
Optimization
DATE

MATH 1110
Worksheet

Steps for Solving Optimization Exercises

1. Identify the quantity to be optimized.

2. Draw a picture representing the situation. Label any part that is relevant.

3. Introduce variables. List every relation in the picture and in the problem as an equation or
expression, and identify the unknown variables.

4. Write an equation for the quantity you want to optimize. Use the relations from the previous
step to turn it into a function of a single variable. (This may require considerable manipulation.)

5. Solve the Exercise. Determine the domain of your function. Use the first and second derivative
tests to identify and classify the critical points. Check critical points and endpoints to find the
optimal value.

1. Soda Can
You have to design a new can for a soda company. It has to have a volume of 330 ml (or 330 cm3). The
base and top cost 0.2 dollar per square centimeter to manufacture whereas the side costs 0.05 dollar per
square centimeter to manufacture. What are the radius and height that minimize the cost of production?
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2. The Fastest Route
Sophie, a lifeguard, sees a swimmer in trouble some distance down the beach and wants to reach him in
minimum time. On land, Sophie can run at speed vL = 6 meters per second, while in the water she can
swim at speed vW = 2 meters per second. 51 Math 1A Worksheets, 7th Edition

1. Without doing any computations, sketch the path that you guess Sophie should take
to reach the swimmer. Think about whether she should enter the water more or less
than half-way down the beach.

2. Write a formula for the time required for Sophie to reach the swimmer if she enters
the water at a point located x units down the beach from her station.

3. Find an equation for x to minimize the time. The equation for x can be solved numer-
ically, but don’t try that yet. Instead, use the equation to find a relation between the
cosines of the angles between the shoreline and each of the two legs of Sophie’s path.
Which angle is larger? Use this relation to make a rough sketch of the shortest path,
and compare it with your original guess.

4. Using a calculator if necessary, solve for x to an accuracy of 1 meter. Compare with
your original guess and with the sketch made using the cosine relation.

(Note: This situation is just like that for light traveling from one medium to another.
Fermat postulated that light would travel along the fastest path between two points. From
this postulate, you can obtain Snell’s law of refraction. )

Greenhouse

Your parents are going to knock out the bottom of the entire length of the south wall of
their house, and turn it into a greenhouse by replacing some bottom portion of the wall by a
huge sloped piece of glass (which is expensive). They have already decided they are going to
spend a certain fixed amount. The triangular ends of the greenhouse will be made of various
materials they already have lying around.

The floor space in the greenhouse is only considered usable if they can both stand up in
it, so part of it will be unusable, but they don’t know how much. Of course this depends on
how they configure the greenhouse. They want to choose the dimensions of the greenhouse to
get the most usable floor space in it, but they are at a real loss to know what the dimensions
should be and how much usable space they will get. Fortunately they know you are taking
calculus. Amaze them!

(a) Sketch the situation with a bird-eye view.

(b) Write a formula for the time required for Sophie to reach the swimmer if she enters the water at a
point located x units down the beach from her station. Then compute the derivative of this function
and explain how you can find the minimum. You don’t need to actually find a value for x.
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3. U.S. Postal Service Package
The U.S. Postal Service only accept packages for standard shipment whose “combined length and girth”
has a maximum of 108 inches. The girth is the “distance around” or put more simply, the addition of
twice the height and twice the width of the package. If we have a package with a square end, i.e. for
which the height equals the width, what are the dimensions that will maximize the volume?
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4. Minimizing Cardboard
Small boxes are sometimes made by folding cardboard shape like this one.

x

y

y

In our case, we want build a box of 1m3. If we cut this shape out of a rectangular piece of cardboard (the
grey-shaded area), what dimensions of the box will minimize the total area of the piece of cardboard?
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5. Best Picture of the Statue of Liberty
You are on a boat cruising around the Statue of Liberty in New York city. You want to take the best
possible picture. To do so, you should maximize the angle under which you see the Statue (i.e. the angle
formed by: the top of the torch, your camera and the feet of the statue).
You know that the statue is 92-meter high and stands on a base that is 42-meter high. How far from the
base should you be?
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