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From
 apportionm

ent to redistricting

•
The m

ethod (Hill’s) by w
hich w

e a
p

p
o

rtio
n congressional 

seats to the states has been fixed in law
 since 1941. 

•
Despite som

e problem
s (e.g., quota violations, claim

s of 
bias against large states), apportionm

ent has rem
ained 

largely uncontroversial in recent decades. 

•
The m

ethod by w
hich those seats are distributed w

ith
in 

each state (districting, or redistricting), how
ever, is 

e
xtre

m
e
ly controversial.
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From
 apportionm

ent to redistricting (cont’d)

•
O

nce the num
ber of representatives for a state is 

determ
ined by apportionm

ent, it is largely up to that state 
how

 to elect those representatives, as per: 

“The tim
es, places and m

anner of holding elections for 
Senators and Representatives, shall be prescribed in 
each state by the legislature thereof; but the Congress 
m

ay at any tim
e by law

 m
ake or alter such regulations, 

except as to the places of choosing Senators.” 
-Article I, Section 4 of the C

onstitution of the U
nited States of Am

erica
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From
 apportionm

ent to redistricting (cont’d)

•
Since 1967, states w

hich are apportioned m
ore than one 

representative have been required to be divided into districts 
(i.e., physical regions w

hich partition the state), each of w
hich 

m
ust hold its ow

n election for a representative using the 
plurality m

ethod. 

•
Prior to this, there w

ere som
e instances of states electing their 

representatives as blocks, w
ithout regard to geography. 

•
Aside: Senators, w

hich are now
 elected by plurality vote every 

six years in every state, used to be appointed by state 
legislatures. This ended w

ith the passage of the  
17th Am

endm
ent in 1913.
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W
ho draw

s congressional districts?

•
Under the term

s of the Constitution, state legislatures are entitled to 
draw

ing congressional districts, and take the sole role of doing so in m
ost 

states. 

•
Som

e states have opted to have  
independent com

m
issions draw

  
their districts, w

hile others have  
advisory com

m
issions, though  

the final decision is still m
ade by  

the legislature.  

•
This m

ap (from
  Loyola Law

 School  
professor Justin Levitt) show

s  
w

hich states currently use w
hich m

ethods.
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•
In states w

ith only one representative (Alaska, Delaw
are, 

M
ontana, North Dakota, South Dakota, Verm

ont, 
W

yom
ing), it’s easy: the w

hole state is the one and only 
district (called an “at-large” district).

Rules for draw
ing congressional districts
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Rules for draw
ing congressional districts (cont’d)

•
In the other states, there are m

any legal restrictions. The easiest to describe 
are as follow

s: 

•
In W

esberry v. Sanders (1963), the Suprem
e Court ruled that the Equal 

Protection Clause of the 14th Am
endm

ent dem
ands that districts m

ust be 
(roughly) the sam

e size in population w
ithin each state. (A violation of this is 

called m
alapportionm

ent.) 
•

This w
as frequently violated (w

ith ratios as high as 3 to 1) prior to the Civil 
Rights Era of the 1960s by southern states w

hich did not redraw
 their 

district for decades, causing overrepresentation of rural (predom
inately 

w
hite) areas, and underrepresentation of urban (m

ore black) areas. 

•
Districts m

ust be contiguous: A person m
ust be able to w

alk betw
een any 

tw
o points w

ithin the district w
hile rem

aining in the district.
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Rules for draw
ing congressional districts (cont’d)

•
O

ther restrictions on districts are harder to describe, detect and enforce: 

•
Districts m

ust be com
pact: there is no satisfactory definition of this. 

•
Districts m

ust respect com
m

unities of interest such as neighborhoods, m
inority 

com
m

unities, etc. 

•
In Shaw

 v. Reno (1992), the Suprem
e Court ruled that the 14th Am

endm
ent dem

ands 
that districts m

ust not be draw
n w

ith ra
c
ia

l concerns as the “predom
inant factor”. 

•
How

ever, p
a
rtisa

n concerns, w
hile theoretically “justiciable” (Davis v. Bandem

er, 1985), 
have yet to be found sufficient reason for invalidating a district (e.g., it w

as explicitly 
allow

ed in Hunt v. Crom
artie, 2000). 

•
The Voting Rights Act (1965) m

andates that certain states w
ith a history of 

discrim
ination m

ust “pre-clear” their redistricting plans w
ith the US Dept. of Justice, 

how
ever the m

ethod by w
hich states qualify for this w

as ruled unconstitutional by the 
Suprem

e Court in Shelby County v. Holder (2012). Since this has yet to be am
ended 

by congress, this provision is effectively void.
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•
G

errym
andering is the act of purposefully draw

ing district lines 
to favor one political group/party over others. 

•
It is nam

ed for M
assachusetts  

G
overnor Elbridge G

erry, w
ho in  

1812 approved a m
ap for state  

senate districts w
hich contained  

one oddly shaped district,  
believed to be draw

n to favor his  
Dem

ocratic-Republican Party. 

•
Its shape w

as likened to a m
onster 

and a salam
ander by com

m
entators, 

resulting in the portm
anteau “G

erry-m
ander”.

G
errym

andering
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G
errym

andering (cont’d)

•
Consider the follow

ing “state” (adapted from
 this 

W
ashington Post article), in w

hich there are 50 people, 
30 of w

hich are “blue” and 20 of  
w

hich are “red”. 

•
Can you draw

 5 districts, of 10 
people each w

hich yields: 
(a)3 blue, 2 red districts? 
(b)5 blue districts? 
(c)2 blue, 3 red districts?
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G
errym

andering (cont’d)

12

3 blue, 2 red
5 blue, 0 red

2 blue, 3 red
•

The second exam
ple dem

onstrates cracking: spreading out your opponents into several 
districts, diluting their pow

er. 

•
The last exam

ple dem
onstrates packing: placing a large m

ajority of your opponents into a sm
all 

num
ber of districts w

hich they w
in easily, but giving you a large num

ber of districts in w
hich you 

w
in by a sm

aller m
ajority.



G
errym

andering (cont’d)

•
Consider the follow

ing “state” (adapted from
 this article), 

in w
hich there are 36 people, 20 of w

hich are “blue” and 
16 of w

hich are “red”. 

•
Can you draw

 4 districts, of 9 people each w
hich yields : 

(a)4 blue districts? 
(b)1 blue, 3 red districts?
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G
errym

andering (cont’d)

•
Partisan legislators have an incentive to gerrym

ander state districts to favor 
their party. 

•
G

errym
andering is often blam

ed for congressional representation that is not 
proportionate to the popular vote w

ithin states. 
•

For exam
ple, in 2012, Dem

ocrats received 66%
 of the popular vote for 

representatives in NY, but they w
on 21 out of 27 (78%

) House seats. 
•

In 2012, Republicans received 49%
 of the popular vote for 

representatives in PA, but they w
on 13 (!) out of 18 (72%

) House seats. 
•

O
verall, in 2012, Dem

ocrats received 1,711,566 (around 1.7%
) m

o
re 

votes than Republicans for representatives, but Republicans w
on 234 

House seats, to the Dem
ocrats’ 201. 

•
G

errym
andering is also blam

ed for w
ild and strange shapes of m

any 
congressional districts, as w

e shall see.
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Exam
ples: Ithaca’s district

•
Ithaca’s current district, NY 23: 

•
Ithaca’s old district, NY 22:
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Exam
ples: M

aryland’s 3rd District
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Exam
ples: Pennsylvania’s 7th District
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Exam
ples: North Carolina’s 12th District
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Exam
ples: Illinois’ 4th District
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Exam
ples: Florida’s 5th District
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M
easures of gerrym

andering

•
A com

m
on description of gerrym

andering is “you know
 it w

hen you see it”. 

•
But, can w

e tell m
a
th

e
m

a
tic

a
lly if a district is gerrym

andered? Such a 
m

ethod w
ould be m

ore objective, and less susceptible to bias. 

•
There are several com

peting m
ethods, usually described as 

com
pactness m

easures, as they attem
pt to give a precise m

eaning to 
the w

ord “com
pactness” in the context of congressional districts. 

•
Each m

ethod w
e present here is, essentially, an answ

er to the question 
“how

 m
uch does the given district differ from

 an id
e
a
l district?” 

•
The m

ethods differ in their understanding of w
hat an “ideal district” is, and 

how
 w

e m
easure the difference betw

een that and the given district.
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A
P4πA/P 2 = 1

A

P

4πA/P 2 < 1

The Polsby—
Popper ratio

•
The first m

ethod begins w
ith the assum

ption that an ideal district should be a 
circle. To understand it, w

e need an im
portant result from

 geom
etry: 

T
h
e
o
re

m
 (T

h
e
 Iso

p
e
rim

e
tric

 In
e
q

u
a
lity): F

o
r a

n
y “sim

p
le

 c
lo

se
d

 c
u
rve

” in
 th

e
 p

la
n
e
 

w
ith

 p
e
rim

e
te

r P
 (in

 ft, sa
y), th

a
t b

o
u
n
d

s a
n
 a

re
a
 A

 (in
 ft 2), w

e
 h

a
ve

 th
a
t 4πA ≤ P 2. 

E
q

u
iva

le
n
tly, 4πA/P 2 ≤ 1.   

•
Since 4πA = P 2 w

hen the closed curve is a circle, it follow
s that am

ongst all 
curves w

ith the sam
e perim

eter, the circle bounds the m
axim

um
 possible area. 

•
The difference betw

een the ratio 4πA/P 2 and 1 is a m
easure of how

 m
uch the 

area enclosed by the curve differs from
 that of a circle w

ith the sa
m

e
 p

e
rim

e
te

r.
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The Polsby—
Popper ratio (cont’d)

•
The Polsby—

Popper ratio (nam
ed for law

yers Daniel Poslby and 
Robert Popper) for a given congressional district, w

ith perim
eter P 

and area A, is exactly the ratio 4πA/P 2. 

•
The intent is that a district w

ith a higher (i.e., closer to 1) ratio is le
ss 

gerrym
andered, w

hile one w
ith a low

er ratio is m
o

re gerrym
andered. 

•
A m

ajor advantage of this m
ethod is that it is extrem

ely easy to 
determ

ine, using publicly available data. 

•
In fact, the W

ashington Post has done it for us (their num
bers are the 

result of m
ultiplying 1-4πA/P 2 by 100 to obtain an “index”; to obtain 

the original PP ratios, just divide their “gerrym
ander score” by 100, 

and subtract the result from
 1).
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The Polsby—
Popper ratio (cont’d)

•
Can you think of som

e potential problem
s w

ith this m
easure? 

•
Squares and rectangles, w

hich don’t seem
 gerrym

andered, don’t get 
“perfect” scores. 

•
The boundaries of states (w

hich districts m
ust respect), as w

ell as 
natural boundaries (rivers, lakes, etc) can cause reasonable districts to 
appear gerrym

andered by this m
easure. For exam

ple, consider 
M

aryland’s 6th Congressional District:

24

•
This district has a very sm

all 
PP ratio of 0.071. 

•
But, m

ost of the strange, 
jagged southern boundary of 
this district is the M

aryland/
W

est Virginia border, form
ed 

by the Potom
ac River.



The Reock ratio

•
This m

ethod also begins w
ith the assum

ption that an ideal district 
should be a circle, but identifies a different circle as being ideal. 

•
The R

eock ratio is the ratio A/A
0 , w

here A is the area of the district, 
and A

0  is the area of the sm
allest circle containing the district. 

•
Again, the intent is that high ratios (i.e., closer to 1) are le

ss 
gerrym

andered, w
hile low

 ratios are m
o

re gerrym
andered.
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High Reock ratio
A

A
0

Low
 Reock ratio 

(Illinois 4th district)
A

A
0



The convex hull ratio

•
A region is convex if w

henever tw
o points in the region 

are connected by a straight line, that line lies entirely 
w

ithin the region. 

•
In particular, both rectangles (and all regular polygons) 
and circles are convex.
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Convex

Not convex



The convex hull ratio (cont’d)

•
This m

ethod begins w
ith the assum

ption that an ideal 
district should be convex. 

•
The convex hull ratio is the ratio A/A

0 , w
here A is the 

area of the district, and A
0  is the area of the sm

allest 
convex region (the convex hull) containing the district.
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High (perfect!)  
convex hull ratio

A = A
0

Low
 convex  

hull ratio 
(Illinois 4th district)

A
0A



Area ratios

•
All of the previous m

easures are exam
ples of area ratios, 

and each is subject to som
e of the sam

e issues as the 
Polsby—

Popper ratio, nam
ely they do not take into account 

state and natural boundaries. 

•
In particular, each gives relatively poor scores to M

aryland’s 
6th Congressional district: 
•

Polsby—
Popper: 0.071 

•
Reock: 0.121 

•
Convex hull: 0.562
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Bizarreness

•
In 2007, econom

ists Christopher Cham
bers and Alan M

iller introduced an 
alternate m

easure w
hich addresses som

e of the difficulties w
ith the area 

m
easures w

e’ve seen. 

•
The bizarreness of a district is (essentially) the probability that the shortest path 
w

ith
in

 th
e
 sta

te betw
een tw

o people in the district stays w
ithin the district. (For 

m
ore details, see their paper linked above, or the m

ore elem
entary explanation in 

this AM
S Feature Colum

n on Congressional Redistricting.) 

•
W

hile gram
m

atically unfortunate, the intent is that high bizarreness (i.e., close to 
1) m

eans a district is less gerrym
andered. 

•
Convex districts still get a m

easure of 1, but districts w
hose non-convexity is due 

to state boarders have bizarreness close to 1 as w
ell. 

•
In particular, they com

pute the bizarreness of M
aryland’s 6th district to be a 

relatively m
ild 0.926, but that of M

aryland’s 3rd district to be an egregious 0.140.29



•
O

ptional (but recom
m

ended!) reading:  
•

Dave Austin’s AM
S Feature Colum

n “Congressional 
Redistricting and G

errym
andering” (from

 w
hich 

m
uch of the diagram

s and data for these slides 
have been taken) 

•
Vox’s “W

hat is gerrym
andering?” 

•
The W

ashington Post’s recent W
onkblog entries on 

gerrym
andering: 1, 2 

•
Hodge, M

arshall, Patterson, “G
errym

andering and 
convexity”, College M

ath. J., 2010. 

•
Problem

 set 5 is due tom
orrow, in class.
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