SECTION 17.1, 17.2 NAME: SOLUTIONS
Math 1920 - Andres Fernandez October 30, 2018

PROBLEMS

(1) Sketch the following vector fields:
(a) (y,—3)
(b) Vf, with f=92—x
(c) =

(2) Prove the following:
(a) div(fF)=f div(F)+Vf- F
(b) curl(fF)=f curl(F)+VfxF
(c) curl(Vf)=0

SOLUTION:

(a)
(b) (Done in class) The proof of parts a,b is conceptually the same, you have to expand both sides

of the equality above using the product rule, and you will get the same expressions. I do not rec-
ommend trying part b as an exercise before the prelim, since it is long and not very illuminating.

(c) This is a very important equality for f smooth (or at least C?). It tells us that if the curl is
not 0, then the vector field is not conservative. The proof goes as follows,

0,0, 0 0 0 0 0 0 0 0 0 0 0 0 0
curl(Vf) = curl (<8:ﬂf’8yf’8zf>>_<8yaz _éiyf’ 92 O —%&ﬁ oz oy’ ~ By ox >

By commutativity of the mixed partials, we get that all three coordinates above cancel, and so

curl(Vf) =(0,0,0).

(3) Show that if Fy, Fo, F5 are functions of one variable, then curl ((Fy(x), F2(y), F3(2))) =0
SOLUTION:

Basically the information that we are give is that some partials are zero (the coordinates of our vector
field do not depend on all of the variables). We can write down the curl to get:

curl(F) = <§yF3<z> I 2R - LR, D) - 3F1<a:>>

Notice that all partials here vanish, since the variables of the derivative and the functions never match,
so we get that curl(F) = 0.

(4) Find potentials for the following vector fields, or show that one does not exists:

= (2xyz, 222, 2%yz)

) F

b) F = (y2% 222, 22yz)
) F
) F

e



(e) (e¥ —2,2%—3,2)
SOLUTION:

(a) You can start to try to find a potential, and you will see that it is impossible, since the functions
don’t match up. This means that such a potential does not exists, and once we are in this situation
we have to look at the curl and show that is is not zero. In order to do this it suffices to look at
one of the coordinates of the curl.

In this case you can try them all, since the functions involved are not too complicated. You will
see that the first coordinate of the curl is a%Fg — 2Fy =a%z—2? #0.

Therefore the vector field is not conservative.

(b) This looks very similar to the previous one. However if we try to find a potential, we will see that
things indeed match up. If we integrate each of the coordinates as usual:

Lf=yz* — [ =zyz> + C1(y, 2)

a%f =a2? — f = ay2? + Co(z, 2)
i, & f =2wyz — f=ayz® + Cs(y, )
Therefore f = xyz?, and the field is conservative.

(c¢) Using in two dimensions (three dimensions will work in the same way) e, = L__(z,y) and

r= /22 + y2, we get

e 1
(a2 4 y2)’
We can take the integrals of the corresponding coordinates to get:

1 = Gt — I = wkm + O

(z,y)

)
i 3y = Gty — 1 = wemy + O20)
Therefore we get f = Ty)
(d) This computation is going to be very similar to the one above, we have % = ﬁ(x, y). So
x?+y
we get:
. o x —1
e f=E—t— — f=—"—=+C
1 6a:f (x2+y2)% I 3(1:2+y2)% +Ci(y)
v 0 o y —
L= f= s — f=—""=%+C
i Y f 3(w2+y2)2 + C2 ()
Therefore f = ——2— is the required potential.
3(x2+y?)2

(e) Notice that the first coordinate is an exponential, whereas the second coordinate is a polynomial
in x. This can lead you to suspect that the corresponding partials when we compute the curl
won’t cancel out. In fact this will be the case, and the third coordinate of the curl will be:

0 0
w9y
&EFQ ByFl 2z — eV #£0



Hence the vector field is not conservative.

(5) Compute the line integrals of the following vectors along the given path:

(a) F=(z2%y), r(t)=(cos(t),tan(t),t) with0<t<7%
(b) F={(e",e¥,zyz), r(t)=(*¢%5) for0<t<1

SOLUTION: See the next handout for line integrals.



