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1 (10 points). Suppose a function g(u , v) satisfies g(1, 0) � 2 and ∇g(1, 0) � 〈2,−1〉. Define a
function f (x , y , z) by f (x , y , z) � g

(
exz + y , sin(x − y + 2z)

)
.

(a) Find ∇ f (0, 0, 0).

(b) Find the equation of the tangent plane at (0, 0, 0) to the surface f (x , y , z) � 2.
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2 (10 points). Evaluate the double integral
∫ 1

0

∫ 1

√
x

xe y5
dy dx.
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3 (14 points). Find the volume and the centroid of the solid region between the square −1 ≤ x ≤ 1,
−1 ≤ y ≤ 1 in the x y-plane and the surface given by z � x y + 1. (Recall that the centroid of a solid
is the center of mass with respect to a constant mass density.)
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4 (10 points). Determine the localminima, localmaxima and saddle points of the function f (x , y) �
x3 + y2

− x y.
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5 (12 points). Let a, b and c be positive constants. Let D be the surface in R3 given by the equation

x2

a2 +
y2

b2 +
z2

c2 � 1

and the inequalities x ≥ 0, y ≥ 0, z ≥ 0. What is the maximum of the function f (x , y , z) � x yz
over the region D? At what point of D is this maximum attained? (The answers will depend on a,
b and c.)
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6 (12 points). True or false? If true, justify. If false, explain why or give a counterexample.

(a) If f (x , y) is a continuous function, then
∫ 1

0

∫ x

0
f (x , y) dy dx �

∫ 1

0

∫ y

0
f (x , y) dx dy.

(b) Let f (x , y) be a function which is defined for all x and y. Let g(x , y) �
(
x2 + y2)2/3 f (x , y).

If f (x , y) is continuous at the origin, then
∂g
∂x

(0, 0) is well-defined and equal to 0.
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7 (12 points). True or false? If true, justify. If false, explain why or give a counterexample.

(a) Let f (x , y) � y − x and let C be the unit circle x2 + y2 � 1, oriented in the counterclockwise
direction. Then

∫
C ∇ f · dr � 2π, twice the area enclosed by C .

(b) Suppose a vector field F defined onR3 is tangent to a closed surfaceS , which is the boundary
of a solid region W in R3. Then

∫∫∫
W div(F) dV � 0.
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8 (14 points). (a) Let C be the circle in the xz-plane given by x2 + z2 � 1, y � 0, oriented
counterclockwise when viewed from along the positive y-axis, and let

F(x , y , z) � 〈3x2 + 2x yz2 , 3y2 + x2z2 , 3z2 + 2x2 yz〉.

Show that
∫
C F · dr � 0.

(b) Let
F(x , y , z) �

〈
x cos(x y) + x sin(xz), x yex yz

− y cos(x y),−z sin(xz) − xzex yz〉.
Show that

∫∫
S F · dS � 0 for every closed oriented surface S in R3.
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9 (24 points). Let S be the surface in R3 defined by x2 + y2 + z2 � 1 and 0 ≤ z ≤ h, where h is a
constant satisfying 0 ≤ h ≤ 1. Let S be oriented by the upward pointing normal vector.

(a) Sketch the surface S . Include adequate detail such as coordinate axes and an indication of
scale. In your sketch indicate the orientation of the boundary of S .

(b) Parametrize the surface S . Specify the domain D of the parametrization.

(c) Calculate the normal vector field N to the surface.

(d) Verify Stokes’ Theorem for the surface S and the vector field

F(x , y , z) � 〈z − y , 0, y〉.

(The answers will depend on h.)

(You may continue your solution on the next sheet.)
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Use this space to continue your solution of Problem 9.
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10 (22 points). Let A be the vector field in space defined by A � 〈−yra , xra , 0〉, where a is a constant
and r �

√
x2 + y2 + z2. Let F � curl(A). (Note that for a < 0 the vector fields A and F are not

defined at the origin.)

(a) Show that F � (a + 2)rak − azra−1er , where er �
1
r
〈x , y , z〉 is the unit radial vector field.

(Continued on next page.)
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10 (continued). (b) Show that for a � −3 the vector field F is conservative.


