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Introduction

What is the Chebyshev—Legendre transform?

Suppose we have a degree N — 1 polynomial. It can be expressed in the
Chebyshev or Legendre polynomial basis:

N-] N-1
Pn—1(X) = )] cl9Py(x) — P_1(X) = > cSMeTi(x)
k=0 =
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Chebyshev or Legendre polynomial basis:

N—-1
Pr—1( Z COP(x) =  pnaa(x)= D TP Ti(x)
k=0
The Chebyshev—Legendre transform:

forward transform

ci9,..., 08, O(N(log N)?/loglogN) ~ cghe®, ..., ceheb.

inverse transform

Applications in:
Convolution [Hale & T., 14]
Legendre-tau spectral methods
QR of a quasimatrix [Trefethen, 08]
best least squares approximation
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Introduction

Related work

discrete cosine transform
O (NlogN)

Potts et al.
Values at O (N(log N)? .
C:eltj)sihaev (Nog M) Legendre Alpert & Rokhlin Chebyshev
; coefficients O(N coefficients
points Mori et al. J (N)
O (NlogN)
val : Iserles Tygert Val
aluesin | o (NlogN) | [O(N(logN)?) alues at

the complex Legendre

plane points

New features of our algorithms
FFT-based approach
Analysis-based
No precomputation
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Introduction

The fast Fourier transform

The FFT computes the DFT in O(Nlog N) operations: Top 10
X = SN 1 x,-e21kIN. 0 <k <N-1. algorithm

Imag axis
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Introduction

Many special functions are trigonometric-like

Trigonometric functions
cos(wx),  sin(wx)
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Many special functions are trigonometric-like

Trigonometric functions

cos(wx),  sin(wx)

Chebyshev polynomials M/\A/\/\/\/\/\/
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Pn(X)
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Alry funcions AN,
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Also, Jacobi polynomials, Hermite polynomials, cylinder functions, etc.
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Introduction

An asymptotic expansion of Legendre polynomials
Legendre polynomials

cos((m+n+3)0—(m+1)%)

COS 6 Cn Z hmn + Rn’M(Q)

(2sin )™ 1/2
c \/Zr(n+1) " 1, m =0, .
= A, ) 1/2)
" nl(n+3/2) nh H] 15 n+jl1/2) m > 0. Thomas Stieltjes

' Boundary Region: Bessel-like '
/ !
1

Interior Region: Trig-like

1 1
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Introduction

Numerical pitfalls of an asymptotic expansionist

cos((m+n+1)0—(m+1)%)

10°
__10°
s |
§ 10710 M=3 n = 1,000
o |
10-15
102 %% )? 05 1

Fix M. Where is the asymptotic expansion accurate?
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Computing the Chebyshev—-Legendre transform

The transform comes in two parts

The Chebyshev—Legendre transform naturally splits into two parts:
This bit IDCT

leg leg cheb cheb cheb cheb
CO r"'/CN_1 pN—1 (XO )r'~~rpN—1 (XN_1 ) CO r---rCN_1

DCT
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Computing the Chebyshev—-Legendre transform

The transform comes in two parts

The Chebyshev—Legendre transform naturally splits into two parts:
This bit IDCT

leg leg cheb cheb cheb cheb
CO r"'/CN_1 pN—1 (XO )r'~~rpN—1 (XN_1 ) CO r---rCN_1

DCT

Task: Compute the following matrix-vector product in quasilinear time?

Po(cosBg) ... Pn-1(cosBp) C(I)eg
: . . i _ kmn
Png = : . : : O = N_1
Po(cos On-1) ... Pn-1(cosOn-1)/ \ce?,
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Computing the Chebyshev—-Legendre transform

Asymptotic expansions as a matrix decomposition
The asymptotic expansion
cos((Mm+n+ )0k —(m+ 1)%)
(2sin )™ 1/2

P,(cos 6x) = Cy, Z [
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Computing the Chebyshev—-Legendre transform

Asymptotic expansions as a matrix decomposition
The asymptotic expansion
cos((M+n+ 30k —(m+ 1)%)
(2sin O )™ 12
gives a matrix decomposmon (sum of diagonally scaled DCTs and DSTs):

P,(cos 6x) = Cy, Z [

M—1 O 0 O
PN = 2 DumCNDChm + Dvm 0 SN_2 0 DChm + RN,M-
m=0 0 0 0
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Computing the Chebyshev—-Legendre transform

Asymptotic expansions as a matrix decomposition
The asymptotic expansion
cos((M+n+ 30k — (m+ 1)E)
(2sin O )™ 12
gives a matrix decomposmon (sum of diagonally scaled DCTs and DSTs):

P,(cos 6x) = Cy, Z [

M—1 O 0 O
PN = 2 DumCNDChm -+ Dvm 0 SN_2 0 DChm + RN,M-
m=0 0 0 0
PN = PﬁSY + RN,M
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Computing the Chebyshev—-Legendre transform

Be careful and stay safe

Error curve: |R,m(0k)| = €

Fix M. Where is the asymptotic expan-
sion accurate?

............

Be Careful
and Stay Safe

Rvwv =

2Cnhwn b

Rom(0k)| <
FnmO)) < G gin oM
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Computing the Chebyshev—-Legendre transform

Partitioning and balancing competing costs
a®Na?N  aN N

EVAL_-~
PN e
’

pﬁ p(2) p(l)
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Computing the Chebyshev—-Legendre transform

Partitioning and balancing competing costs
a®Na?N  aN N

PR/ A5 Theorem
/

The matrix-vector product f = Pyc can
a oo @ be computed in O(N(log N)2/loglog N)
Pyl Pa Py operations.
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Computing the Chebyshev—-Legendre transform

Partitioning and balancing competing costs
a®Na®N aN N

PN Theorem

The matrix-vector product f = Pyc can
i 2

56| p@ p() be computed in O(N(log N)=/loglog N)

N N N operations.
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pﬁVAL Q
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Computing the Chebyshev—-Legendre transform

Partitioning and balancing competing costs
a®Na®N aN N

PN Theorem

The matrix-vector product f = Pyc can
i 2

56| p@ p() be computed in O(N(log N)=/loglog N)

N N N operations.

1
I
I
1
\
\

\

AN
~

~~__ a =0(1/logN)

G EVAL
PN 9 PN ¢

O(N(log N)2/loglog N) A O(N(log N)2/loglog N)
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Computing the Chebyshev—-Legendre transform

Numerical results

Mollification of rough signals

, 0.15
0 | |— Direct approach
10 ‘—Using an);/)mptotics 0.1}
0.05¢
£ 0
£
= 10
S -0.05f
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o} , -0.1+
10 -0.15}
-0.2¢+
1078 : - -0.25 ; ' .
102 103 10% 10° 0.3 0.32 0.34
N X
1 - 2n
. —iwx -m
No precomputation. J Pn(x)e™“*dx =i —me+1/2(—w)
_1 -

Alex Townsend @ MIT




Computing the Chebyshev—-Legendre transform

The inverse Chebyshev—Legendre transform

The integral formula for Legendre coefficients gives the following relation:

|
7 = [t 0] Ds, Pon(xER?) Duy, Tan(x5) | 57| 02,

i/

/
=
PEXAL
2“3 N e == 3) T~ ~ ()]
> / P2N N =
2a°N| £
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Future work

Fast spherical harmonic transform

Tygert's results

10
—— Precomputation
. . 103} :/?Eﬁﬁéauon time
Spherical harmonic transform: ,
107
N—1 | | % o'l
mplm im 2
f(6,0)= 3, > aPPMcoso)e™
I=0 m=—] i 1
107" |
[Mohlenkamp, 1999], [Rokhlin & Tygert, 2006], [Tygert, 2008] 02| /
5 .
10 10° o

A new generation of fast transforms with no precomputation.
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Thank you

Thank you
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