HOMEWORK SOLUTIONS MATH 1910
Sections 8.2, 8.3, 8.5 Fall 2016

Problem 8.2.19

Evaluate using methods similar to those that apply to integral tan™xsec™x.

Jcot3xdx

SOLUTION. Using the reduction formula for cot™x, we get

1 1
Jcot3xdx = —Ecotzx — J'cotxdx = —Ecotzx —Injsinx| + C

Problem 8.2.27
J’cos3 (70)sin’(70)do

SOLUTION. Use the substitution u = 70, du = 7d9, and the identity cos*u = 1 — sin?u to
write

1 1
Jcos3(7t9)sin4(7t6)d9 = J cosPusinfudu = p J (1 — sinu)sin*ucosudu

Now use the substitution w = sinu, dw = cosudu:

Jcosg(ne)sin‘l(ﬂe)de = l J (1—w?)wtdw = lw5—lw7—§—C = lsin5(716)—Lsin7(7T6)+C
s 5m 7T 5m 7T

Problem 8.2.65

Find the volume of the solid obtained by revolving y = sinx for 0 < x < mabout the x-axis.

SOLUTION.

mi(sinx)?dx = nt(= )| ==

J” X sin2x |7 72
. 277 T2



Problem 8.2.68

Evaluate the integral | = [ sin™ x cos™ x dx where m and n are both even using the identities sin® x =
$(1 — cos 2x) and cos? x = (1 4 cos 2x): ] = [ cos® x dx

SOLUTION. Using the second identity,

1 1 1 1 1011
] = 2 J’(H—cost)2 dx = 1 J(1+2c052x+cosz 2x) dx = 1 J1 dX+Z JZCOSZX dx—i—Z J §(1+cos4x) dx

Using the substitution, we see

1 1 1 1 3 1 1
=-—x+ —sin2x + <x + == sin4 = —-x+ —sin2x + = sin4
] 4x+4sm x+8x+3zsm x+ C 8x—i—4s1r1 x+325m x+ C

Problem 8.3.3

_ J’ dx
Vax2 +9
(a) Show that the substitution x = 3tan® transforms into % [ sec6do
(b) Evaluate 1 in terms of 6.

(c) Express 1in terms of x.

SOLUTION. (a) ifx = %tane. Then dx = %seczede and

VA4x2 +9 = /9tan20 + 9 = 3Vsec20 = 3secod

Thus,
dx 3sec?0d0 1
1= =2 == 0do
,[ VixZ +9 J 3sec 2 Jsec d

(b)

1 1
I= 3 JsechG = Elnlsece +tand| + C

(c) Since x = 3tan®, we construct a right angle triangle with tanf = 4*

Va2 +9

2x




From this we see that sec = % 4x2 4+ 9, and so

1 1 1 2x
= — = — — 2 —_
I= 21n|sec@+tcm9|+C 21TL|3 4x% +9 + 3 |+ C

1 VAZ 942 ] ] ]
- iLn|$\ +C = IV 494 2x = Sln3 + C = SInlv/ax? +9+ 2x/ + C

8.3.3
Problem 8.3.15

Evaluate using trigonometric substitution. Refer to the table of trigonometric integrals as necessary.
J’ x2dx
V9 —x?
SOLUTION. Letx = 3sin6. Then dx = 3cos0do

9 —x2 =9 —9s5in?0 = 9(1 — sin?0) = 9cos?O

and

- 3cos0

I_J x2dx J?sin26(3cosﬁd9)
V9 —x2

= 9Jsin26d9 = 9(% — %sinecosﬁ) +C

Since x = 3sin6, we construct a right angle triangle with sin® = 3

942

From this we see that cos® = **5>~, and so
9 9 x, VI—x? 9 gx 1 5
I—zsut (5)_2(5)( 3 )+C—251n (g)—ixx/’?—x +C
8.3.15
Problem 8.3.37

J dx
Vx2 +4x +13

SOLUTION. First complete the squarre:

XX+ 13 =X+ dx+4+9=(x+2)*+9



Letu =x+ 2. Then dx = du, and

J’ dx J dx J du

I = = — R
VX2 +4x+13 Vx+2)2+9 uZ 9
Now let u = 3tan®. Then du = 3sec?0d9,

u? +9 =9tan?0 + 9 = 9(tan?0 + 1) = 9sec?0

and

[— J 3sec206do
o 3secO

= Jsecﬁde = In|secO + tand| + C

Since u = 3tan®, we construct the following right triangle:

u2+9

From this we see that sec6 = 7“‘32*9. Thus

219 1
11““% + %|+C1 = n|Vu2 + 9 +ul + (tny +C1)
=n|\/(x+2)2+9+x+2[+C
8.3.37
Problem 8.3.46

J'xz In(x? 4 1)dx

SOLUTION. Start by using integration by parts with u = In(x? + 1), dv = x?dx, then du =

_2x _ 1.3
o dx and v = 3x°, so that

I= szln(xz + 1)dx = 1x3ln(x2 +1)— 2J'X4dx
3 3)x2+1

By long division,



4 1

X 2
= —1 _—

21" + x2 +1

, SO
x* 2 ! T3 —1
mdx: (X —]—‘rm)dX:gX —Xx+tan X+C
Therefore,
I= 1x3ln(x2 +1)— %(1x3 —x+tan"'x)+C
3 3'3
8.3.46

Problem 8.3.48

Find the volume of the solid obtained by revolving the graph of y = xv/1 —x?2 over [0, 1] about the
Y-axis.

SOLUTION. Using the method of cylindrical shells, the volume is given by

1
x(xv/1—x2) dx 227IJ' x?V/1—x2 dx
0

1
VzZﬂJ
0

To evaluate this, let x = sin 0, dx = cos 0d0 so
szm dx = J’sin2 01 —sin? 8 cos 0d0 = Jsin2 0 cos® do = Jcos2 0 — cos* 0 do

Using the reduction formula for [ cos* 046,

cos> 0sin @

1 1
J'cos2 0—cos* 0 do = Jcosz 0do— { + J‘cos2 0 de} == cos> O sin G+Z J'cos2 0do

3

4 4

— D os?0sin 4+ |10+ L in0cosB| + C =~ cos®Bsin0 + ~0+ + sinBcosB + C
= 4cos sin 712 2sm CcoSs = 4c:os sin 3 8sm cos

Since sin = x, we use the following triangle to see that cos 6 = v/1 — x?

Thus,

1 1 1
J'cos2 0 —cos* 0 dO = —1(1 —x2)32x + garcsinx—i- gxxﬂ —x2+C



Using this, we compute the volume:

1 1 1
V=2n (—4x(1 —x2)3/2 & arcsinx + —xV/1 —x2>

8 8

1
2
8

Ozzn[(o+%+o)—(0)} _

Problem 8.3.49

Find the volume of the solid obtained by revolving the region between the graph of y* —x* = 1 and the
liney = 2 about the liney = 2.

SOLUTION. First solve the equation y — x? =1 for y:

y==+vVx2+1

The region in question is bounded in part by the top half of this hyperbola, which is the equa-
tion.
y=vx2+1

The limits of integration are obtained by finding the points of intersection of this equation with
y=2

2=Vx2+125x=4+V3

The radius of each disk is given by 2 — v/x? + 1; the volume is therefore given by

V3 V3
V:J nrzdx:ZTrJ (2—Vx24+1)2dx =
3

0

V3
271J [4—4v/X2 + 1+ (x? + 1)]dx
0

V3

V3 V3
:SWJ dX—SﬂJ \/X2+1dX+27IJ (x? 4+ 1)dx
0 0 0

To evaluate the integral [ v/x2 + 1dx, let x = tan@. Then dx = sec?0d0, x> + 1 = sec?0

1 1
J VX2 4+ 1dx = JsecSGdG = —tan0sech + fJ’secede

2 2

1 1
= Etanesece + ilnlsece +tand| + C

1
= %xx/xz +1+ Elnlx/xz +1+x/+C



Now we can compute the volume:

1 1 2 V3
V= 87Tx—87t(ix x2+1+21n|\/x2+1+x)+3m3+2m} ’0 =47[vV3 —In|2 + V3]

Problem 8.5.4 Find the constants in the partial fraction decomposition
2x +4 A Bx +C

(x—2)(x%2 +4) x—2+ xZ +4

SOLUTION. Clearing denominators gives:
X +4=AX*+4)+ (Bx+C)(x—2)
Setting x = 2 then yields: A =1 To find B and C, expand the right side, gather like terms, and
use the method of undetermined coefficients:
2x+4=(B+1)x* + (—2B + C)x + (4 — 2C)
Equating x? coefficients we find B = —1. While equating constants yields C = 0.
8.5.4
Problem 8.5.15 Evaluate the integral.

(x2 + 3x —44)dx
J x+3)(x+5)3x—-2)

SOLUTION. The partial fraction decomposition has the form:

(x2 + 3x — 44) A B N C
(x+3)(x+5(3x—2) x+3 x+5 3x—2

Clearing denominators gives us

X2 +3x—44 = A(x+5)(3x—2) +B(x +3)(3x — 2) + C(x + 3)(x +5)

. Setting x = —3 then yields A = 2, while setting x = —5 yields B = —1 and setting x = 2 yields
C=-2

The result is:
(x2 + 3x — 44) 2 —1 -2

(x+3)(x+5)(3x—2) x+3+x+5 +37(—2

Thus

J (x2 + 3x —44)dx dx—ZJ' dx _J dx _ZJ dx
(x+3)(x+50Bx—2)  “Jx+3 x+5 3x—2



=2In|x + 3| — Injx + 5] — gln\?)x —2|+C

Problem 8.5.52 Euvaluate [ %75 Hint: Use the substitution u = x'/°.

SOLUTION. By long division and substitution u = x'/¢, du = 1x75/¢dx — 6x>/¢du = dx —
6u’du = dx

5 3
J dx :J b du:GJ u du—6j<u2+u+1+1) du =

x1/2 —x1/3 ud —u? u—1 u—1
1 1
6 <u3 + - +u+tInju— 1|>+C = 23 +3u?+6u+6Infu—1]+C = 2x'/24+3x1/3+6x'/°+61In [x'/°—1|+C

3 2

Problem 8.5.58 Use the substitution of Exercise 57 to evaluate [ ——49

cosO0+sind

SOLUTION. Using the substitution 0 = 2tan—'t, we get

J do _J CE=e) _J 2dt __ZJ dt
cos0 +sind ‘—t2+%_ T—t2+2t 2 -2t—1

1+t2

The partial fraction decomposition has the form

-2 B A N B
t2=2t—1 t—1-V2 t—1+V2
Clearing denominators gives us

2 =A(t—T14+V2)+B{t—1—-V2)

Setting t = 1+ v/2 then yields A = —%, while setting t = 1 — /2 yields B = \% Thus,

J doe _LJ’ dt _LJ' dt
cos@+sind V2 ) t—14+v2 V2)t—1—-2

1 1
= —Inft—14+V2[— —=Injt—1—v2|+C
7 \ | 7 | |
1 |tcm(%)—1+ﬁ|+c
V2 tan(@) -1-v2



Problem 8.5.62

Suppose that Q(x) = (x —a1)(x — az)...(x — an ), where the roots aj are all distinct. Let % be a proper
rational function so that

P A A A
6 _ _As + 22 4
Qx) x—a1 x—ay X — an

(a) Show that A; = %forj =1, n

(b) Use this result to find the partial fraction decomposition for P(x) = 2x*> — 1, Q(x) = x> — 4x? +
x+6=(x+1)(x—2)(x—3).

SOLUTION. To differentiate Q(x), first take the logarithm of both sides, and then differentiate:

In(Qx)) =n[(x —ar)(x—az)....x—ap)l =In(x—ar) + In(x —az) + ... + In(x — an)

S Qe =SW_ 1, :

dx Qx) x—aj x—a2+'"+x—an

Multiplying both sides by Q(x) gives us

1
x—a;  xX—an

Q'(x) = QI ]

=x—a)(x—a3z).(x—an)+x—aj)(x—az)...(x—an) +..+(x—ar1)(x—az)..(x —an_1)
In other words, the ith product in the formula for Q’(x) has the (x — a;) factor removed. This

means that
Q/(aj) = (Clj — )---(Clj — a5 )(Clj — 4541 )---(aj —an)

Now clear the denominators in the expression for g((’;)) :

A1Q(x) AnQ(x)

+ ...+
X — ay X — Qn

=Ai(x—az2)...(x—an)+ (x—aj)Azr(x—az)..(x—an) + ...+ (x—a1)(x — az2)...(x —an_1)An

Setting x = a;, we get

P(a;j) = (a; —a1)(aj — az)...(aj — aj—1)Aj(aj — aj41)...(a5 — an))

So that




(b) Let P(x) = 2x*> — 1 and Q(x) =

a; =—1,a, =2,and a3 = 3, so that
_PED T
MEQE T
P(2) -7
T T
_ PQ3) 17
M) T4

Thus
P(x) 1 7

10

(x + 1)(x — 2)(x — 3), so that Q’(x) = 3x?> — 8x + 1. Then

[85.62]



