SECTIONS 13.5, 13.6 NAME: SOLUTIONS
Math 1920 - Andres Fernandez September 5, 2017

SUMMARY OF THE SECTIONS

(1) The equation of the plane through Py = (x0, Yo, 20) with non-zero normal vector n = {(a,b,c) can be
written in the following forms:

(a) Vector Form: n-(z,y,z)=4d , with d = n - (0, Yo, 20))
(b) Scalar Form: a(z — zo) + b(y — yo) + ¢c(z — 20) =0

(2) Two planes are parallel if they have parallel normal vectors.

(3) To find the equation of the plane through three points P, @), and R, compute a normal vector as a
cross product n = P@ x PR. Then use n and one of the points.

(4) The intersection of a plane P with a coordinate plane or a plane parallel to a coordinate plane is a
trace. The trace in the yz-plane is obtained by setting x = 0 in the equation of the plane, the other
traces are found similarly.

(5) A quadric surface is a surface defined by a quadratic equation in three variables z,y, and z, in which
the coefficients A-F are not all zero:

A + By + C22 + Day+ Ezy+ Fer +ax + by +cz+d =0

(6) These are the non-degenerate quadric surfaces in standard form:
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PROBLEMS

(1)

(2)

Find the equation of the plane:
(a) With normal vector n = (2, —5,3) containing the point P = (10,7, 0).

(b) Parallel to the plane 3z — 5z = 3 and containing the point P = (6, —2,5).

(c) Containing the points P = (12,6,7),Q = (—16,3,8) and R = (4,9, 1).

(d) Through the point P = (—14,7,1) and containing the line I(¢) = (4 — ¢, 3 4 5t, —t).

SOLUTION: (Sketch, all of these were solved in discussion)

(a) For this you just have to use the equation given in part (1) of the summary above. (make
sure that ou understand how to do this, everything related to planes will rest on this kind of
computation)

(b) Since it is parallel to 3z — 5z = 3, it must have the same normal vectors. In particular, we

can use n = (3,0, —5) as a normal vector. Since we are also given a point P, we can use the
equation of part (1) in the summary.

(c) We can take two of the vectors joining them, say I@ and ﬁ Both of this must lie in the
plane, and therefore both are perpendicular to the normal. We can use the cross product to
obtain a normal vector n = P@Q) x PR and then use one of the points (say P) to obtain the
equation of the plane.

(d) Choose your favorite two values of ¢ and plug in to get two points on the line. For example
we can take @ = 1(0) and P = [(1). Now we have three points P, @, R and we can proceed as
in part (d).

Are the planes 6z — 14y + 8t = 13 and —21z + 49y — 28t = 0 parallel?
SOLUTION:

The planes are parallel when their normal vectors are parallel. In this case the normal vectors are ny =
(6,—14,8) and ny = (—21,49, —28). we can try to solve the equation (6,—14,8) = \(—21,49, —28).
By using the first coordinate or by inspection we see that A must be 7, and it is easy to check that
A = 7 indeed works. Therefore the planes are parallel.

The intersection of two nonparallel planes is always a line. Find the parametric and vector equations
of the intersection of the planes 3z — 8y + 52z = 4 and Tz + 4y + 3z = 17.

SoLUTION: The normal vectors for the planes are ny = (3, —8,5) and ny = (7,4,3). In this case a
direction vector of the line of intersection must be perpendicular to both ny and ns, since it lies in both
planes. Hence, we can get a direction vector v by taking the cross product v =ny x ng = (—44, 26, 68).

Now we just need a point of intersection. In order to get one, set z = 0 in the equations to both planes

to get:
3r—8y=14
Tr 44y =17

This is a system with two variables and two unknowns. We can solve to get = i’—?, Yy = %. We also
have z = 0 by assumption, and so we get a point of intersection P = (%, %, ). Now using the vector

parametrization of the line with direction vector v and through a point P we get:

38 23
I(t) = (- — 448, = + 261, 681)

Determine the general equation for all planes with the given trace and specify which trace it corresponds
to (which coordinate plane)



(a) The line in the yz-plane given by 8y — 72 = 6
SOLUTION: This is the yz trace, which is obtained by setting = 0 in the equation of the plane.
Given a general plane Ax + By + Cz = D for some constants A, B, C, D, its yz trace is then given
by
By+Cz=D
In order to have the right intersection with the yz plane, this must match with the equation
8y — 7z = 6. So we conclude that B = 8,C = —7, D = 6, and the general equation for a plane
satisfying this is given by
Ax+8y—T2=6

(b) I(t) = (3 —5t,0,2t)
SOLUTION:

This line satisfies y = 0 everywhere, and so it lives in the zz plane. Let us find its equation in
the zz plane only in terms of x, z. We have:

r=3-—>5t
z =2t

We can, for example, solve for ¢ in terms of z to get ¢t = 2,2 and so x = 3 — 52 This will give the

xz trace, and a reasoning similar to part (a) (make sure that you understand this!) gives us that
the equation for the general plane with the given trace is x + By + gz =3.
(5) At which point does the plane x — 3y = 9 intersect the line r(t) = (—7¢,4 4 8,9 — t)?

SOLUTION: Using the equation of the line, we can see that at time ¢ we have x = —7t, y =4+ 8t.
Hence, plugging in this into the equation of the plane, we get:

—21

We can use this value of ¢ in the equation for 7(t) to get the point P = (47, 532, 20). It should be
checked that this point does indeed lie in the plane given.

(6) Determine the intersection of the plane of the ellipsoid x? — 4x + 3y? + 522 = 40 with:

(a) The plane y = h, with h a fixed parameter. For which A is the intersection empty?
(b) The plane  — y = h for h some parameter. (Challenge:when is the intersection empty?)

SOLUTION:

(a) We set y = h in the equation for the ellipsoid above, and so we get that the intersection is given
by the two equations:

2% —4x + 3h% + 522 = 40
y=nh

We can complete squares in the first equation to get the equation of an ellipse in standard form:
(r —2)? 4+ 522 = 44 — 3h?
y=nh

Now it is easy to see that the intersection is going to be empty only if 44 —3h? < 0 (think carefully
why this is the case). Solving this inequality (do the computation) we get that the intersection is

empty when h > ,/44 or h < 1/44



(b) Plugging in y = x — h we get that the intersection is given by:
2?2 —dx +3(x — h)? + 522 =40
r+y=~h
We get again an ellipse, something we can see easily by completing the square:
Ax— L1 —3h)2+522 =40 — h? + (1 + 3h)?
r+y=~h

Again it can be seen that this will be empty when the right hand side is negative, and a similar
inequality should be solved in this case. (solve it)



