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GASKET

WEILIN LI AND ROBERT S. STRICHARTZ

ABSTRACT. We study boundary value problems for the Laplacian on a domain
Q consisting of the left half of the Sierpinski Gasket (SG), whose boundary
is essentially a countable set of points X. For harmonic functions we give
an explicit Poisson integral formula to recover the function from its boundary
values, and characterize those that correspond to functions of finite energy.
We give an explicit Dirichlet to Neumann map and show that it is invertible.
We give an explicit description of the Dirichlet to Neumann spectra of the
Laplacian with an exact count of the dimensions of eigenspaces. We compute
the exact trace spaces on X of the L? and L>° domains of the Laplacian on
SG. In terms of the these trace spaces, we characterize the functions in the
L? and L* domains of the Laplacian on Q that extend to the corresponding
domains on SG, and give an explicit linear extension operator in terms of
piecewise biharmonic functions.

1. INTRODUCTION

The Laplacian on the Sierpinski Gasket was first constructed as a generator of
a stochastic process, analogous to Brownian motion, by Kusuoka [6] and Goldstein
[B]. An analytic method of constructing the Laplacian on the Sierpinski Gasket as
a renormalized limit of graph Laplacians was later developed by Kigami [4]. With a
well defined Laplacian, it is possible to study differential equations on the Sierpinski
Gasket, although strictly speaking, these are not differential equations.

Harmonic functions on the Sierpinski Gasket have been studied in detail and
the Dirichlet problem on the entire gasket reduces to solving systems of linear
equations and multiplying matrices. However, there has been little research into
boundary value problems on bounded subsets of fractals, except for [§], [9] and
[13] that consider domains generated by horizontal cuts of the gasket. Hence we
believe it is appropriate to begin our exploration by studying the Dirichlet problem
on a boundary generated by a vertical cut along one of the symmetry lines of the
gasket. This is the simplest example of a boundary given as a level set of a harmonic
function. We hope our results give insight into more general techniques for solving
the Dirichlet problem and other boundary value problems on more general domains.

Most of our results are applications of Kigami’s harmonic calculus on fractals
to our half gasket. His theory includes many mathematical objects specific to the
world of fractal analysis, such as renormalized graph energies, normal derivatives
and renormalized graph Laplacians. We will present some notation as we proceed,
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but for precise definitions and known facts (in particular the results that we call
Proposition), see textbooks [5] and [I1].

The Sierpinski Gasket, denoted SG, is the unique nonempty compact set satisfy-
ing SG = U?:o F;SG where F} are contractive mappings given by Fjz = (z+¢;)/2
and g; are the vertices of an equilateral triangle. Following convention, the bound-
ary of SG is defined to be Vj = {qo, ¢1, ¢2}. Hence boundary in our language differs
from the standard topological definition of boundary. Using the mappings Fj, we
can iteratively generate a set of vertices V,,, where m depends on the number of
times we apply F;. From V,,, we can find a graph approximation I';,. See Figure
for an illustration. Notice how the boundary points {¢;} are oriented and we
keep this orientation for the entire paper.

qo q0

q1 92 41 q2
q0 q0

q1 q2 q1 q2

F1GURE 1.1. Left to right: I'g,I';,T'3, '3 of SG

We work on the domain 2, which can be defined in terms of the level sets of a
harmonic function. Let hg be the skew symmetric harmonic function with boundary
values (hs(qo), hs(q1), hs(q2)) = (0,1,—1). Then Q = {z € SG\ Vy: hs(z) > 0}
and 9Q = g Uqy UX where X = {z € SG\ Vy: hs(z) = 0}. We write Q = QU Q.

Figure provides an illustration of €, which is precisely the left half of SG
including the points on the symmetry line. In the figure, we labeled the points
Ty = F(’)”_ngql and Y, = FJ"q:. Note that X = {z,}°_;, so each z,, is
important for obvious reasons. Each y,, is important topologically because the
removal of any y,, turns €2 into a disconnected set.

We also labeled the open sets Y, = Fg”lel(SG \ Vu). Note that 9Y,, =
{Zm, Ym—1,Ym} and we write Y,,, = Y, UdY,,. Y,, is classified as a cell because
a cell is defined to be the image of SG under any compositions of contractive
mappings Fj. Thus Q = Un-_, Y ., which is an almost disjoint union.

Although Q is not globally self-similar because {2 cannot be written as a union
of smaller copies of itself, it is locally self-similar because each Y, is a fractal. The
retention of this local property is extremely important for our analysis because any
result regarding SG also holds for Y,,, with a proper normalization factor.
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FIGURE 1.2. A decomposition of €

In the later sections, we will be interested in restriction and extension operators.
Hence, we need to label points on the other half of the gasket. Let z, and Z,,
the reflections of y,,, and Y, respectively across the symmetry line containing X.
Then SG = J,,,(Ym U Z,,) is an almost disjoint union and this decomposition will
be useful in the later sections.

We begin by studying the Dirichlet problem on Q:

Au =0 on £,
(1.1) u(q1) =ap  on 09,

w(Tm) = am on 09,

where A denotes the (Kigami) Laplacian with respect to the standard measure,
u : Q — R is the unknown, and {a,, }3°_, is the boundary data. Notice that we
do not prescribe boundary data at gg even though gg € 0€2. This is by preference
and is inconsequential because for almost the entire paper, we will assume {a,,}
converges. We will refer to as the BVP.

In Section [2] we construct a solution to the BVP using the harmonic extension
algorithm, which we explain in that section. The space of C(Q2) solutions to the
BVP is one-dimensional, but in general, the solutions blow up at gg. We show that
if the boundary data converges, then we can find a C(£2) solution that is unique in
this function space.

In Section [3| we study the graph energy of the C(2) solution to the BVP. Al-
though its energy is complicated, the culminating theorem presents an equivalence
between finite energy and the normalized summability of the the boundary data.
In fact, finiteness depends only on how quickly the data converges and not on the
limiting value.

In Section [4 we show that given stronger assumptions on the boundary data,
we can obtain the existence of normal derivatives on 9f). In particular, we are
interested in the behavior of the normal derivatives on X. The normal derivatives
of the C(Q) solution on X can be found in terms of the boundary data. This
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relationship allows us to define a Dirichlet to Neumann map and we show that this
map is invertible.

In Section [5] we discuss both Dirichlet and Neumann eigenfunctions on 2. For
more information on eigenvalues and eigenfunctions on fractals, see [2] and [I0].
There are no new eigenfunctions on 2, but for a fixed eigenvalue, its multiplicity
on ) is different from its multiplicity on SG. For each eigenfunction, we count the
dimension of its eigenspace.

Section [ and Section [7] are closely related to each other. We define a restriction
operator that maps a function to its restriction to and normal derivatives on X.
We characterize the function spaces domp2A(SG) and dompeA(SG) in terms of
the restriction operator. Using this result, we provide necessary and sufficient
conditions for extending functions in domy2A(2) and domyeA(€2) to biharmonic
functions in domz:A(SG) and dompe A(SG) respectively.

Section [§] acts as an appendix and in this section, we prove numerous lemmas
about Green’s functions and special types of sequences and series. Since these
results are used in multiple sections and are purely technical lemmas, we have
decided to place them in its own section. While the sequence and series lemmas
may not be new, we have not found them in previously published work.

2. SOLUTION TO THE BOUNDARY VALUE PROBLEM

We begin this section by discussing the graph energy. The energy plays a central
role in fractal analysis on SG because other objects such as harmonic functions,
normal derivatives and the Laplacian, are defined in terms of the energy. Given
a fixed value of m and a real valued function u on SG, the (renormalized) graph
energy of level m is

enti) = 3 (3) lute) - )

r~vmy

where x ~,, y means x and y are in the same cell of level m. The graph energy of
wis E(u) = limy, 00 Em (), allowing the value 4oc.

Given boundary conditions, we define a harmonic function to be the unique
function that minimizes the graph energy subject these constraints. Additionally,
our suggestive use of the word “harmonic” is justified: harmonic functions as min-

imizers of energy are equivalent to functions that satisfy the differential equation
Au = 0. The Laplacian A is defined in Section

The simplest tool for constructing harmonic functions subject to boundary con-
ditions is the harmonic extension algorithm. For a function u defined on V,,,, we can
define its harmonic extension to V,,41 as follows. Let {v;} be the three boundary
points of a cell with {u(v;)} given. Then the harmonic extension of u to the three
new points is shown in Figure It is not difficult to see that given u on V,,, this
is the unique extension that minimizes the graph energy at level m + 1.

We can apply the harmonic extension algorithm infinitely many times and the
resulting function on Vi = |J,, Vs» will be harmonic. It is not difficult to see
that functions generated by the harmonic extension algorithm must be continuous.
Furthermore, V, is dense in SG and so for continuous functions, it suffices to define
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them on a dense subset. Thus, we say a harmonic function is determined by its
boundary values.

u(vg)
2u(vo)+2u(v1)+u(v2) 2u(vo)+u(v1)+2u(v2)
ul\v ulv
( 1) w(vo)+2u(v1)+2u(va) ( 2)
5

FIGURE 2.1. Harmonic Extension Algorithm

We can use the harmonic extension algorithm to construct a solution to the
BVP. Any harmonic function on Y,, is determined by its values on dY,,. Since
Q =J,, Y m, any harmonic function on €2 is determined by its value at the points
{zm} and {y;, }. In the following lemma, we see that there are additional constraints
we must take into account.

Lemma 2.1. Fiz m > 2. Let u be a continuous piecewise harmonic function with
boundary data given by (1.1). Then Au(y,,) =0 if and only if

(21) u(ym) = Eu(yrnfl) - gu(ym72) — Qm — §amfl'

5 5
Proof. Consider the level m approximation of Y;,_1 UY,,. The value of u at the
midpoint of y,,_1 and y,,_o and the midpoint of y,,,_1 and x,,_1 are determined by
the harmonic extension algorithm, shown in Figure If Au(ym—1) =0, then u
satisfies the mean value property at y,,—1. Thus, u(y,,—1) is the average of its four
neighboring points in V,,, and simplifying that equation yields . Conversely, if
holds, then it is straightforward to check that Au(y,,—1) = 0. O

Theorem 2.2. For every choice of convergent boundary data {a,}, there is a one
dimensional space of C(2) solutions to the BVP. Given a parameter X, the solution

to the BVP uy is the harmonic extension of uy(Tm) = am, ux(y1) = A and
1
5m

(22) U)\(ym) = 3mFm(>‘) + Gm()‘)»

where

1 Tl
Fn() = 3 (5)\ —ag—a; —18) ?),ﬁak)
k=2
and

1 m
Gm(N) = 3 (—5>\ +15aq + 15a; +4) 5kak> .
k=2
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w(ym)
u(ym—l) am
2u(Ym—1)+2uU(Ym—2)+am—1 2U(Yrm—1)Fu(Ym—2)+2am—1
5 5
UW(Ym-—2) m—1

FIGURE 2.2. Harmonic extension

Proof. By Lemma uy must satisfy the recurrence (2.1). The recurrence is

linear, so we can formulate the equation in terms of matrices. Define

A= 03 0 and B = 03 116 .

5

Then the recurrence can be written as
ux(Ym) m | @o ik a
=B + B A .
o] =B (3] +

Solving the system, we find that

m—1 m—1
(1 1 1 /1 .
u,\(ym) =3 (14> (5)\ — ap — E ?)ka)> +57m <14> (-5/\ + 15&0 + E 5 C]g) 5

k=1 k=1

where ¢ = bags1 + 3ar. We want our formula in terms of aj rather than ¢, so
substituting

5Fc = 4 Z 5%ay + 15a; — 5™3a,,
k=2

k=1
and
m—1 m
1 1 1
3—kck = 182 37“’“ +a; — 3—m3am
k=1 k=2

into the previous equation for uy(y.,) yields (2.2). Extending these values by the
harmonic extension algorithm uniquely yields a harmonic function u continuous on

Q. O

Since wu) is a linear combination of a 3" term and a 1/5™ term, u) may blow up
at qo. Naturally, we ask whether we can find a A such that u) is continuous on 2.
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Lemma 2.3. Suppose uy € C(Q2) satisfies the BVP for convergent {an}. Then
uy € C(Q) if and only if

(2.3) Jim uy(ym) = m s (z).

Proof. Suppose uy € C(2) solves the BVP. Then uy is continuous at o, which is
equivalent to . Conversely, it is easy to see that qg is the only point at which
uy can be discontinuous. Then implies u) is continuous at qg, which shows
that uy € C(Q). O

Theorem 2.4. If a,, — 0 as m — oo, then the function u given by the harmonic
extension of () = am,

1 <1
(2.4) u(yy) = - <a0 +ap + 18; ?)kak> ,

and (for m > 2)

1 9 Z“ 1 2 Z’" 9 ZOO 1
(25) U(ym) = 577” (ao - 7 ?ak + ? 5kak> + ? ?am+k
k=1 k=1 k=1

solves the BVP. Furthermore, this function is the unique solution in C(€2).

Proof. Substituting (2.4)) into (2.2) yields (2.5). By triangle inequality,

1 91 2 & 91
u(ym)| < B <|a0| + ?237‘(1’“‘ + 7Z5k|ak|> + 523?|am+k|-
k=1 k=1 k=1

We claim that |u(y,,)| — 0 as m — oo. Clearly the first term tends to zero in the
limit. The second term tends to zero because convergent sequences are bounded.
Since both the boundary data and 1/5™ converge to zero, for all € > 0, there exists
M such that for all m > M, we have |a,,| < € and 1/5™ < e. For m > M, we see

that
o0 (o]
1 1 5
;ﬁmm—&-k‘ < 5;:137 = 5
and
1 m 1 M m
k _ k k—m
B—mZE) |ak|—57mz5 |lax| + Z 5 lak| < Che <1£rllczi>§w|ak|>+025.

k=1 k=1 k=M+1

Therefore u satisfies condition and by Lemma u € C(Q). Since harmonic
functions that are continuous up to the boundary satisfy the maximum principle
[13], uniqueness follows from the standard uniqueness argument for linear differen-
tial equations that satisfy the maximum principle. ([l

Corollary 2.5. If a,, & A as m — oo for some constant A, then the function u
given by the harmonic extension of u(xm,) = am,

1 =1
(2.6) u(yr) = 5 (ao +a+18) 3kal~c> ;

k=2
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and (for m > 2)

1 9 1 2 & 9N 1
(2.7) w(Ym) = Em <a0 — 5 Z 3fkak + - Z 5kak> + - Z 3—kam+k
k=1 k=1 k=1

solves the BVP. Furthermore, this function is the unique solution in C(€2).

Proof. Consider the modified BVP

Au =0 on €,
(2.8) u(gr) =agp—A  on 99,
w(xy,) = am — A on Q.

Since a,, — A — 0, the hypotheses of Theorem [2.4] are satisfied. Then there exists
w € C(Q) that solves and the formula for w(y,,) is given by under the
map ay — a; — A. By construction, the function © = w + A solves the BVP with
u € C(2). The maximum principle implies that u is unique. a

3. ENERGY ESTIMATE

In this section, we look to answer questions regarding the energy of the C(Q)
solution to the BVP. In particular, is the energy always finite and if not, can we
characterize functions of finite energy in terms of a condition on the boundary
data? Our main theorem shows that harmonic functions on € do not necessarily
have finite energy and provides a simple characterization.

Given a function u, we say u € dom& if and only if £(u) < oo. Following standard
notation, domy& is the space of functions that have finite energy and vanish on the
boundary Vp. It is known that dom& C C(SG) and in fact, is a dense subset.

Suppose u is a piecewise harmonic function on €2 that is harmonic on each Y,
with data given by . Then the energy of u restricted to Y, is constant after
level m and is determined by w(y.m), w(ym—1), and a,,. It follows that

5

£y, = (3) [0~ 1) + (i) = a0+ (0l 1) — .

where it is understood that u(yo) = u(q1) = ag. Then &(u) is the sum of the energy
of each cell,
(3.1)

= 3 (5 [00m) w2+ o) — )+ )~ o))

If we add the additional assumption that u € C(Q) solves the BVP, then an equation
for £(u) as a function of {a,,} can be obtained by substituting and into
(3.1). However, £(u) is series of quadratic terms of series, which is too complicated
to analyze directly. Instead, we estimate it.

Lemma 3.1. Suppose u € C(2) solves the BVP with convergent {a,,}. Then we
have the energy estimate

o i (Z)m (i1 — )2 < E(w) < Cs f: (g)m (ams1 — )2 < 00,

m=1 m=1
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Proof. We prove the lower bound first. By ignoring the first term of (3.1)), we have

£ 2 3 (3) [0~ an)? + (wlrn-0) - an ).

m=1

Using basic calculus, we find that u(y,) = (1/8)(5am+1 + 3a,,) minimizes the
previous series. Substituting this value of u(y,,) into the previous inequality, we
obtain

o0 m

Z <§) g(am_H —am)* + g(al —ap)? < E(u) < 0.

m=1
For the upper bound, consider the piecewise harmonic function w given by the
harmonic extension of w(z,) = w(ym) = am and w(q1) = ag. Since u is a global
harmonic function while w is a piecewise harmonic function, we have £(u) < &(w).
Note that £(w) is given by because w is a piecewise harmonic function satis-
fying the boundary conditions. Then

e <) = 3 () lamn—an?+ Pla - <,

m=1

which completes the proof. ([l

Theorem 3.2. Suppose u € C(Q) solves the BVP with convergent boundary data
am — A. Then u € dom€ if and only if ||(5/3)™/?(am — A)||e < co. Additionally,
we have the upper bound & (u) < C||(5/3)™/2(apm — A)]|¢2.

Proof. Suppose u € C(Q) solves the BVP with convergent boundary data a,,, — A.
Lemma says that £(u) < oo if and only if |[(5/3)™/?(ami1 — am)|le < 0.
Applying Lemma [8:9] yields the desired statement. O

4. NORMAL DERIVATIVES

Although the normal derivative and the (standard) Laplacian on SG are defined
independently, they are closely connected via the Gauss-Green formula.

For a continuous function u, its normal derivative at ¢; € Vp, denoted 0,u(g;),
is defined to be

. 5\" m m
(4.1) Inu(gy) = lim_ <3) [2u(g;) — w(E}qj1) — w(E}"qj-1)] -
We say 0,,u(q;) exists if the above limit exists. In the special case u is harmonic,
we have the simplified formula

(4.2) Onu(g;) = 2ulg;) — ul(gj-1) — u(gj+1)-

The formula for the normal derivative of a harmonic function at a boundary point
of a cell is similar to the above formula, except we require a renormalization factor
depending on the level. A junction point is a boundary point of two adjacent cells
of the same level, and the normal derivative with respect to the cells will differ
by a minus sign. If we need to distinguish between the two normal derivatives at
a junction point, we use either (+—,—), (, ) or (N, \), corresponding to the
geometrical notion of a normal derivative.
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Proposition 4.1. Suppose u € dom/\. Then at each junction point, the local
normal derivatives exist and ,/* Opu +  Opu = 0. This is called the matching
condition for normal derivatives.

The Laplacian of a function is defined in terms of its weak formulation. First, we
define the (symmetric) bilinear form of the energy: given functions u, v and integer
m, the bilinear form of the energy is

Entin) = 3 (5) 1) - ulio - (o)l

T~YmY

SG has a unique symmetric self-similar probability measure that we denote dz.
Then the Laplacian can be defined as follows. Suppose v € dom& and f is contin-
uous. Then we say v € domA with Au = f if

E(u,v) = — o f(@)v(x) dx

for all v € domp€ (functions in dom& vanishing on Vp). Since E(u, v) = £(v, u), sub-
tracting the Gauss-Green formula from its transposed version yields the symmetric
Gauss-Green formula

(4.3) /SG(AUU —ulv) dz — Z(v@nu —udpv) = 0.

Vo

The following result relates the normal derivatives of a function with its Laplacian.

Proposition 4.2 (Gauss-Green). Suppose u € dom/\. Then Opu exists on Vo and
the Gauss-Green formula,

E(u,v) = —/ Awv dx + Zvanu,
sa Ve
holds for all v € dom€&.

For the remainder of this section, we assume u € C(Q) solves the BVP with
convergent boundary data. Naturally, we are interested in analyzing the behavior
of Opu(x) for & € 9. For all points in Q except qo, the formulas for the normal
derivatives of u are given by . Using this equation, with the appropriate
normalization factor, the normal derivative of u at y,, with respect to the cell Yy,
is

(44) /‘ 8nu(ym) - (g) [QU(ym) - u(ym—l) - am}'

Similarly, the normal derivative of u at x,, with respect to Y, is

(45) = Outon) = (§) an = ) ~ ulom-1 )]

However (4.2) does not give us the equation for 1 9,u(qo) because u is only defined
on . But we can define d,u(qp) in a natural way.

Lemma 4.3. If u € domA(SG), then
(4.6) T Onu(qo) =2~ m}gnoo /" Onu(Ym).
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Proof. Write u = ug + u, where us and u, are the symmetric and skew-symmetric
parts of u respectively. Since u, Fr(sG) = O(1/5™), we have

T anua(QO) =2 lgn v 8nua<ym) =0.

For the symmetric part, consider the triangle T,,, with boundary points {qo, Ym, zm }
and the harmonic function v on T, with v(go) = v(¥m) = v(2m) = 1. Applying the
symmetric Gauss-Green formula (4.3)) for us and v, we find that

m

Notice that * Opus(Ym) = "\ Ontis(zm) by symmetry. Using the normal derivative
matching condition of u at go, we see that 1 Opus(ym) = — | Inus(qo). Making
these substitutions and taking the limit m — oo, we find that

2. lim ~ 8nus(ym> -1 anus(qO) = lim Aug dr =0,
m—o0

m—r oo
T

because Awu is bounded and the measure of T},, tends to zero in the limit. O

Motivated by this lemma, we define 1 d,u(qo) for u defined on © by (4.6). In
the special case that u € C(f2) solves the BVP with convergent data, then

_ m (30 —= 1 1 /(12 <&,
v v o [ (2) 5 -k (2) S

which we obtained by substituting (2.7]) into the definition of 1 d,u(qo)-

Notice that implies that for harmonic functions defined on SG, its normal
derivative exists everywhere. However, this is not true for harmonic functions on
Q because the limit in may not exist. It is straightforward to see that if
am = A1 + A2(3/5)™ + 0((3/5)™), then the limit in exists and equals a
constant times A,. It is not clear whether or not the converse of this statement
holds.

To find the normal derivatives on X in terms of the boundary data, we substitute

(2.7) into (4.5)), which yields

(4.8)

5\" 121 1 12 & 54 o= 1
m = | 5 Sm_i 5% dm —— |6 = 5k i YA 3
= (5) (s0m = 7 e ) g (sm T st T o)

where 1, = — Opu(z;,). We can think of (4.8) as a Dirichlet to Neumann map
on X because it maps the Dirichlet boundary data to the corresponding normal
derivatives. Define the infinite vectors

m a1 1/3

::,a:: and ag = 6a :i,
n 0 a 0 0 1/3
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and the infinite matrices L = Diag[(5/3)?] and K with entries

—~

72711 e
6 sey  Hi=]
330 211 1 e g
Kij={ 13 ~ssx Hi<]
357 201 1 e
15~ saw Hi>J
Then (4.8)) can be written as
16

Since we assumed {a,,} converges and u € C(£2), we see that {am}, {u(ym)} € €.
Then (4.5) implies ||(3/5)™nm|leee < oo. For this reason, for a real number r, we
define the space

0 ={Hem}: Irmemllee < 00}

Then we define the Dirichlet to Neumann map Dy : £° — £3/5°° given by
16
Dya= 7L(I —K)a+ ag.
Theorem 4.4. The Dirichlet to Neumann map is invertible.

Proof. We see that Dy is a composition of L: £ — ¢3/5%° with T — K: (> — (>
plus a translation. The translation is not important and obviously L is invertible
because it is diagonal.

It is well known that I — K is invertible if and only if p(K) < 1, where p(K) is the
spectral radius of K. The sum of the entries of the i-th row is

o i—1 o] 7 3 i—1 57 o] 3

S S £ noc e (555 8

j=1 j=1 j=i+1 Jj=1 Jj=i+1
Consequently,

> 7 3 ([ 1 X1
Kl =supd Ko < 35+ 3 | 5 + g | =L

Since K is a positive matrix, the Perron-Frobenius Theorem for positive matrices
states that p(K) < | K[| . Thus, p(K) < 1, which shows that I-K is invertible. [J

5. EIGENFUNCTIONS

The exact spectral asymptotics on the whole gasket and the structure of the
spectrum has been analyzed previously [12]. Motivated by that result, we discuss
eigenvalues and eigenfunctions on the half gasket. Observe that:

(1) A Dirichlet eigenfunction on 2 extends by odd reflection to a Dirichlet eigen-
function on SG and conversely.

(2) A Neumann eigenfunction on ) extends by even reflection to a Neumann eigen-
function on SG and conversely.
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Thus there are no new eigenvalues on (2 because odd eigenfunctions on SG are
Dirichlet eigenfunctions on €2 and even eigenfunctions on SG are Neumann eigen-

functions on 2. Hence we count the number of even and odd eigenfunctions on
SG.

On SG, there are #V,,, = (3™*! + 3)/2 vertices on level m, of which m + 1 lie
on qo U X and three are boundary points V. The eigenfunctions with eigenvalue
A < Cpb™ for a specific choice of Cy are born on level £ < m and are in one-to-one
correspondence with the graph eigenfunctions on V,,, so there are (3™*! 4 3)/2
Neumann eigenfunctions and (3™*1 — 3)/2 Dirichlet eigenfunctions. Thus on €,

1 /3™t 43

#{Neumann eigenfunctions with A < Cp5™} = = < 5

5 —|—m+1),

1 3’m+1 -3
#{Dirichlet eigenfunctions with A < Cy5™} = B (2 - m) ,
because the m + 1 vertices on gg U X contribute even functions to the Neumann
count while the m vertices on X do not contribute to the Dirichlet count. Note
that the correction terms m + 1 and —m are of the order log 5™. This is consistent
with the observation that 02 is zero dimensional. We can be more specific about
individual multiplicities of eigenvalues on €). For a set U, define the functions

N(U) = #{Neumann eigenfunctions on U},
D(U) = #{Dirichlet eigenfunctions on U}.

(1) O-series (constant eigenfunctions) have multiplicity N(2) = 1 and D(Q) = 0.

(2) 2-series only show up in the Dirichlet spectrum on SG, but they are all even
so they are absent from the Dirichlet spectrum of Q. Thus, N(2) = 0 and
D(Q) =0.

(3) 3-series are entirely Neumann eigenfunctions on SG that are born on level 0
with multiplicity 2. Then N(Q) =1 and D(£2) = 0.

(4) 5-series are born on level k where k > 1 for Dirichlet eigenfunctions and k > 2
for Neumann eigenfunctions. If Sy denotes the number of cycles of level less
than k, then on SG, we find that N(SG) = S and D(SG) = S;, + 2. For a
cycle that lies on X, the eigenfunction is odd, so that contributes to D(SG)
but not to N(SG). See Figure for an example of such a function. Note
that any unlabeled point means the function is defined to be zero at that point.
Additionally, of the two extra Dirichlet eigenfunctions on SG, exactly one is
odd, as shown in Figure [5.2
The number of cycles of level n is 3" ! and exactly one of these lies on X. So
there are (3" 1 41)/2 odd eigenfunctions and (3"~! —1)/2 even eigenfunctions.
Thus

and

k
1 1 /3843
D(Q):Zz(3”1+1)+1:2( ’ +k).

(5) 6-series on SG are born on level k where k& > 1 for Neumann eigenfunctions
and k > 2 for Dirichlet eigenfunctions. We know that N(SG) = #Vj_; and
D(SG) = #Vi—1 —3. Neumann eigenfunctions are obtained by giving arbitrary
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-1 1

F1GURE 5.1. Odd eigenfunction on I’y

FIGURE 5.2. Another odd eigenfunction on I'y

values on the points in Vi_;, while Dirichlet eigenfunctions are obtained by
giving arbitrary values on the points Vj_1 \ V.

To find the multiplicities on §2, we just have to count the even eigenfunctions
and the odd eigenfunctions. Hence

k k _
N(Q)—;<3 ;3+k> and D(Q)—;(g - 3k+1>.

6. TRACE THEOREM

Consider the restriction map R given by Ru = {(u(zy,), Opu(zy,))}, where u is
some function defined on some set containing X. That is, R maps u to its function
values on X and its normal derivatives on X. In this section, we determine the
image of dom2A(SG) and domp~A(SG) under R. We say that u € domp2A(SG)
if u is continuous on SG and Au € L?(SG), and analogously for u € dom A (SG).

To simplify notation, we define the following spaces. Define the Lipschitz space
Lip = {{em }: there exists M such that |c;1 — em| < M for all m}.

The norm on Lip/Constants is ||cy,||Lip = inf M where the infimum is taken over
all M satisfying the previous condition. It follows directly from the definition of
Lip that {¢,,} € Lip if and only if there exists M such that |c,, — ¢,| < M|m — n|
for all m and n.
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We define the following trace spaces:
Too = {{(amvnm)}: am = A1 + A2(3/5)™ + a;nV ||5ma:nHZ°°» 13" N [|Lip < oo},
Tz = {{(amvnm)}: am = A1 + A2(3/5)m + C(,;,m ”(25/3)m/2a;n”€27 ||3m/277m‘|€2 < OO},
with their respective norms
{(an: nm) Ml = [A1] + [A| + (5™ ap,[le= + 1137 7m [ Lip,
{(ams m) }IF, = 141 + [ Aol + [1(25/3)™ 2ap, 17 + 137 27
Clearly both trace norms satisfy the triangle inequality. Note that the defined norm
I |75 makes T3 a Hilbert Space with the obvious inner product. Similarly, we define
norms on dompe A(SG) and domp2A(SG) by
[ulldom e a(say = llullz=(sa) + |AullL=(sc),
Hu||c2iomL2A(SG) = Hu||2L2(SG) + ||Au||%2(SG)'
In the above definition, we could have replaced || - [|2. term with || - |2, but that
would not be a Hilbert Space norm.

As suggested by the notation, our goal is to prove that R maps domp~A(SG)
and domp2A(SG) to their corresponding trace spaces. In Section [7} we will show
that the mapping is onto.

Theorem 6.1 (Trace Theorem).

(1) The restriction operator R: dompe«/A(SG) = Too is bounded and
[Rull7.. < Cillullpe(sa) + Col|Aull L (sa)-

(2) The restriction operator R: domp2/A(SG) — Tz is bounded and
| Rull7, < Chllullp(sq) + CallAullL2(sq)-

The proof of the theorem is technical and rather long, so we split the proof into
multiple lemmas. Our primary tool will be the Green’s formula. Given any function
u on SG for which Awu exists, we can write

(6.1) u(@) = [ Gz, y)Auly) dy + h(z),

sG
where G(z,y) is the Green’s function (the definition is given in Section and
h is the harmonic function with boundary conditions hly, = uly,. We will use

the Green’s function to relate an arbitrary function to its restriction to X and its
normal derivatives on X. The derivations are digressive, so we have placed these
computations into their own section. The important formulas and inequalities are
given by , , and . Note that the definition of the function ¥,, is given
in .

Since it is easy to check the conditions for the harmonic function A in , let
us do that first.

Lemma 6.2. If h is harmonic, then Rh € Ty, and Rh € T with
1 1
(6:2)  [Rhll7. = lu(go)l + 5 lulgr) +ulaz) = 2u(qo)l + 5 lular) — ulg2)],

63) 1By = u(a)| + ghuln) + () — 2ula0)] + 575 lula) ~ u(ao).
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Proof. If h is harmonic, then h is a linear combination of the constant function,
the skew-symmetric harmonic function (with respect to X) and the symmetric
harmonic function (with respect to X). Then

u(qo) 1 0 0
u(ql) =A 1| +A |1 +As -1,
u(g2) 1 1 1

where the coefficients are the coefficients A;, As, and A3 are the weights of the
constant, symmetric and skew-symmetric functions respectively. Solving the system
for Ay, A2, A3 in terms of uly, , we find

A = u(qo), A2 = %(U(Ch) +u(g2) — 2u(qo)), and Az = %(U((h) —u(q2))-

On X, we see that

(1) a constant function is constant with zero normal derivative.

(2) a skew-symmetric harmonic function is zero with normal derivative As/3™.

(3) a symmetric harmonic function has values A3(3/5)™ with zero normal de-
rivative.

Then h(z,,) = A1 + A2(3/5)™ and O,h(z,,) = As/3™. O

In the following lemma, we prove the bulk of the domy~A(SG) case. Proving
the lemma directly from the Green’s formula would be difficult, so we employ the
following indirect method. For the function values of u € domp~A(SG) on the
vertical boundary, we prove an intermediate statement about the linear combination
S5u(Tm41) —3u(Tm). We consider the linear combination 5u(zm,+1) —3u(zm,) because
the troublesome Y ;" | ¥y (1,2,2) term of cancels out in the linear combination
5G(Tm+1,Y) —3G(Tm,y). Then the intermediate result, coupled with a lemma from
Section will give us the desired statement, except for a few estimates which we
prove without much trouble.

Likewise, for the normal derivatives of u € dompye A(SG) on the vertical bound-
ary, we prove an intermediate statement about the linear combination 37,41 — m
because the troublesome Y, 35¥;(0,—1,1) term in (8.7) disappears in the lin-
ear combination. The intermediary result, combined with the proper lemma from
Section [B.2] and more bounding, yields the desired normal derivative estimate.

Lemma 6.3. If u € domp/A(SG) with w =0 on V;, then Ru € T, and
(6.4) [Rull7,, < CllAulL=(sc)-
Proof. Suppose u € domp~A(SG) with Ru = {(am,nm)}. Using the Green’s

formula (Proposition on 5a,,4+1 — 3a,, and the equation for G(x,,,y) given by
(8.5, after some simplification, we obtain

1 m
5am+1 — 3am = — § / [3\I/m+1(3, 1, 1) — 5\I/m(—1, 1, 1)}Au dy
10 \ 5 sG

Then applying inequality (8.4)) yields

1 /3\™
Bams = 3anl < [0l (3) [ BUma(,11) = 5% (-1 1,1)] dy
10\5) Jsa

C
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Rearranging the above inequality yields
15 (5am+1 = 3am)|[e= < O Aul| .

Lemma [8.6] implies that a,, = A(3/5)™ + al,,, where A = lim,, o0 (5/3)™a,, and
15l < [5™ (51 — 3am) e

The previous two inequalities immediately yield

(6.5) 157l o < CJlAul e

It follows from the Green’s formula and standard bounding methods that

5\" 5\" 1
5) lanl=(5) [ I1G@mw)laul dy < Culldulin + Call Sl i
3 3) Jeu 3m
Since A = lim;—y00(5/3)™am, the above implies that

(6.6) |A| < Cl|Auf|pee.

We use a similar technique to prove the desired statement about the normal deriva-
tives. Using the equation for 7, given by (8.7) to compute 37,,+1 — 7, We obtain

1
341 — T = To/ [=3Wi41(5,1, =1) + 65U (L, =1, )] Aw dy — 3pmi1 + Pm,
s5G
where ¢, was defined in the lemma. Then

‘377m+1 - 77m| < C(”AuHLOo / ‘3\I/m+1(57 17 _1) - 5\11771(17 _17 1)‘ dy + |330m+1 - @m‘
SG

1
< C’||Au|\Loo3—m7

where we used (8.4) and (8.1) to bound the first and second terms respectively.
Rearranging, we find that

13" Bm+1 = 1) o= < Ol Aul|pe.

The above estimate allows us to apply Lemma [8.7] which gives us
13" lLip = 113" (3m-41 = 1hm) [l o= -

The previous two inequalities imply

(6.7) 13" 1 |Lip < Ol Au]| Lo

Finally, combining our inequalities (6.5)), and (6.7, we see that
[Rull7, = [A] + [I5™ap,lle= + 3" nm [Lip < CllAul|p=.
Since a,, = A(3/5)™ + al,, and ||Ru|| < oo, we conclude that Ru € To.. O

In the following lemma, we prove the majority of the domp2A(SG) statement
of the Trace Theorem. We use an indirect approach similar to that of the proof for
the dompA(SG) case, except the statements are considerably harder to prove.
Proving the lemma directly from the Green’s formula without proving the inter-
mediary result would be extremely difficult, mainly because the Cauchy-Schwarz
inequality is too wasteful for the type of estimate we desire.

The outline of the proof is similar to that of Lemma For u € domp:A(SG),
we prove intermediary results about the linear combinations 5a,,+2 — 8am+1 + 3am,
and 31,41 — 160,41 + 51, where as usual, a,, = u(Zy,) and 7, = Opu(zy,). These
linear combinations are written as linear combinations of integrals, but the primary
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integrand of each linear combination is supported on a set not containing gqg. This
support allows us give a more precise estimate, thereby limiting the wastefulness of
Cauchy-Schwartz. Then applying results from Section [8.3|and some more bounding
will give us the desired statements.

Lemma 6.4. If u € domp2/A(SG) with uw=0 on Vp, then Ru € Tz and
(6.8) [Rull; < CllAullL2(se)-
Proof. Suppose u € domp2/A(SG) with Ru = {(am,m)}. Using the Green’s for-

mula (Proposition [8.1)) on 5am42 — 8am+1 + 3an, and the equation for G(xm,,y)
given by (8.5, after much computation, we obtain

3 m o
S5m+t2 — 8Gmt1 + 34, = () GmnAu dy,
9 SG
where we defined
— 1
Gnm(y) = %[9‘1’7714_2(3, 1,1) = 209,,41(1,0,0) + 250, (1, -1, —-1)].

We Shgw that G,, is supported on D,, = Y,, U Yi+1UY o UZy, U7Zm+1 U Zm+2-
Since G,, is a linear combination of harmonic splines, we see that (,, vanishes on
Y U Zy for m’ < m. Using the harmonic extension algorithm, notice that

25U, (1, =1, 1) (ymt2) = 25U, (1, =1, 1) (zm42) = =9,
20%,,,4+1(1,0,0)(yma2) = 20¥,,,11(1,0,0)(21m42) = 0,
90,42(3, 1, 1) (ymr2) = 9W012(3,1, 1) (2ma2) = 9.

Thus G (Ym2) = Gm(2ma2) = 0 and consequently, G, vanishes on Y, U Z,, for

m' >m+ 2, which proves that G, is supported on D,,. Taking advantage of the
support of GG,,,, we can write

3\ —
Dmt2 — BUmi1 + 3am = () / GmAu dy,
5/ Jb,

Applying Cauchy-Schwarz and inequality (8.4) on the above equation yields

3 m
s = Sain + 3ol < Closuln, (55)

By definition of D,,, and linearity of the integral, we have
m—42

18ulF2(p,) = D 1DullF2v0z,)s
(6.9) h=m

||Au||%2(SG) = Z ||AU||2L2(quzk)~
k=1

Using the upper bound on [5a,, 12 — 8am1+1 + 3a,|? and the above two equations,
we obtain

||(25/3)m/2(5am+2 - 8am+1 + 3am)ng S CHAUHL?(SG)

This estimate allows us to apply Lemma Thus a,, = A1 + A2(3/5)™ + al,,,
where Ay = limy,—500 G,y Az = limy,00(5/3)™(a, — A1), and

1(25/3)™ 2, llez < C[1(25/3)™/2(5am+2 — 8ami1 + 3am)||ez.
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The above two inequalities immediately yield
(6.10) 1(25/3)™ 2aplle2 < Cll Aullz2(sc)-

We claim that A; = 0 and |As| < C||Au| z2(sq). Applying Cauchy-Schwarz to the
Green’s formula for a,,, we find that that

5\ 1
<3> lam| < C1l|AullL2(sq) + CQHAU”L?(SG)W~

The above inequality implies that A; = 0 and
(6.11) |Ao| < Cl|Aullr2(s6)-

We use a similar argument to prove the estimate on the normal derivatives. Using
Lemma [8.5] to compute 37,12 — 160m41 + 51, We see that

3Nmt2 — 160m41 + 50m = / Qo Au dy — (30my2 — 160m 41 + 59m),
SG

where we defined

1
™10
We show that ®,,, has support on D,, as well. Since ®,,, is a linear combination
of harmonic splines, ®,, vanishes on Y,,s U Z,,,» for m’ < m. Using the harmonic
extension algorithm, we have

=25, (1, =1, 1) (Ym—2) = 259, (1, =1, 1) (2im42) = 1,
—109,,41(8, 1, = 1) (yma2) = 100,11 (8, 1, —1) (2ym12) = —2,
- 3\Ilm+2<57 1a _1)(ym+1) = 3\Dm+2(57 1a _1)(ZTTL+1) =-3.

Thus, @, (Ym+2) = P (2m+2) = 0 and consequently, ®,,, vanishes on Y,,» U Z,,, for
m’ > m + 2. Using the compact support of ®,,,, we can write

o (=30, 40(5,1, —1) + 10,1 (8,1, —1) — 25W,,,(1,—1,1)].

377m+2 - 1677m+1 + 577m = / (I)mAU dy - (3§0m+2 - 16<Pm+1 + 5‘;0m)7

m

It is straightforward to find an upper bound on the linear combination of ¢, terms.
Using Cauchy-Schwarz and inequality (8.2)), we obtain

1

30mt2 — 16041 + 5nm|* < C (“Pm—&—2|2 + “Pm+1|2 + |<Pm|2) < C”AUHQH(Dm)Bim'

Using Cauchy-Schwarz and inequality (8.4)), we find that

/ D, Au dy
Dy,

Combining the above two inequalities and yields

(6.12) 132 (302 — 160mt1 + 50m) ez < CllAul|r2(s)-

The hypothesis of Lemma is satisfied, so we have 7, = 5™ A + n/,, with
(6.13) 137215l < Ci(n2 = 5m)* + Cal|3™ (3nhm 42 — 169mt1 + 51m) 2.

However, applying Cauchy-Schwarz to (8.7]) yields

1
3m/2°

2 1

< [|8ulf22p,, /D [@m[* dy < CllAul2p,,) 30

m

[1m| < CllAullL2(sa)
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This forces A = 0 and so 7, = 7,,,. Note that the above bound provides the upper
bound (g — 5m1)? < C’||Au||2L2(Sg). Combining this inequality with (6.12) and

(6.13) yields
(6.14) 13/ 20 ||? < CllAul2(sa)-

Finally, using (6.10)), (6.11) and (6.14)), we see that
IRulZ, = [A1]? + [A2)* + 11(25/3)™2a, || + 13" *nml|72 < CllAullEe(sc)-

Since an, = A2(3/5)™ + aj,, and ||Rul|3, < oo, we conclude that Ru € Ts. O

m

Finally, we have the necessary results to prove the Trace Theorem.

Proof of the Trace Theorem. Suppose u € dompeA(SG) or u € domp2A(SG),
and Ru = {(am,Mm)}). Let h be the harmonic function determined by the boundary
values hly, = uly,. Let w = u—h, and note that Aw = Au and w = 0 on V5. The
Green’s formula states that

u(@) =h(z)+ [ Gz, y)Aw(y) dy.
sG
(1) Suppose u € domp/A(SG). Using triangle inequality on v = w + h, the
estimate (6.2) applied to h, and the estimate (6.4)) applied to w, we find that

1 1
[Bull7ee < Julgo)|+ 5 ular) +ulg2) = 2u(go) |+ 5 lular) —ulg2) [+ Cll Aul = (s6).-

(2) Suppose u € domp2A(SG). Using triangle inequality on v = w + h, (6.3)
applied to h, and applied to w, we find that

1 1
1 Retlls < Ju(go) 1+ [ulan)+u(a2) = 2ulgo) [+ 5 =5 ular) —ula) [+ Cll Aull (s

O

7. EXTENSION OPERATORS

In this section, we present two different extension theorems. The first extension
will be a right inverse to the restriction map R. The second extension will map
solutions to differential equations on the half-gasket to a well-behaved function
on the whole gasket. The ideas behind the two extensions are similar, but with
different computations and formulas. In order to construct the desired extensions,
we will require the following result. If will give us the exact conditions under which
a piecewise function is in the domain of the Laplacian.

Proposition 7.1 (Gluing Theorem). Let u and f be defined by gluing pieces {u;}
and {f;} (5 =0,1,2), with Au; = f; on F;SG. Then u € dom/\ with Au = f if
and only if f;(Fiq;) = f;(Fjq;) (i # j) holds for {u;} and {f;} (so w and f are
continuous) and the matching conditions on normal derivatives hold at the three
poInts.
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7.1. The Inverse Operator to R. We seek a linear extension operator E that
is a right inverse of the restriction operator R. The desired extension will satisfy
E: Ty — domp«<A(SG) and E: To — dompzA(SG). In order to construct this
extension operator, we study piecewise biharmonic functions. Biharmonic functions
satisfy the differential equation A?u = 0 and in particular, biharmonic functions
satisfying Au = C for some constant C' is a four-dimensional space on SG. One
way to specify a constant Laplacian function on SG is to specify the value of the
function on V) and the constant.

Lemma 7.2. Suppose Au = C on some cell of level m with boundary points
Do, P1,P2. Then the outward normal derivative of u at p; is

5\ C
(7.1) Onu(p;) = 3 [2u(p;) — w(pj+1) — ulpj-1)] + P

Proof. Let v be the harmonic function on the cell with the boundary values v(p,)
1 and v(pj41) = v(pj—1) = 0. Since v is harmonic on a cell of level m, using (4.1

with the proper normalization, we have 0,v(p;) = 2(5/3)™ while O,v(pj+1) =
Onv(pj—1) = —(5/3)™. Applying the symmetric Gauss-Green formula 7 we
obtain the desired formula.

O

Lemma 7.3. Given any sequences {an,} and {nm,}, there exist a piecewise bihar-
monic functionu on SG and sequences {C!.} and {Cy, } such that Ru = {(am,Mm)},
Au=Cl onYn, Au= Cy, on Z,y,, and the normal derivative matching conditions
hold at {xu}, {ym}, and {zm}.

Proof. We construct two functions vy and ug such that ui (z,,) = a, but O,ui (z,;,) =
0, while ug(z,) = 0 but dpu(xy,) = Nm. Then the sum v = uy + uy will satisfy
Ru = {(am,nm)}. Of course, we must do this carefully so that u satisfies the other
claimed properties.

Consider the symmetric piecewise biharmonic function w; satisfying u(z,,) =
Gy U1 (Ym) = U1 (2m) = (1/8)(Bam+1 + 3am ), and Auy = D), on Yy, U Z,, with

3
D;n = 5m (8) (5am+1 - 8am + 3am—1)~

This information determines u; on Y,,UZ,, because as mentioned earlier, a constant
Laplacian function is determined by its boundary values and the value of its Lapla-
cian. Consequently, u; is determined everywhere because SG = J,,,(Y;m U Zp).
Using to compute the normal derivatives of w1 at z,,, y,, and z,,, it is straight-
forward to check that d,u1(z,,) = 0 and the normal derivative matching conditions
hold.

Consider the skew-symmetric piecewise biharmonic function wuy satisfying the

conditions uz(z,) = 0, uz(ym) = —(1/8)(3/5)™ (Nm+1 + Mm)s u2(zm) = —u2(ym),
Aus = —F,, on'Y,, and Aus = F,, on Z,,, where

1

Again, these constraints determine uy everywhere on SG. Writing down the normal
derivatives of ug at x,,, ym and z, using (7.1), we see that dpus(x,,) = N and
the normal derivative matching conditions hold.
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Then the function u = uy + ug satisfies () = @m, Opu(Tm) = N,

1 1 /3\™
WYm) = <(Bamt1 +3am) — < ( = ] Dmt1 + Mm)s
8 8\ 5
(7.2) 1 1/3\™
w(zm) = §(5am+1 + 3am) + 3 (5> (Nmt1 + 0m),

Au=Cl onY,, and Au = C,, on Z,, where
(7.3)
1

3
cl =5m (8) (5am+1 — 8am + 3am—1) — 3™ <8> (3Nm+1 — 160 + 51m—1),

3 1
C,, =5m <8> (5am+1 — 8am + 3am—1) + 3™ (8) (31m+1 — 160, + 59pm—1).

Because normal derivatives add linearly, u satisfies the normal derivative matching
conditions at T,, Ym and z,. O

As a result of the above lemma, we can define the extension operator F which
maps two sequences {(am,7m )} to the function u given in the lemma. This operator
is well defined because the process described by the lemma generates exactly one
function for each pair of sequences. Additionally, it is not difficult to see that E is
a linear operator.

Theorem 7.4. There exist a bounded linear extension map E: Too — domp A(SG)
and E: Ty — domp2/A\(SG) with Ro E = Id.

Proof. Suppose {(am,nm)} € Too and let u = E{(am,nm)}. In order to apply the
Gluing Theorem, we need to check that w is continuous. It suffices to check for
continuity at g because u is clearly continuous everywhere else. In order to show
that u is continuous at go, we need to show that lim,, 0o U(Zy) = limy,—eo U(Ym) =
limy,— 00 w(2m). Since {(am, Mm)} € Too, We have a,, = Ay + A2(3/5)™ + a,, with
5™ az, [[po < 00 and |[3™npm |, < oo. Then reads

3

3 /3\™ 1 1 "
U(Ym) = A1 + 1 (5) Az + §(5a;n+1 + 3az,) — 3 (5) (M1 + 1m),

3/3\™ 1 1/3
U(Zm) = Al + Z <) A2 + §(5a/7n+1 + 3a/m,) + - (

5 ] 5> (nm+1 +77m)'

Taking the limit m — oo in the above equations, we see that A1 = lim,,—c0 U(Ym) =
limy, 00 w(2m ) = liMy,—s 00 G, which verifies the continuity of u at go. Recall that
Lemma tells us that u satisfies the normal derivative matching conditions at
{zm}, {ym} and {z,,,}. Thus the hypotheses of the Gluing Theorem are satisfied, so
the theorem implies that Aw is well defined. We need to show that Au € L (SG).
Observe that reads

1

3
Cru =5 (5) (s = 8t 4 3000) =37 () Bis = 160+ 50-0)

3

1
C,, = 5™ <8> (5ay,1 — 8ar, + 3ay,_;) + 3™ (8) (3Nma1 — 160 + 50m_1).
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Using Lemma [8.7] to obtain an upper bound on the normal derivative terms in C,
and C),, we find that

AUl oo < 1Cmllgse + ICrullgoe < My l|5™ a0, || goo + Mz |13 1| s -
Therefore, E: Too — dompeA(SG).

Suppose {(am,nm)} € T2 and let u = E{(am, nm)}. Again, we need to check that
u is continuous at ¢g in order to apply the Gluing theorem. By definition of 75, we
have a,, = A; + As(3/5)™ +al,, with [|(25/3)™/2a!,||,2 < oo and ||3™/21,, || < oo.
Then |al,| — 0 and |n,| — 0. By the same argument for the 7., case, u is
continuous at g, hence continuous everywhere. By Lemma [7.3] u satisfies the
normal matching conditions at {z,,}, {ym} and {z,,}. Then Aw is well defined by
the Gluing Theorem. Finally, Au € L?(SG) because

(o) o) (o)
Cl 12+ |Cnl? 25\ m
sl = 3 LR < S () a0 3 371
m=1 m=1 m=1

Therefore, E: Ty — domp:A(SG). O

7.2. Extensions of Solutions to Differential Equations on (). The material
presented in this section is motivated by the classical theory of extending functions
with Awu € LP on a nice domain in Euclidean space R™ to functions with the same
property on R™. We ask:

(1) Given u € domp~A(Q), does there exist an extension @ € domp«A(SG)?
(2) Given u € domp2/A(Q), does there exist an extension @ € domp2A(SG)?

We present two motivating examples before we proceed to the main extension re-
sults.

Theorem 7.5. If u is a nonconstant harmonic function on €2, then its even reflec-
tion is not in domA\.

Proof. Suppose, for the purpose of contradiction, even reflection extends to a func-
tion @ € domA(SG). Then Auw =0 on SG, and

— 8nﬂ(xm) = 2ﬂ(xm) - ﬂ(@/m) - E(ym71)7
— () = 20(xm) — W(zm) — W(2zm—1)-

Since w is assumed non-constant, both normal derivatives are nonzero. However,
— OnT(Ty) = < O0nu(xyy,), so the normal derivative matching condition at ., does
not hold. Therefore, © € domA(SG). O

Theorem 7.6. Suppose u € C(Q) solves the BVP with ag = C; and ap, =
(2/3)(3/5)™(C1 + C3) for some constants Cy,Cq. Then there exists a harmonic
extension of u.

Proof. Consider the harmonic function w on SG determined by the boundary values
U(qo) = 0, u(q1) = C1 and U(gz) = Co. Simple computation shows that u(x,,) =

(2/3)(3/5)™(C1 4 Cs). Thus, u = u on  and Au = 0, which shows that @ is indeed
a harmonic extension. O

In special cases, such as the one presented in the previous result, there exists a
harmonic extension. In general, the desired extension will not be harmonic because
the space of harmonic functions on SG is a three dimensional space so finding a
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harmonic extension @ of u satisfying the infinite number of conditions u(x,,) = am,
is unlikely. For that reason, we look for a piecewise biharmonic extension. In fact,
this motivates our study of piecewise biharmonic functions to begin with. To prove
the existence of an extension, we need the analogue of Lemma [7.3

Lemma 7.7. Suppose u € domp=/A(Q) or u € domp2/A(Q2). Then there exist a
sequence {Cy,} and a piecewise biharmonic function w on SG satisfying © = u on
Q, ANu = C,, on Zy,, and the normal derivative matching conditions hold at {x,,}
and {zm}.

Proof. For convenience, we write a,, = u(z,,) and 1, = O,u(x,,). Consider the
function @ = u on (,

3

and Au = C,,, on Z,, where

3 1
(7.5) C,, =5™ <8> (5ama1 — 8 + 3am—1) +3™ (8) (31 m+1 — 160, + 57m—1)-

For the same reason as before, these constraints completely determine w on Z,,.
Hence we have defined a function @ on SG.

We claim that the normal matching conditions hold at z,, and z,,. Using (7.1)),

= Ontlon) = (3) )~ W) = W] + g

N 0ten) = (§) ) = W) ~ o) + o

m—+1
SOl = (3) 0Gn) ~ Wemn) - W] + S253-

It is straightforward to check that our formulas for @(z,,), w(zy,), and C,, imply
the matching conditions hold at {z,,} and {z,}. O

The lemma allows us to define an extension operator. Let Fq be the extension
operator that maps a function u € dompeA(2) or u € domz2A () to the function
Equ on SG as given in the lemma. This operator is well defined because for each
u, there is exactly one Equ. It is clear that Eq is linear and that Fqu is continuous
except possibly at qo.

Theorem 7.8. Suppose u € domp/A(Q). If Ru € Ty, then Equ € domp«/A(SG)
and

[1A(Equ)|L=(sc) < [|Aullp=(q) + Cl| Rul| 7., -
The Trace Theorem implies the converse: if Equ € domp«/A(SG), then Ru € Ts.

Proof. Suppose u € dompeA(Q) and Ru = {(am,Nm)} € Too. By definition of 7o,
we have a,, = A1+ A2(3/5)™ +al,, with ||5a}, ||~ < 0o and ||3" 1y, ||Lip < c0. We
need to check that Fq is continuous at gg. Observe that ((7.4) becomes

3

| 1/3\"
Bru(an) = v+ 42 (3) 4 §0atna 4300+ 5 (3) G )
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Taking the limit in the above equation, we see that Ay = lim,,— 00 G = limyy,— o0 Fou(zm)-
This proves that Fqu is continuous. By Lemma the matching conditions for u
at {x,,} and {z,,} are satisfied. This allows us to apply the Gluing Theorem, and
so A(Equ) exists.
To prove that Equ € dompe«A(SG), observe that
15 (5am+1 = 8am + 3am—1)llpee < 1615 ay,, [l oo
and by Lemma
113" (31mt1 = 16 + 51m—1) | goe < 16 |37 | 5, -
Using the above inequalities and the equation for C,, given by (7.5)), we find that
IA(Equ) || Lo (@) = max |Cpn| < My [|5™a, [l + Mal|3™ 1m [|Lip-
Then by triangle inequality,
IA(Equ)ll L (se) < [ Aulle (o) + Mill5™ay, e + Ma]|3™ nml|Lip,
which completes the proof. [

Theorem 7.9. Suppose u € domp2/A(Q). If Ru € Tz, then Equ € domp2/A(SG)
and

IA(Eou)lliaisa) < I1Au]72q) + Cll RullZ,-
The Trace Theorem implies the converse: if Equ € domp2/\(SG), then Ru € Ts.

Proof. Suppose u € domp2A(Q) and Ru = {(am,nm)} € T2. By definition of
Tz, we know that a,, = A; + A9(3/5)™ + a/, with ||(25/3)™/2a!, |2 < oo and
3™/ 20 ll;2 < oo. Then |al,| — 0 and |n,,| — 0. Using these limits, the same
argument given in the proof of Theorem shows that Fqu is continuous. Again,
Lemma [7.7] guarantees the matching conditions for u at {,,} and {z,,} hold. The
Gluing Theorem implies A(Equ) is well defined.

To see why Equ € domp2/A(SG), we first see that

oo

1 = 25\ o= o
8B ey = X glCnP <303 (5) Il + 02 Y 3"
m=1 m=1 m=1

Since ||A(Egu)||2LQ(Sg) = ||AUH%2(Q) + ||A(EQU)||%2(Q/), using the above inequality
gives us

I8 sy < [BulEa + 30 S (3 a4 Ma 3 37
m=1 m=1

O

We can interpret Theorem and Theorem by the following: Ru € Ty
is the minimal condition for extending an arbitrary function in dompe~A(2) to a
function in domz~A(SG) and Ru € T3 is the minimal condition for extending an
arbitrary function in domz2A(Q2) to a function in domp2A(SG).

A function belonging to domz2/A(Q) or domp<A(Q) is naturally a solution to
the differential equation Au = f for f € L? or f € L™ respectively. Solutions to
this differential equation can be found using Theorem [8.2

As a special case of Eq, we can extend harmonic functions v on 2 provided that
Ru € T3 or Ru € To. Recall that the solution to this differential equation was
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explicitly given in Section [2] The formula for the extended function will be given
by (7.4) and (7.5)), which can be simplified by using the normal derivative formula
for harmonic functions (4.2)) and the recurrence relation (2.1)).

8. APPENDIX

8.1. Green’s Function Formulas. For a given m and a point « € V,,, \ Vp, let
Y (y) denote the piecewise harmonic spline of level m satisfying ¥ (y) = 0, (y) for
y € Vp, and extended harmonically for levels m’ > m. Notice that ¢ € domy&
because = ¢ Vj.

Proposition 8.1 (Green’s Formula). On SG, the Dirichlet problem —Au = f on
SG\Vy and u = 0 on Vy has a unique solution in dom/\ for any continuous f, given
by u(z) = [go G(x,y)f(y) dy for the Green’s function G(x,y) = limps 0o Gar(2,y)
(uniform limit) where

M
Gulw,y)=>_ Y. glss k@) vh(y)

k=1s,s'€Vi\Vi_1
and
k
1%(%) fors=¢ € Vi \ Vi1,
k
5 (2)" fors, s € FuK, |lwl=k—1ands# 5.
From the Green’s formula, we have the following simple observation.

Theorem 8.2. Let G(z,y) denote the Green’s function on SG. Let Gq(z,y) =
G(z,y) — G(z, Ry) for z,y € Q where R denotes the reflection. Then Ggq is the
Green’s function for ), namely

ua) = [ Gole.s)fw) dy
solves —Au = f on Q subject to u|q = 0.

To simplify notation, we drop the superscript " on functions of the form ;" ,

v and 7" because unless otherwise notated, the superscript index matches the

subscript index. It follows immediately from the definition that

2
(81) | sty = [ ol dy= [ ool =g
SG SG SG

Additionally, since |1, |?> < |4, ], we have

2
N o s L B R
SG SG SG

To further simply notation, define the function
(8.3) Ui (a,b,0)(y) = ata,, (y) + biby,, (y) + ez, (y)-
Using (8.1]) and (8.2]), we have the estimates

(8.4) / [P, (a,b,0)] dy < g and / |V, (a,b,c)|* dy < %
sa 3m sa

3m’

for constants C; and Cs depending only on a, b, c.
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Lemma 8.3. The Green’s function evaluated at x,, is
13 "
(8'5) G(l‘m,y ( ) Z\I/k 1 2, 2 6 <5> \I/m(l,—l,—l)(y).

Proof. Note the following observations:

(1) If k > m, then ¥*(z,,) = 0.
(2) If k =m, then ¢, (zm) =1. If k =m and s # x,,, then Y7 (z,,) = 0.
(3) If k < m with s # y, and s # 2, then ¥*(z,,) = 0.

Using these facts, we have

Gt =SS (o o ) + 9t o ()] U5 1)

k=1 s'€Vi\Vi—1

D glam ST ).

8" €V \Vin -1

Using the harmonic extension algorithm, for £ < m, we have

2 (3\" " 2 (3\" "
v =3 (3w s =3(2)

Since g(s,s") =0 if s and s’ are in different cells of level k — 1, we deduce that

k
S o)+ alanE0) = 5 () w1220

'€V \Vi—1
> slen 0 =15 (1) 1100

S,EVNL\‘/anl

Substituting these equations into the most recent equation for G(z,,,y) completes
the proof. O

Lemma 8.4. The Green’s function evaluated at z,, is
L1\ &
: U (1,2,2)( — (0, —1,1)(y).
86) Glemn) =15 () Z W #15 () LA w0-100)

Proof. We use a similar process to find the formula for G(z,,,y). Note the following
observations:

(1) If k > m, then ¥¥(2,,) = 0.
(2) If k =m, then ¢, (z,) = 1. If k =m and s # 2, then ¢ (z,,) = 0.
(3) If k < m with s # y and s # 2y, then ¥¥(2,,) = 0.

Using these facts, we have

ey Z S (9 W (o) + 9o b (o)) 5 ()
=1 s’€Vi\Vi—1
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Using the harmonic algorithm, for k& < m, we have

1/3\™F 1 /1\™* 1/3\™F 1 /1\™*
%’“(’Zm):2(5> E <5> and %(Zm):z<5> 2 (5> ~

Since g(s,s’) = 0 if s and s’ are in different cells of level k — 1, we deduce that

k
> atmsb) = 15 (3) w300,

s"€Vik\Vi—1
1 /3\"
> stk =5 (3) B30,
s'€EViR\Vi_1
nom 1 /3\™
Z Q(Zmys)%ﬁs/(y):l*() 5 \Pm(17173)(y)'
S/evm,\v‘m—l

Making these substitutions into the previous equation for G(z,,,y) completes the

proof. ([l
Lemma 8.5. If u =0 on Vy and Au exists on SG, then
(8.7)
301\ <. 1
Ontu(em) == (== | D 3" [ W(0, -1, D)Audy—5 [ Up(1,-1,1)Audy—p,,
51\3 P sG 2 Jsa

where @, = me g, ANu dy.

Proof. Let v be the harmonic function on Z,, determined by the boundary values
V(Zpm) = 1 and v(zm-1) = v(2m) = 0. Note that v = 1), on Z,,. Since Z,, is a cell
of level m and v is harmonic, using with the proper normalization constant, we
have < Opv(zy,) = 2(5/3)™ and N\ Opv(2m—1) =\ Opv(2m) = —(5/3)™. These
equations, together with the symmetric Gauss-Green formula applied to the
functions w and v, yield

— Opu(Tm) = /Zm Yy, Au dy + (g)m 2u(zm) — w(zm) — u(zm-1)] -

Using the Green’s formula, the formulas for G(z.,,y) and G(zn,y) given by (8.5)
and respectively, and the normal derivative matching condition at x,, yields
the desired formula. O

8.2. Lemmas for Sequences.
Lemma 8.6. Given a sequence {am}, ||5™(5@m+1 — 3am)||e= < 0o if and only if
am = A(3/5)™ + al, with ||5™al,|le~ < co. Furthermore,

15" am lle < 15" (Btmt1 — 3am)|le

/
m

Note that the equation for a, and the bound for al, implies A = lim,, o0 (5/3)™am, .

Proof. Clearly the second statement implies the first statement. Conversely, making
the substitution d,, = (5/3)™am,, we find that

313" (dst — dua) = = 5™ (Bt — 3am)lle= < oo,
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This inequality implies that {d,,} is a Cauchy sequence and by completeness of the
reals, d,, — D for some D. Then a,, = (3/5)™D + (3/5)™(dy, — D). Writing d,,
as a telescoping series

dm =D + Z(dk—dk+l)

k=m

and using the inequality ||3™(dpm+1 — dm)]||e < 00, We obtain

ad 1
|dm — D] < Z |y, — diy1| < 371\\5’”(5am+1 = 3am)|les-

k=m
Then defining a!,, = (3/5)™(d,, — D), we see that
15™ anllese = 1137 (dm — D)lleee < |5 (5am-41 = 3am)lee-

O

Lemma 8.7. Given a sequence {1}, 3™ (30m41 — m )|l < 00 if and only if
3™ 0l iy < 00 In fact,

13" Bnms1 = 1)l g = 13" 11| L -
Proof. If ||3™(30m+1 — 1m)||pee < 00, then
13" 1 iy = SUP 3™ |30m 1 = m| = (137 (Bmg 1 = ) g < 00
Conversely, if [|3™ 7y ||1;, < oo, then

3™ 30my1 = 30 = [3" g1 = 37| < (13" |1, < 00-

8.3. Lemmas for Series.

m/2

Lemma 8.8. Fiz a constant r < 1 and a sequence {am}. Then ||r™/ 2am,|le < oo

if and only if |r"/?(ami1 — am)||ee < 00. More specifically,

7™ 2|l < Chlar]? + Callr™*(am41 — am)llee.

Proof. The first statement obviously implies the second statement. Conversely,
writing a,, as a telescoping series

m—1 m—1
—a1+§ (ak+1 — ax) —a1+§ Apm—kt1 — Qm—k),
k=1 k=1

we see that

m—1

2, =" a; + Z (G 1 — Q) 7RV 2R /2
k=1

r
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Using Minkowski’s inequality, we have

m—1
Z (@m—k+1 — am_k)r(m*k)/Qrkm
k=1

02

oo

< ZTWQ H(am7k+1 R R
k=1
oo

02

<D P @t = am)r™ e,
k=1

Using Minkowski’s inequality again and the above inequality, we find that

m—1
Ir™2amllee < 7™ Parllez + || D (@m—kp1 = amy)r R 22
k=1

02
which completes the proof. (Il

Lemma 8.9. Fiz a constant r > 1 and a sequence {an,}. Then a,, = A+ al, with
[7m/2al 2 < o0 if and only if |17/ (ams1 — am) sz < 0. In fact,

72l 2 < ClP™ (@ = am)leo-

Proof. Clearly, the first statement implies the second statement. To prove the
converse, we first show that {a,,} is Cauchy. For m > n, we have

m—1

k/2..—k/2
Oy, — Oy, = g (ak+1—ak)r/r /

k=n

and applying Cauchy-Schwarz yields

m—1 1/2 m—1 1 1/2 1
2k /
|am — an| < (Z(ak+1ak) T ) (Z 7"’“) <C et

k=n k=n

It follows that {a,,} is Cauchy and by completeness of the reals, a,, — A for some
A. Since

oo oo
am — A= Z (ar — ary1) = Z(am+k — Gmtkt1),
k=m k=0
we see that
o0
rm/z(am —A)= Zr(m+k)/2r_k/2(am+k — Qmtkt1)-
k=0

Using this equation and Minkowski’s inequality, we have

o0

12 (@ = Al <717 2 (@r4m = @ )r o

k=0
oo

< Z r_k/2||(am - am+1)7"m/2|‘52’
k=0

which completes the proof. O
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Lemma 8.10. Given a sequence {am}, |[(25/3)™/2(5m 12— 8am1+3am)| e < 0o
if and only if a, = Ay + Ax(3/5)™ + al, with ||(25/3)™/%a ||;» < oco. More
specifically,

1(25/3)™ 2y, |2 < CII(25/3)" (5am2 — 8am+1 + 3am) ez

Note that the equation for a,, and the bound for al, imply that A; = limpy, o0 am
and Ay = limy, 00 (5/3)™ (4 — A1).

Proof. Clearly the second statement implies the first statement. To prove the con-
verse, we apply Lemmatwice. Making the substitution 3"d,, = 5™ (am+1 —am)
yields

> ) Gtmiz = 8amir +3am)* =9 > 3™(dmg1 — dim)? < oo

m=1 m=1

The hypotheses of the lemma are satisfied for {d,,}, so we have d,,, = D +d],, with
oo o
D3 dL, P < C Y 3 (A — dim)?
m=1 m=1
In order to apply the lemma again, define e, = an, + (5/2)(3/5)™D so that
mZ:13m\d;n|2 = mzﬂ (235> (Ems1 —em)? < 0.

Using the lemma again, except on the sequence {e,,}, we have e,, = E + e, with
the estimate

i <C - a1 — €m)>.
> (5) wl=eX(F) Cnaen
Finally, using the definition of e,,, we find that a,, = F — (5/2)(3/5)™D + €l,.
Combining the above equations and inequalities, we obtain

— (25\" — (25\"
Z (3) |€;ﬂ|2 S C Z (3) (5am+2 — 8am+1 + 3am)2.
m=1

m=1

O

Lemma 8.11. Given a sequence {nm}, 13™/2(30mi2 — 160m1 + 51m) |2 < 00 if
and only if N, = 5™ A + 1!, with ||3™/%n), |2 < 0o. Furthermore,

137215, M1 < Ci(na = 5m1)* + Cal|3™* (302 — 16nm 41 + 51 ) ||72-
Proof. The second statement obviously implies the first statement. To prove the

converse, we use both Lemma, and Lemma, Define e, = 3™ (Nm+1 — 51m)
so that

oo oo 1
Z 3m(377m+2 — 160m+41 + 577771)2 = Z Tn(eerl - em)2 < 0.
m=1 m=1 3

Applying Lemma to the sequence {e,,} gives us

oo

1 (o]
> Frleml® < Ciler? + > 8" (B0 2 — 16741 + 5nm)? < o0

m=1 m=1



32

WEILIN LI AND ROBERT S. STRICHARTZ

Making the substitution 5™d,, = n,,, we see that

o0 1 oo oo
> 3—m|em|2 = 3" (Mmr1 = m)” =25 Y 75" (dmy1 — dm)” < 0.
m=1 m=1 m=1

Applying Lemma[8.9] to the sequence {d,,}, we find that d,,, = D + d,, with

It

aln

il
[2
3
4
5
6
[7
8

[9
[10

[11
[12

(13

> T d;, P < CY T (g — dim)
m=1

follows from the definition of d, that ,, = 5™D + 5™d.,. Defining 7., = 5™d,,
d combining the above equations and inequalities, we obtain

oo

> 8™ l? < Ci(ne = 5m)* 4+ Ca Y 3™ (30mr2 — 16741 + 50m)”.

m=1 m=1

REFERENCES

| K. Dalrymple, R. Strichartz and J. Vinson. Fractal differential equations on the Sierpinski
gasket. J. Fourier Anal. Appl. 5 (1999) 203-284.

] M. Fukushima and T. Shima. On a spectral analysis for the Sierpinski gasket. Potential Anal.
1 (1992) 1-35.

| S. Goldstein. Random walks and diffusions on fractals, Percolation theory and ergodic theory
of infinite particle systems. IMA Math. Appl. 8 (1987) 121-129.

] J. Kigami. A harmonic calculus on the Sierpinski spaces. Japan J. Appl. Math. 8 (1989)
259-290.

| J. Kigami. Analysis on fractals. Cambridge Tracts in Mathematics 143 (2001) Cambridge
University Press.

| S. Kusuoka. Dirichlet forms on fractals and products of random matrices. Publ. Res. Inst.
Math. Sci. 25 (1989) 659-680.

] J. Kigami, D. Sheldon, and R. Strichartz. Green’s functions on fractals. Fractals, 8 (2000)
385-402.

] J. Owen and R. Strichartz. Boundary value problems for harmonic functions on a domain
in the Sierpinski gasket. Indiana U. Math. J. 61 (2012) 626-659.

| H. Qiu. Ezact spectrum of the Laplacian on a domain in the Sierpinski gasket. Preprint.

| T. Shima. On eigenvalue problems for the random walks on the Sierpinski pre-gaskets. Japan
J. Indust. Appl. Math. 8 (1991) 127-141.

| R. Strichartz. Differential equations on fractals: a tutorial. Princeton University Press, 2006.

| R. Strichartz. Ezact spectral asymptotics on the Sierpinski Gasket. Proc. Amer. Math. Soc.
140 (2011) 1749-1755.

| R. Strichartz. Some properties of Laplacians on fractals. J. Funct. Anal. 164 (1999) 181-208.

DEPARTMENT OF MATHEMATICS, MALOTT HALL, CORNELL UNIVERSITY, ITHACA, NY 14853
E-mail address: wl1298@cornell.edu

DEPARTMENT OF MATHEMATICS, MALOTT HALL, CORNELL UNIVERSITY, ITHACA, NY 14853

E-mazil address: str@math.cornell.edu



	1. Introduction
	2. Solution to the Boundary Value Problem
	3. Energy Estimate
	4. Normal Derivatives
	5. Eigenfunctions
	6. Trace Theorem
	7. Extension Operators
	7.1. The Inverse Operator to R
	7.2. Extensions of Solutions to Differential Equations on 

	8. Appendix
	8.1. Green's Function Formulas
	8.2. Lemmas for Sequences
	8.3. Lemmas for Series

	References

