
Sections 15.3, 15.4, 15.5 Name: Solutions
Math 1920 - Andres Fernandez September 25, 2018

Summary of the Sections

1. For small small changes ∆x, ∆y we have:

f(a+ ∆x, b) ≈ f(a, b) + fx(a, b)∆x

f(a, b+ ∆y) ≈ f(a, b) + fy(a, b)∆y

2. Clairaut’s theorem states that mixed partials are equal as long as all functions we are dealing with are
continuous. Hence, we can take higher partial derivatives in any order we please.

3. The linearization off in two and three variables:

L(x, y) = f(a, b) + fx(a, b)(x− a) + fy(y − b)

L(x, y, z) = f(a, b, c) + fx(a, b, c)(x− a) + fy(a, b, c)(y − b) + fz(a, b, c)(z − c)

4. If fx and fy exist and are continuous in a disk containing (a, b), then f is differetiable at (a, b).

5. Equation fo the tangent plane to z= f(x,y) at (a, b).

z = f(a, b) + fx(a, b)(x− a) + fy(y − b)

6. The gradient of a function f is fiven by ∇f =
〈

∂
∂xf,

∂
∂yf,

∂
∂z f

〉
.

7. Chain rule for paths: d
dtf(r(t)) = ∇fr(t) · r′(t)

8. The directional derivative with respect to u a unite vector is given by Duf = ∇f · u

9. If the angle between u and ∇f is θ, then Duf = ‖∇f‖‖u‖ cos(θ)

10. The equation of the tangent plane to the level surface F (x, y, z) = k at point P = (a, b, c) is

∇FP · 〈x− a, y − b, z − c〉 = 0
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Problems

1. Suppose that we have a cylinder of radius r = 90cm and height h = 6cm. Estimate the change in
volume if we increase the radius by 2cm.

Solution:

We know that the volume of a cylinder is given by V = πr2h. Therefore, the change of volume is going
to be approximately:

∆V ≈ Vr∆r + Vh∆h = (2πrh)∆r + (πr2)∆h = (2π · 90 · 6) · 2 + (π902) · 0 = 2160π cm3

2. Find f such that:

(a) ∂
∂xf = 6x2y , and ∂

∂yf = 2x3 − 3

(b) ∂
∂xf = ex − y sin(xy) , and ∂

∂yf = −x sin(xy) + 5y4

Solution:

(a) Integrating in each variable we get:{
fx = 6x2y −→ f = 2x3y + C1(y)

fy = 2x3 − 3 −→ f = 2x3y − 3y + C2(x)

We conclude that f = 2x3y − 3y + C.

(b) Same thing here: {
fx = ex − y sin(xy) −→ f = ex + cos(xy) + C1(y)

fy = −x sin(xy) + 5y4 −→ f = cos(xy) + y5 + C2(x)

We conclude that f = ex + cos(xy) + y5 + C.

3. Find the tangent plane to the following graphs at the given point:

(a) f(x, y) = ln(4x2 − y2) at (1, 1)

(b) f(x, y) = e
x
y at (2, 1)

Solution:

(a) Using z = ln(4x2−y2) = ln(3), we know that the point in space is given by (x, y, z) = (1, 1, ln(3)).
Now that we have a point for the plane, it suffices a normal vector. But we know that the normal
to the surface is given by:

ntan plane = 〈fx, fy,−1〉 =

〈
8x

4x2 − y2
,
−2y

4x2 − y2
, −1

〉

Plugging in the point we get ntan plane =
〈

8
3 ,
−2
3 , −1

〉
, so the plane is going to be given by:

0 =
8

3
(x− 1) +

−2

3
(y − 1) + (−1)(z − ln(3))
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(b) Exactly the same thing here. Using z = e
x
y = e2, we know that the point in space is given by

(x, y, z) = (2, 1, e2). Now that we have a point for the plane, it suffices a normal vector. But we
know that the normal to the surface is given by:

ntan plane = 〈fx, fy,−1〉 =

〈
1

y
e

x
y , − x

y2
e

x
y , −1

〉
Plugging in the point we get ntan plane =

〈
e2, −2e2, −1

〉
, so the plane is going to be given by:

0 = e2(x− 2) + (−2e2)(y − 1) + (−1)(z − e2)

4. At which points is the vector n = 〈2, 7, 2〉 normal to the tangent plane of z = xy3 + 8y−1?

Solution: As stated before, the normal to the surface f(x, y) = xy3 + 8y−1 is given by:

ntan plane = 〈fx, fy,−1〉 =

〈
y3, 3xy2 − 8

y2
, −1

〉
If we want n = 〈2, 7, 2〉 to be a normal vector, it has to be parallel to the expression for ntan plane

obtained above (any two normal vectors to a plane in 3-space are parallel). Therefore, there is a
constant λ such that ntan plane = λ〈2, 7, 2〉. This just means:

y3 = 2λ

3xy2 − 8
y2 = 7λ

−1 = 2λ

Here we can solve to get λ = − 1
2 , x = 3

2 and y = −1. We are left to find z, and for that we use the
fact that the point has to lie on the surface, in other words z = xy3 + 8y−1 = − 19

2 .

5. Let H(x, y) = 4x
3
2 y4. Show that we have ∆H

H ≈ 3
2

∆x
x +4∆y

y . If x is increased by 8% and y is decreased

by 6%, what is the percentage of change of H? Does H increase or decrease?

Solution: Here we just use the formula:

∆H ≈ Hx∆x+Hy∆y = 6x
1
2 y4∆x+ 16x

3
2 y3∆y

Now, dividing by H we get:

∆H

H
≈ 6x

1
2 y4∆x+ 16x

3
2 y3∆y

4x
3
2 y4

=
3

2

∆x

x
+ 4

∆y

y

Finally, we are given that ∆x
x = 0.08 and ∆y

y = −0.06, and so we estimate using the equation above

that ∆H
H ≈ 3

2 · 0.08− 4 · 0.06 = −0.12. We conclude that H decreases by about 12%.

6. Determine whether the derivative of the function along the path is zero, positive or negative in each
of the points A, B, C (see blackboard).

Solution: Done in recitation.

7. Determine the derivative of the function along the path given:

(a) f(x, y, z) = yx2 − exy + ln(x) r(t) = 〈t2, ln(t),
√
t〉

(b) f(x, y, z) = sin(xyz) r(t) = 〈et, cos(4t),−t〉
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Solution: For these two problems I am not concerned about getting the derivatives right. What I
wanted to illustrate here is that there are two ways of taking the derivative of the function along the
given path. I will solve each of them in a different (equivalent) way:

(a) We can plug in the coordinates to get f
(
t2, ln(t),

√
t
)

= t4ln(t) − etln(t) + 2ln(t). Now you can

just compute d
dt in the usual way to get the derivative along the path.

(b) The derivative along the path can be computed as ∇f · r′(t). First, we compute the gradient:

∇f = 〈yz cos (xyz), xz cos (xyz), xy cos (xyz)〉

Changing the coordinates x, y, z in terms of t we get:

∇f =
〈
−t cos(4t) cos (−tet cos(4t)), −tet cos (−tet cos(4t)), et cos(4t) cos (−tet cos(4t))

〉
We can also calculate r′(t) = 〈et, −4 sin(4t), −1〉. Now doing ∇f · r′(t) is just a matter of
computation.

8. Find the normal vector to the ellipsoid x2

9 + y2

4 + z2 = 1 at (3, 0, 0). When is the tangent plane normal
to the vector 〈0, 1, 2〉?

Solution: The ellipsoid is just a level surface for the function F (x, y, z) = x2

9 + y2

4 + z2. What is a
vector normal to the level surface? The gradient! So we can compute the gradient of F to get:

ntan plane = ∇F =

〈
2

9
x,

1

2
y, 2z

〉
If we plug in the point P = (3, 0, 0) we get that the normal of the tangent plane at P is

〈
2
3 , 0, 0

〉
.

For the last part, the plane is normal to the vector if ntan plane 〈0, 1, 2〉. This happens if ntan plane ×
〈0, 1, 2〉 = 0. Expanding the cross product, this just means:

y − 2z = 0

− 4
9x = 0

2
9x = 0

From this we get x = 0 and y = 2z. Plugging this in the equation of the ellipsoid (remember that the
point has to be on the ellipsoid) we get:

(2z)2

4
+ z2 = 1 −→ z = ± 1√

2

And therefore, using y = 2z we get two points:
(

0,
√

2, 1√
2

)
and

(
0,−
√

2,− 1√
2

)
.

9. Find a function such that ∇f =
〈
2xey − z, y3 + x2ey,−x

〉
Solution: Integrating in each variable we get:

fx = 2xey − z −→ f = x2ey − xz + C1(y, z)

fy = y3 + x2ey −→ f = 1
4y

4 + x2ey + C2(x, z)

fz = −x −→ f = −xz + C3(x, y)

We conclude that f = x2ey − xz + 1
4y

4 + C.
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