Math 1920 Solutions

Final exam 13 December 2018 0:00—11:30 am

1 (10 points). Suppose a function g(u,v) satisfies g(0,1) = 3 and Vg(0,1) = (2,1). Define a function
flx,y,z)by f(x,y,z) = g(xe¥*, y cos(x + z)). Let P = (0,1, 0).

(a) Find V fp.

— — - - L 9f _989u | 989
f(x,y,z) = g(u,v), where u = xe¥?, v = y cos(x + z). Use chain rule: 5= = 5555 + 555° to

get
d d d
% = e}/zﬁ — ysin(x + z)%.
Ifx=1,y=12z=0,thenu =0and v =1, so
af _ 098 _
Z(O, 1,0) =e %(0, 1) +0=2.
Similarly,
of 98 98 of 98 98
9T pevzl8 7 2T xyevrZS _ i 23
3y xzel = + cos(x + Z)av' 5, = Xye 5o ysin(x + 2)80'
SO of of
@(O, 1,0) =0+ cos(0)(1) =1, Z(o, 1,0)=0+0=0.

Conclusion: Vfp =(2,1,0).

(b) Find the equation of the tangent plane at P to the surface f(x,y,z) = 3.
Normal vector is Vfp = (2,1,0), so equation is 2x + y = d. Plane goes through P = (0,1, 0),

so d = 1. Equation: 2x + y = 1.
1 1 10
2 (8 points). Evaluate the double integral / /3 x%e¥" dy dx.
0 Jx
Change order of integration: ¥x <y <1,0 < x < 1 becomes 0 < x < 33,0 < y < 1. So integral is
Loy 1 /! v 1 /! 11 o] 1
20" dx d :—/[31/“’] d :_/ 90V dy = =| —e¥°| = —(e—1).
/O/O O Y O R N - TR 1 T S 50~V

3 (12 points). Let # be the solid region given in spherical coordinates by 1 < p < R, %n <S¢ =<,

0 < 0 < 2m, where R > 1 is a constant.

(a) Sketch the solid W .
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(b) Find the centroid of # . (Recall that the centroid of a solid is the center of mass with respect to a
constant mass density.)

Solid is symmetric under rotation about z-axis, so centroid lies on z-axis, hence is of the form
(0,0,z) with z = % /f/ zdV. Here V = vol(#'). Volume of half ball is %T(R3 . Scoop out little

half ball to get V = 27t(R® — 1). The integral of z is

///de:/Ozﬂ'/%:'/1R(pCos¢’)(pZSin¢)dpd¢d9:2n£:cos¢sin¢d¢/11{p3dp

2

_ 1~2”14]R_ (1)14 _ 1y
—2n[2sm qb]%nhp 1—271 > 4(R 1) = 47'((R 1),
3R*-1 3R*-1
80 Z = —— —— and centroid is (0, 0,———).
8R3-1 8R3-1

4 (12 points). Determine the local minima, local maxima and saddle points of the function f(x,y) =
(x% + y?)? — 2c2(x? — y?), where ¢ > 0 is a constant. (The answers depend on c.)

Locate critical points by solving Vf = 0: f, = 4x(x? + y?) — 4c%x, f, = 4y(x* + y*) + 4c?y, so (x, y)
is critical if and only if

fr=dx(x*+y*-c*) =0, fy=4y(x*+y*+c?) =0.

Second equation gives y = 0, so from first equation we get x = 0 or x = +c. So critical points are
P =(0,0) and Q+ = (*c, 0). Discriminant is

e fey] 1207 + 4% - 42 8xy
bew=re . 1.l7 8xy 4% + 1292 +4cY°
—4c2 2
SoD(P) = ' ééc 422' = —16c* < 0; whereas D(Q.) = '88 8(22‘ = 64c* > 0and fy,(Q<) = 8¢2 > 0.

So by second derivative test P is saddle point and Q. are local minima.

5 (12 points). Let 9 be the portion of the unit sphere x> + y? + z> = 1 contained in the octant x > 0,
y >0,z >0. Leta b, and c be positive constants. What is the maximum value of the function
f(x,y,z) = x*y?22% gver the region 9? At what point of 9 is this maximum attained? (The answers
dependona, b, c.)

2 is closed and bounded and f is continuous, so f attains its global maximum somewhere on 2.
Theboundary 0% of Z is its intersection with each of the planesx =0,y =0,z = 0,sowehave f =0
on d7. On the interior int 7 of 2 the function f is positive, so the maximum must be attained on
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int 2. To locate it, use Lagrange multlpher method: solve Vf(x,y,z) = AVg(x,y,z) for (x,y,z) €
int 2, where ¢(x,v,z) = x*> + y*> + z2. Since Vf = <2ax2“‘1y2bzzc,bez‘lyZb‘lzZC,2cx2”y2bzzc‘1>
and Vg = 2(x, y,z) we get

2a 1y2bZZC 2/\x, 2bx2!ly2b -1,2¢ 2)\% 2cx2uy2bZZC 1 =2]z.
Multiplying these equations by x, y, resp. z gives
axZa yZbZZC /\XZ, bea y2bz2c /\yZI Cx2a yZbZZC AZZ.

Adding equations and using constraint g(x, v, z) = 1 gives (a+b+c)x*y 272 = A(x?+y?+22) = A
so A = (a+ b+ c)x?y?z%¢. Substituting this into first equation gives ax>'y?z2 = (a + b +

)x20+22b52¢ 5o x = ~fa/Va + b + c. Similarly y = Vb/Va + b + ¢, z = \/c/Va + b + c. Conclusion:
maximum is attained at the point (\/E Vb, Ve ) / Va + b + ¢; maximum value is

\a Vb Ve _ (2a)"2b)*(2c)° a%bbce

Va+b+c Va+tb+c Va+b+c © (2a +2b +20)r*be (g + b + c)rtbre’

6 (12 points). Let G(u,v) = (uv™,u?v). Let 9y be the square in the uv-plane given by 1 < u < 2,
1<v<2

(a) Sketch the region 9 = G(2), i.e. the region in the xy-plane given by x = uv™!, y = u?v,1 < u <2,
1<ov<2
Edges of 7y are givenby v =1, u =2, v =2, u = 1. So boundary curves of Z are given by:
G(u,1) = (u,u?) or y = x%, G(2,v) = (2/v,4v) or y = 8/x; G(u,2) = (u/2,2u?) or y = 8x?;
G(1,v)=(1/v,v)ory =1/x.

,‘ :'138’(1
y l l‘l
y=x
: v =8
J: ‘\?-i
:{"“‘— - - 9:1"(
—_——t T — L —
1 N

(b) Use G to evaluate the integral // xydxdy.
2

1/v  —u/v?

v 2|7 u?/v+2u?/v = 3u?/v, so change of variables formula with f(x, y) =

Jac(G) =

Xy gives

/@f(x, y)dx dy :/ f(G(u,v))|Jac(G)| du do —/ / —u v—du do

612
=/ / 3u—dudv:/ _[u_] dv = @ 1dv 6—31 2.
1 J1 0 T 2 2 )i v 2
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7 (16 points). Let a, b, c, d be constants and let F be the vector field

1
F(x,y) = m(ax + by, cx +dy).

The domain 2 of Fis { (x, y) € R? | (x, y) # (0,0) }, the plane with the origin removed.

(a) Is 2 simply connected? Explain your answer.

A loop around the origin cannot be contracted within Z, so Z is not simply connected.

_dF,  JF
(b) Calculate curl,(F) = x ay
+b +d

1= %andl—"zz %,so
X2+ y x> +y

JF, c(x? + y?) — (cx + dy)2x 3 —cx? + cy?) — 2dxy

ox (x2 + y2)? B (x2 + y2)? ’
OF1 _ b(x*+y?) —(ax +by)2y  bx*-by> - 2axy
dy x2 + 2 (2?2
—(b+c)x®>+(b+c)y?>+2(a—d)xy
curl,(F) = Ty )

(c) Let € be the circle of radius 1 about the origin oriented counterclockwise. Calculate / F - dr. For
¢
what values of a, b, c, d is the integral equal to 0?

Parametrize € r(t) = (cos t,sint) with 0 < t < 2m; then r'(t) = (—sint, cos t), so

F(r(t)) - ¥'(t) = {acost + bsint,ccost +dsint) - (—sint,cost)

=(—a+d)costsint —bsin®t + ccos t,

SO

27 21
/ F-dr= / F(x(t)) - ¥'(t) dt / ((—a +d)costsint —bsin?t + ccos’t) dt = 7t(=b + c).
% 0 0

The integral is 0 if b = c (a, d arbitrary).

(d) For what values of a, b, ¢, d is F conservative? For those values, find a potential of F.

We need curl,(F) = 0,i.e. b = —c and a = d. But that is not enough, because Z is not simply

connected. We also need f(g F - dr = 0 (path independence), so b = c. So we must havea = d,

a

b = ¢ = 0 for F to be conservative, i.e. F = (x,y) with a arbitrary. This F has potential

x2 + y?
flx,y)= g In(x? + yz), so is indeed conservative.

8 (20 points). Let . be the surface in R® defined by x> + y> — z2 = 1and 0 < z < h, where h is a positive
constant. Let . be oriented by the outward pointing normal vector.
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(a) Sketch the surface .. In your sketch indicate the orientation of the boundary of ..

p 4

(b) Parametrize the surface .. Specify the domain & of the parametrization.

In cylindrical coordinates the surface is given by the equation 12 — z2 = 1, i.e. r = Vz2 + 1.

So can use 0 and z as parameters: G(0,z) = (V22 +1cos 0, Vz2 + 1sin 9,2). Domain:
0<06<2n,0<z<h.

(c) Calculate the outward pointing normal vector field N to the surface.

i j Kk
N =|-Vz2+1sin0® VzZ+1lcosO -z =~--=<Vz2+1c059,sz+1sin6,—z>.
2— cos 0 —=sin0 1
V2241 V2241
(d) Verify Stokes” Theorem for the surface . and the vector field F(x, y,z) = (2yz,0, xy).

Part 1: the surface integral. We have V X F = (x, y, —2z), so

VXF(G(0,2)) = (Vz2 +1cos 0, Vz2 + 1sin0,-2z) and (VxF)-N=3z"+1,

//y(VXF)'dS=//@(VxF)'NdA:‘/Ozn/Oh(322+1)dde:Zn(h3+h).

Part 2: the line integral. Two boundary pieces %1 and %, parametrized by

and

ri(t) = <MCOS t, MSint, h>, resp. 1(t) = (cost,sint,0).
This parametrization of %} goes the wrong way, so 0. = =% + %,. We have
ri(t) = (—msin t, Vh2 +1cos t, 0), r,(t) = (—sint,cost,0),
SO

F(ri(t)) -ri(t) = <2h Vh2 +1sint,0, (h? + 1) cos t sin t) . (— Vh2 + 1sint, VhZ + 1 cos t, 0)
= 2h(h?® + 1)sin’ t,
F(ra(t)) - 1y(t) = 0,
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9 (18 points). Let F be the vector field defined by F =

(a)

(b)

(©)

which yields

2n
/ F-dr= (=2h(h* + 1) sin® t) dt = —2nh(h® + 1),
“1 0

/F-dr:O.
(2]

Conclusion: /ayF -dr = —ﬁéﬁ F-dr+ /%,2 F-dr=2nh(h®>+1) = f/y curl(F) - dS.

(x2 + y2 + z2)3/2 {x,y,2).

Compute the upward flux of F through the surface .-y defined by x> + y*> < R?, z = h, where R > 0
and h > 0 are constant.
Parametrize .%y: G(r, 0) = (r cos 0, r sin 0, h) with domain Z givenby 0 < r < R,0 < 6 < 2m.
Upward normal is
i ik
N =| cosf sinf 0[=0,0,r).
—rsin® rcos@ 0

So
1 hr

FoN = ma (reos 0,rsin0,h) - 0,0,1) = wmry

and upward flux is

// 21 R hr h R

F-dS://F-NdA:/ / —drd@zZn[——}

o 9 0 0 (1,2 + h2)3/2 (7’2 + h2)1/2 re0
h

= 27'((1 - m)

Compute V - F.

We have F = (F1, Fp, F3) with F1 = x/p3, F» = y/p°, F3 = z/p3, where p = \/x2 + y2 + z2.
Now dp/dx = x/p, so

dp~x _49p -3 5.2, -3
P =-3p —axx+p =-3p 7 x"+p.
Similarly
dp~’y 2. 3 97y 5.2, -3
5y =-3p 7y " +p7, oy =-3p7z"+p7,

soV-F=-3p(x2+y2+22)+3p2=-3p2+3p2 =0.

Compute the upward flux of F through the surface . defined by z = e1~¥*, x2 + y2 < 1.

The boundary of .7 is the curve x2 + y> = 1, z = 1. Let # be the solid x> + y? < 1,
1 < z < e"=¥*, Then the boundary of # is 0% = . — ), where .9 is the surface of
part (a) (for R = h = 1). Therefore by the divergence theorem

J] peas= || weas= [ woas= [[] vorav=o
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because V - F = 0. Therefore by part (a)

//yF-dS://y(f-dSzZn(l—m):2”(1_m):2n(1_%\/§)'



