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Introduction
What is the Chebyshev–Legendre transform?

Suppose we have a degree N ´ 1 polynomial. It can be expressed in the
Chebyshev or Legendre polynomial basis:

pN´1pxq “
N´1
ÿ

k“0

c leg
k Pk pxq ðñ pN´1pxq “

N´1
ÿ

k“0

ccheb
k Tk pxq

The Chebyshev–Legendre transform:
forward transform

ÝÝÝÝÝÝÝÝÝÝÝÝÝÝá

c leg
0 , . . . , c leg

N´1 OpNplog Nq2{ log log Nq ccheb
0 , . . . , ccheb

N´1 .
âÝÝÝÝÝÝÝÝÝÝÝÝÝ

inverse transform

Applications in:
I Convolution [Hale & T., 14]
I Legendre-tau spectral methods
I QR of a quasimatrix [Trefethen, 08]
I best least squares approximation
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Introduction
Related work

Values at
Chebyshev

points

Legendre
coefficients

Chebyshev
coefficients

Values in
the complex

plane

Values at
Legendre

points

Potts et al.
O
`

Nplog Nq2
˘

Mori et al.
O pN log Nq

Alpert & Rokhlin

O pNq

discrete cosine transform

O pN log Nq

Iserles
O pN log Nq

Tygert
O
`

Nplog Nq2
˘

New features of our algorithms
FFT-based approach
Analysis-based
No precomputation

Alex Townsend @ MIT 2/18



Introduction
The fast Fourier transform

The FFT computes the DFT in OpN log Nq operations:

Xk “
řN´1

n“0 xn ¨ e´2πink{N, 0 ď k ď N ´ 1.
Top 10

algorithm

James Cooley
;

sinp´2πtqe´2πit

cosp´2πtq
Real axis

Im
ag

ax
is

t

John Tukey
;
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Introduction
Many special functions are trigonometric-like

Trigonometric functions
cospωxq, sinpωxq

Chebyshev polynomials
Tnpxq

Legendre polynomials
Pnpxq

Bessel functions
Jνpzq

Airy functions
Aipxq

Also, Jacobi polynomials, Hermite polynomials, cylinder functions, etc.
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Introduction
An asymptotic expansion of Legendre polynomials

Legendre polynomials

Pnpcosθq “ Cn

M´1
ÿ

m“0

hm,n
cos

`

pm ` n ` 1
2qθ ´ pm `

1
2q
π
2

˘

p2 sinθqm`1{2
`Rn,Mpθq

Cn “

c

4
π

Γpn ` 1q
Γpn ` 3{2q

, hm,n “

#

1, m “ 0,
śm

j“1
pj´1{2q2

jpn`j`1{2q , m ą 0. Thomas Stieltjes

Interior Region: Trig−like

Boundary Region: Bessel−like

cos(5π/6) cos(π/6)
Alex Townsend @ MIT 5/18



Introduction
Numerical pitfalls of an asymptotic expansionist

Pnpcosθq “ Cn

M´1
ÿ

m“0

hm,n
cos

`

pm ` n ` 1
2qθ ´ pm `

1
2q
π
2

˘

p2 sinθqm`1{2
` Rn,Mpθq

M “ 1

M “ 3

M “ 5,7

n “ 1,000

x

|R
n,

M
pθ
q|

Fix M. Where is the asymptotic expansion accurate?
Alex Townsend @ MIT 6/18



Computing the Chebyshev–Legendre transform
The transform comes in two parts

The Chebyshev–Legendre transform naturally splits into two parts:

This bit
ÝÝÝÝÝÝÝá

IDCT
ÝÝÝÝÝÝá

c leg
0 , . . . , c leg

N´1 pN´1pxcheb
0 q, . . . ,pN´1pxcheb

N´1 q ccheb
0 , . . . , ccheb

N´1
âÝÝÝÝÝÝÝ

DCT
âÝÝÝÝÝÝ

Task: Compute the following matrix-vector product in quasilinear time?

PNc “

¨

˚

˚

˝

P0pcosθ0q . . . PN´1pcosθ0q

...
. . .

...

P0pcosθN´1q . . . PN´1pcosθN´1q

˛

‹

‹

‚

¨

˚

˚

˚

˝

c leg
0
...

c leg
N´1

˛

‹

‹

‹

‚

, θk “
kπ

N ´ 1
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Computing the Chebyshev–Legendre transform
Asymptotic expansions as a matrix decomposition

The asymptotic expansion

Pnpcosθk q “ Cn

M´1
ÿ

m“0

hm,n
cos

`

pm ` n ` 1
2qθk ´ pm `

1
2q
π
2

˘

p2 sinθk q
m`1{2

` Rn,Mpθk q

gives a matrix decomposition (sum of diagonally scaled DCTs and DSTs):

PN “

M´1
ÿ

m“0

¨

˝DumCNDChm ` Dvm

»

–

0 0 0
0 SN´2 0
0 0 0

fi

flDChm

˛

‚` RN,M.

“ `PN PASY
N RN,M

Alex Townsend @ MIT 8/18
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Computing the Chebyshev–Legendre transform
Be careful and stay safe

Error curve: |Rn,Mpθk q| “ ε

RN,M “

M“15
M“7

M“ 6

M“5

|Rn,Mpθk q| ď
2CnhM,n

p2 sinθk q
M`1{2

Fix M. Where is the asymptotic expan-
sion accurate?

Alex Townsend @ MIT 9/18



Computing the Chebyshev–Legendre transform
Partitioning and balancing competing costs

PN “ P(1)
NP(2)

NP(3)
N

PEVAL
N

αNα2Nα3N N

Theorem
The matrix-vector product f “ PNc can
be computed in OpNplog Nq2{ loglog Nq
operations.

PEVAL
N c

P(j)
N c

OpN2q

OpN log Nq

α too small

Alex Townsend @ MIT 10/18
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Theorem
The matrix-vector product f “ PNc can
be computed in OpNplog Nq2{ loglog Nq
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PEVAL
N c

P(j)
N c

OpN log Nq
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Computing the Chebyshev–Legendre transform
Partitioning and balancing competing costs

PN “ P(1)
NP(2)

NP(3)
N

PEVAL
N

αNα2Nα3N N

Theorem
The matrix-vector product f “ PNc can
be computed in OpNplog Nq2{ loglog Nq
operations.

PEVAL
N cP(j)

N c

OpNplog Nq2{ loglog NqOpNplog Nq2{ loglog Nq

α “ Op1{ log Nq

Alex Townsend @ MIT 12/18



Computing the Chebyshev–Legendre transform
Numerical results

O
pN

2 q

O
pNp

log Nq
2 { lo

glog Nq

No precomputation.

Mollification of rough signals

ż 1

´1
Pnpxqe´iωxdx “ im

d

2π
´ω

Jm`1{2p´ωq

Alex Townsend @ MIT 13/18



Computing the Chebyshev–Legendre transform
The inverse Chebyshev–Legendre transform

The integral formula for Legendre coefficients gives the following relation:

c leg
N “

“

IN`1 |0N
‰

Ds2N
P2Npxcheb

2N q
TDw2N

T2Npxcheb
2N q

„

IN`1
0N



ccheb
N ,

PEVAL
2N

T

P(1)
2N

T

P(2)
2N

T

P(3)
2N

T

2αN

2α2N
2α3N

2N

i11 i12 i13

P2Npxcheb
2N qT

O
pN

2 q

O
pNp

log Nq
2 { lo

glog Nq

N

E
xe

cu
tio

n
tim

e
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Future work
Fast spherical harmonic transform

Spherical harmonic transform:

fpθ, φq “
N´1
ÿ

l“0

l
ÿ

m“´l

αm
l P |m|l pcosθqeimφ

[Mohlenkamp, 1999], [Rokhlin & Tygert, 2006], [Tygert, 2008]

A new generation of fast transforms with no precomputation.

Alex Townsend @ MIT 15/18



Thank you

Thank you
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