MATH 1920 - Fall 2011 - Final exam solutions
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L (a) Lot u =y = ity = (

tion of v. Next we compute
Vf=Q2vy— 2 2%+ 4dyz, 2y* — 3u2?).
Then

Dyuf(1,-1,0) = Vf(1,-1,0) - u
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(b) The direction of steepest descent of f at (1, —1,0) is the opposite direction
of the gradient of f at (1, —1,0). As a unit vector, the direction of steepest
descent is
Vi(1,-1,0) (—2,1,2) <2 1 2>
IVFf(1,=10) V(=2)2 +12 4 22 33 3/
(¢) The magnitude of steepest descent is —||V f(1,—1,0)|| = —/(—2)2 + 12 + 22 =

2. We will change the order of integration. The region is described by 0 <y <1
and 0 <2 < /1 —193. Since0 <y <1, wehave 0 <3* < 1,500 <1—19°% <1,

and thus 0 < /1 — 43 < 1. Hence 0 <z < /1 —y? < 1.

Thus the region of integration can be described by 0 < z < 1 and = <

/1 —1y? < 1. We solve the second inequality for y:

< 1—-9y3<1
P <1-yP <1
1<y —1< -2
0<y’<1-4a°

0<y<VI1—as.
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So the integral becomes
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3. We use the method of Lagrange multipliers with two constraints. Let g(x,y, z) =
2?2 +y*+2°> —8 and h(x,y, z) = y+ 2, so the constraints are g(z, vy, 2) = 0 and
h(z,y,z) =0. We set

Vf=A\Vg+uVh
(22, 2z,y) = A2, 2y, 22) + (0, 1, 1)

20 = A2z
2 = Ny+p
Yy = X2z+4+pu

The first equation can be re-written as (A — 1) =0, so z =0 or A = 1.

Case 1: z = 0. Using the constraint h(x,y,z) =y + 2z = 0, we have z = —y.
We plug this and z = 0 into the constraint g(z,y,z) = 2 +y?> +22 =8 =0 to
get

0+ y*+ (—y)*—8=0

2y? =8
y' =4
y = +£2.
Then z = —y = F2. Thus we obtain two critical points: (0,2, —2) and

(0,—2,2).



Case 2: A =1. Then
Z2=2y+
{ y=22z+p
Solving for p, we have u = z — 2y = y — 2z. Hence 3z = 3y, so y = 2. Using
the constraint h(z,y,z) = y+ 2z = 0, we obtain y + y = 0. Then 2y = 0,
soy = 0. Thus z = 0 as well. Finally, we solve for x using the constraint
g(z,y,2) =2 +y?* + 22 —8 = 0:

2+02+02-8=0
22 =8
x:ﬁ:\/g.

Hence we obtain two more critical points: (v/8,0,0) and (—+/8,0,0).

Finally, we find the extreme values of f by plugging these critical points into

f:
£(0,2,-2

)=0"+2-(-2) =
10, ,2)0( —4
)=
) =

2).2 =
(V8)?2+0-0=38
(—V8)2+0-0=38.

£(v/8,0,0
f(—=V8,0,0

Thus f has a maximum value of [8] at | (v/8,0,0) and (—v/8,0,0)|, and a min-

imum value of | —4 | at | (0,2, —2) and (0, —2,0) | on the constraints.

. By the Divergence Theorem,

//MF-dS:///DdideV.

We compute

0 0 0
div F = —(2°) + =—(¢*) + =—(2°) = 32% + 3y® + 32%.
v F = (o) 4 () () = 804 3 8
We compute the integral in spherical coordinates. The sphere 22 +41?+2? = 4 is
described in spherical coordinates by p? = 4 or p = 2. The cone z = (z%4y?)'/2



is described in spherical coordinates by

pcosp = ((pcosBsing)?+ (psinfsin p)?)!/?

pcosp = (p*sin? p(cos? 6 + sin? §))'/?
pcosp = psinp (since sinp > 0 on the cone)
cos =sinp (or p =0)

1 =tany (or p=0)
T
= — =0).
p= (orp=0)
The last line follows because we always have 0 < ¢ < 7. Hence the region D

is described by 0 < 0 <27, 0 < p < T, and 0 < p < 2. Finally, the integrand
is 322 + 3y? + 322 = 3p%. Thus

// F-dS:///dideV
oD D
2 pw/4 P2
:/ / /sz-pQSingodpdgodH
o Jo 0
2w w/4 2
:</ 3d9> / sin ¢ dp (/ ,04dp)
0 0 0

w/4 p5 2
=67 - —cosp —‘

0 2 lo
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5. (a) The intersection of the cylinder z* + (y — 1) = 1 and the plane y + 2z =
2, when projected into the xy-plane, is a circle of radius 1 centered at
(0,1,0). That circle is parametrized by z(t) = cost and y(t) = 1 + sint
for 0 <t < 2x. Finally, on the intersection of the cylinder and plane we
have y+2z = 2, so we must have z(t) = 2—y(t) = 2— (14y(t)) = 1 —sint.
Thus we have the parametrization

r(t) = (cost,sint + 1,1 —sint), 0 <t < 27
r'(t) = (—sint,cost, — cost)
F(r(t)) = (0,cost,0).



So, if C is the intersection of the cylinder and the plane, we have

A

CR@() - () dt

0 cost,0) - (—sint, cost, —cost) dt

27
cos?t dt

EU| + coS 2t

sin 2t>
_'_

(b) Let S be the portion of the plane y + z = 2 which lies inside the cylinder
2%+ (y — 1)? = 1, with upward-pointing normal vector. Then by Stokes’
Theorem, §.F -dr = [[scurl F dS. When the surface S is projected
into the zy-plane, it is a disk of radius 1 centered at (0,1). This is
parametrized by z(t) = rcost and y(t) = 1 + rsint for 0 < r < 1,
0 < 6 < 2m. The surface S lies on the plane y + z = 2, so we must have
2(t) =2—y(t) =2— (1 +rsinf) =1 —rsinf. Thus S is parametrized
by
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G(f,r) = (rcosf,1+rsinf, 1 —rsinf), 0<O <27, 0<r<1

Ty = (—rsinb, rcosf, —rcosb)

TQXT =
N(9,r) =

where the last line is because S is oriented with an upward-pointing
normal vector (positive z-component). We have

—r —r)

(-~
= (cos #,sinf, — sin 0)
0,
0,7,7)

curl F = curl((0, z,0)) = (0,0, 1).



6.

Thus

]{F-dr://curlF-dS
c S
21 1
:/ /curlF-N(@,r) dr df
o Jo
2T 1
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(a) First we note that because this curve is rotated around the z-axis, we

can replace x by r and describe the surface as r = 1+ 22, 0 < z < 1.
Solving for z,

r=+v1+ 22

since z is nonnegative. Since 0 < z < 1, we have 1 < /1422 < V2.
That is, 1 < r < /2.

Hence the projection of this surface onto the xy-plane is an annulus (the
region between two circles) of inner radius 1 and outer radius V/2 centered
at the origin. Thus we can describe the x and y coordinates by x = r cos ¢
and y =rsinf for 0 <0 <2rand 1 <r < V2. Finally, we found above
that z = v/r2 — 1. Thus this surface is parametrized by

(rcosf,rsinf, vr2—1), 0<0<2m, 1<r<+V2|

(b) We find the outward pointing normal vector for this parametrization:

2r

= { cos ), 5in 6, ——
m = ( COsU,s1nu, \/ﬁ
Ty = (—rsinb, rcosf,0)

T9><T7«2<T2COSQ, r2siné ,—r>.
V2 =1 Vr2 -1

T, = <COS 0,sin 6,




The surface looks like a vase with the bottom cut off, so the outward
pointing normal vector will have a negative z-component. Thus we have

_ /r2cosf r2sinf
N(r,0) = <_T2_1> Vi1’

IN(r, 0)]] = <r20089)2+<r2sin0)2+(_r)2
’ N o1
_ \/r4(coszﬁ+sin2 0) .

—7‘> . We compute

rz2 —1
rd r2(r2 —1)
_\/r2—1+ r2 —1
B 2rd — 2
N r2 —1
2r2 — 1
=7
r2 —1
So,
27’2—1
dS =r dr do|.

(c) Let S be the surface above. Then

2 _
Area(S //ms // 27" 1d 6

7. Let S; be the top of the cylinder (22 + 3*> < 9, 2 = 4) oriented with upward
pointing normal vector n = k, and let S; be the bottom of the cylinder
(2?2 +y? <9, z = —1) oriented with downard pointing normal vector n = —k.
Then S+8;+S8; is the boundary of the cylinder, so by the Divergence Theorem,

[[ v [f[ v [[[ oo

where W is the cylinder. We also know

[ ras= [[eas- [ rose [[rs

So to solve for the flux of F through S, we find the flux of F through &; and




82' We have

//SIF'dS://SIF-ndS
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://51(4—2)ds

=2 Area(S5))
= 187.

//SQF'dS://SQF-nds
://SQF-—de
://82—(F-k)dS
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N/

= 27m.
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Similarly,

So,
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(c)

(d)
(e)
(f)

True. If v-w = 0, then ||v||||w|| cos§ = 0, where 6 is the angle between
v and w. Hence cosf =0 or ||v|| =0 or ||w]| = 0.

If vxw =0, then ||[vx wl| =0, so ||v]|||w]|sinf = 0. Hence sinf = 0 or
[v[| =0 or [[w]| = 0.

We cannot have both cos = 0 and sin 6 = 0, so it must be the case that
either ||v|| =0 or |[w| =0, ie,v=0o0rw=0.

False. We can modify the vortex field <—

ﬁekiF‘::<—;§tF,;fﬁ7,O>.\Ve}mye

zQLer?’ ﬁ> to obtain a vector

2xy 2xy

div F = —
YT @2 @+

+0=0

but the line integral of F around the unit circle in the zy-plane is 27, so
F is not path independent and thus not conservative. That is, there does
not exist f such that F = Vf.

True. If F has zero curl (i.e., satisfies the cross-partial condition) and
is defined on a simply-connected domain, such as R? without the origin,
then F is conservative. That is, there exists f such that F =V f.

True. The divergence of the curl of a vector field is always zero.

True. The curl of the gradient of a function is always zero.

False. Consider f(z,y,z) = 2® +y*> + 2°. Then Vf = (2z,2y,22) and
div(Vf) =2+2+2 =6 £ 0.



