];°SO(n;) carries Brownian motions satisfying (CKM) if n; = i*
for some fixed positive integer k, but does not if n; =2, i=1,2,....

orn; = k"

The next two results are in the same vein and further results of this type can
be found in Ref. 11.

Theorem 4.6.'! Let G be an infinite dimensional compact connected locally con-
nected metrizable group. A necessary and sufficient condition for G to carry a (CK)
Brownian motion such that, for some 0 < a < b < oo,

Vie (0,1), ¢t <logue) <t7?,

is that either the dimensional spectrum of G contains infinite multiplicity or it has
finite multiplicity and
log S}
sup gik? < 400
k logS,

i2
For instance, if G = []{° SO(n;) with n; = 22" then, for any 0 < a < b < oo,
there is no Brownian motion on G satisfying ¢t~ < log u;(e) < t~° for all ¢ € (0, 1).

Theorem 4.7.!! Let v be any fized increasing slowly varying function and set

Y(t) = log(l + t)v(t) .
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Then there are infinite dimensional compact connected locally connected metrizable
groups on which there is no (CKE) Brownian motion.

The main ingredients in the proof of these results are the structure of Brownian
motion described in Ref. 11 and the two-sided inequality stated in Theorem 3.1(5).

4.6. On-diagonal behavior and hypoellipticity

One main reason to try to understand the on-diagonal behavior of (t)¢>0, i.e. the
behavior of the funtion ¢ — pus(e) as t tends to zero, is that it relates to other
properties of the associated Brownian motion and infinitesimal generator, leading
to a better understanding of these properties. We close this survey by considering
one such question: the hypoellipticity of the infinitesimal generators of Brownian
motions on compact groups. A more complete discussion of hypoellipticity in this
context can be found in Refs. 14 and 20. To define what we mean here by hypoellip-
ticity we need two ingredients: a space of “distributions” and a space of “regular”
functions. We will not give a general definition of what we mean by “distributions”
or “regular” functions. Instead, we give a list of examples.

Spaces of distributions In Ref. 29, Bruhat introduces the space B’(G) of Bruhat
distributions on G, defined as the space of all continuous linear functionals on
the space of Bruhat test functions B(G). The linear space B'(G) is equipped with
the strong dual topology. For reasons that will become clear later, we need to
consider smaller spaces of distributions. Thus, we will consider the space M(G) of
all (signed) Borel measures and the function spaces LP(G), 1 < p < oo, as spaces
of distributions.

Spaces of regular functions There are many different ways to define smoothness
in infinite dimensions. Here, we only consider the following scale of function spaces.
Fix a projective basis Y = (Y;); in the Lie algebra of G (see Sec. 1.3). For k =
0,1,2,..., let C&(G) be the closure of B(G) for the system of seminorms || Y7 f|| o,
j eI, n<k, where Y/ =Y, ---Y, if j = (i1,...,i,) € I". Define C3*(G) to
be the inductive limit of the spaces C.(G). Thus CY(G) = C(G) is the space of
all continuous functions, C{-(G) is the space of all continuous functions having a
continuous derivative in each of the directions Y;, i € I, etc. Except for k = 0, these
spaces depend very much on the choice of the projective basis Y. For the present
purpose, we will consider each of the spaces C¥(G), k = 0,1,2,...,00, as a space
of regular functions.

In the following definition, for any open set Q, Bp(£2) denotes the space of all
Bruhat test functions with compact support in 2.

Definition 4.8. Let —L be the infinitesimal generator of a Brownian motion on a
compact connected group G. Let A C B'(G) be a space of distributions and S be a
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space of regular functions. We say that L is A-S-hypoelliptic if, for any distributions
UeA, F e B'(G), such that LU = F in the sense of Bruhat distributions on G,
and for any open set (), the condition

VoeBy(), oFeS
implies
VoeBy(), oUE€S.

In the following theorem, we drop the reference to the group G in the notation
of functions and distribution spaces. Thus, L? = LP(G), C = C(Q), B’ = B'(G) and
M = M(G).

Theorem 4.9.141920 Let G be a compact connected group. Let —L be the infinites-
imal generator of a Brownian motion on G with associated Gaussian semigroup

(1t )t>0-

(1) L is L*™°-C-hypoelliptic if and only if (ut)i>o0 satisfies property (AC). In
particular, a necessary condition for L to be L°°-C-hypoelliptic is that G be
locally connected and metrizable.

(2) For any fized p € [1,00), L is LP-C-hypoelliptic if and only if (ut)i>o0 satisfies
(CKx).

(3) L is B'-C-hypoelliptic if and only if G is a Lie group.

(4) Assume that (ui)i=o satisfies (CKx). Let X = (X;); is a projective basis in
which (such a projective basis always ewists) L = — > ; X?. Then, for any
k=0,1,...,00, L is M—Cé“(—hypoelliptic.

Statement 3 shows that the hypoellipticity theory involving general Bruhat dis-
tributions is not relevant in infinite dimension. Statements 1 and 2 show that dealing
with bounded measurable functions as distributions is very different from dealing
with, say, square integrable functions. Statements 2 and 4 show that hypoellipticity
for square integrable functions and for measures are the same notion in our con-
text. The papers Refs. 19 and 20 introduce much larger spaces A of distributions
for which A — C*-hypoellipticity holds if and only if (CKx) holds but these spaces
A depend on the operator L.

From a more technical viewpoint, one of the crucial ingredients for the proof of
Statement 4 of Theorem 4.9 is a set of Gaussian type upper bounds for the density
of the semigroup (u¢):>0 and its space and time derivatives. See Ref. 12.

5. Conclusion

Brownian motions on compact connected groups form one of the most natural class
of stochastic processes related to an algebraic structure. This class of processes
contains Brownian motion on the circle, on finite dimensional torii, on SO(n) and
other simple compact Lie groups, as well as processes on some infinite dimensional
groups such as the infinite dimensional torus T°°.
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It is natural to look at these processes as a whole and try to understand them as
such. One of the fundamental first step is then to study the convolution semigroups
of measures associated to these processes. When G is a compact Lie group, this is a
well-developed area of study, closely connected to the analysis of the heat diffusion
equation on GG and its fundamental solution, the heat kernel. This, in turn, relates
in various ways to the algebraic structure of G, to its geometry, to its representation
theory, and a great wealth of results have been developed in this direction. However,
until recently, very little was known — besides existence — concerning Brownian
motions on compact connected groups that are not Lie groups.

After the seminal work of Greenander,?* some attention was given to the study
of invariant Markov processes on groups, see, e.g. Ref. 39. The basic definitions
of invariant Markov processes and Brownian motions on groups are developed in
Heyer’s book.?6 Chapter 6, Secs. 3-4 of Ref. 36 describes the earliest important
results — see Theorem 4.1 above — concerning Brownian motions on compact
connected groups, taken as a whole.

After Ref. 36, no improvement upon Theorem 4.1 appeared until Refs. 8 and 11
where Theorem 4.4 is proved. Nevertheless, the first evidence that there should exist
a rich theory of Brownian motions on some compact connected groups predate the
publication of Ref. 36 and is found in the Ph.D. works of Bendikov and Berg who,
independently, around 1974, studied certain properties of some specific Brownian
motions on the infinite dimensional torus. A detailed account of this can be found
in Ref. 3.

The spirit of the work presented in this survey is to pursue and develop in
the infinite dimensional case the connections that are well established in the finite
dimensional case between, on the one hand, Brownian motion and, on the other
hand, analysis, algebraic structure and geometry.

In order to do this, one is led to revisit the classical finite dimensional case
and develop new results concerning Brownian motions on Lie groups where the
emphasize is not on a given Brownian motion on a given compact Lie group but
on Brownian motions on compact Lie groups. To explain, consider the following
question. Let p;(x) denote the heat kernel associated with the Killing Riemannian
metric on a compact simple Lie group, taken with respect to the normalized Haar
measure. Of course, lim;_,o 1 (e) = co. What is, approximately, the size of u(e)?
The answer is that there are some constants ¢, C' € (0, 00) such that

en <logpui(e) <Cn,

where n is the dimension of the group and ¢, C are independent of the group (see
Ref. 7). Such uniform information is crucial for most of the results in this survey.
Several tentalizing open questions concerning Brownian motions on compact
connected groups are still open. Moreover, a perhaps even more natural class of
processes is the class of general invariant diffusions obtained by dropping the forth
condition in Definition 1.1. As already pointed out after Definition 1.1, generalizing
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the results presented in this survey to this wider class of processes seems to be a
very challenging question.
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