
COMBINATORIAL ASPECTS OF SCHUBERT CALCULUS

INTRODUCTION

Schubert calculus is the study of the cohomology of various flag manifolds, where the points of
the manifold are chains of nested vector subspaces of Cn of fixed dimension. The most common
examples are the extreme ones, the Grassmannian of k-planes in n-space, Grk(Cn) = {V ⊆ Cn :
dimV = k}, and the full flag manifold, FlCn = {V1 ⊆ V2 ⊆ · · · ⊆ Vn = Cn : dimVi = i}. The
cohomology ring of the flag manifold is a commutative ring with a (module) basis of “Schubert
classes” derived from a stratification of the manifold. InGrk(Cn) this basis is indexed by partitions
of at most k parts, of size at most n−k each, and in FlCn the basis is indexed by elements of Sn. My
research examines inter-related phenomona in cohomology and quantum cohomology of various
flag manifolds.

Fact. The product of two Schubert classes can be expanded in the basis of Schubert classes in a positive way,
for example that σuσv =

∑
w∈Sn c

w
u,vσw with cwu,v ≥ 0 for all u, v and w in Sn.

These represent a modern point of view on classical questions in enumerative geometry, such
as “what is the dimension of the intersection of two lines in the plane in general position?” At a
simplistic level, the general coefficient cwu,v can be thought of as counting the number of points in
the intersection of three families of flags where each family of flags is given by the permutations
u, v and w.

Similarly, if the classes σw are viewed as classes in torus equivariant cohomology, then the cwu,v
are positive combinations of the simple roots of the Lie group (C×)n, and the “intersection” is
counted respecting the group action. There is a similar positivity statement here, that the cwu.v are
a product of positive roots.

One of the most fundamental questions in Schubert calculus is providing a method to expand
the product of two cohomology classes in an obviously positive way, preferably a combinatorial
way that makes it clear that the coefficients (e.g. cwuv and cνλµ) are counting something. In addition
to such a formula’s inherent beauty, it would tell us something about computational complexity
using Mulmuley’s program to prove that P 6= NP.

Some cases of this problem have been solved, starting with the celebrated Littlewood-Richardson
rule, which solves the problem for H∗(Gr(k, n)) using “semistandard Young tableaux.”

Theorem ([LR34]). For classes σλ and σµ in Gr(k, n), σλ · σµ =
∑
cνλ,µσν where cνλµ is the number of

tableau of shape ν/λ (ν with λ removed) with entries of weight µ (µ1 1s, µ2 2s, and so on) that also respect
the “lattice word condition.”

Later, Knutson and Tao created puzzles in the form of fillings of an equilateral triangle with
puzzle pieces that are either smaller equilateral triangles or rhombi with edges labeled in a par-
ticular pattern with 0 and 1 which they used to solve this problem in yet another combinatorial
way.

Theorem ([KT03]). σλ · σµ =
∑
cνλ,µσν, where cνλ,µ is the number of puzzles with edge weights λ, µ and

ν for λ, µ and ν partitions of k parts of size at most n− k encoded as strings of 0s and 1s.

This solution to the problem has been extended to other generalized cohomology theories such
as equivariant cohomology by Knutson and Tao [KT03] by providing more puzzle pieces. Knutson
also conjectured a puzzle rule for arbitrary flag manifolds. Sadly, this conjecture is false, however,
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Buch, Kresch, Purboo and Tamvakis recently proved Knutson’s conjecture for the two-step flag
manifold, that is a manifold {V ⊆W ⊆ Cn : dimV = k1 and dimW = k2}.

Theorem ([BKPT]). σuσv =
∑
cwuvσw where cwuv is the number of 012 puzzles with edge weights given

by encodings of u, v and w into strings of 0s, 1s and 2s.

Another generalization of cohomology is quantum cohomology. The quantum cohomology
ring isQH∗(X) = H∗(X)⊗Z[qω : ω is a generator of H2(X)]. The structure constants in the product
of two cohomology classes are given by the “three point, genus zero Gromov-Witten invariants.”
Informally, this means that the coefficient cWU,V in [U][V ] =

∑
cWdU,Vq

d[W] gives the number of curves
(up to homotopy) of degree d through U, V and W. Note that quantum cohomology is not a
cohomology theory as it is not functorial, but it does have many properties found in cohomology.

Theorem ([BKT03]). QH∗(Gr(k, n)) can be found using the ordinary cohomology of several two-step flag
manifolds.

This theorem means that in some sense Buch, Kresch, Purboo and Tamvakis have also produced
a puzzle rule for quantum cohomology of Gr(k, n). Buch has now also announced an equivariant
two-step puzzle rule [Buc] and hence an equivariant quantum puzzle rule for the Grassmannian.

THESIS RESEARCH AND CONTINUING PROJECTS ON THE FOMIN-KIRILLOV ALGEBRA

A partial solution to the case of FlCn that looks especially promising for expressing the product
of two basis classes in terms of basis classes in a combinatorial way is the Fomin-Kirillov algebra.
In 1999, Fomin and Kirillov [FK99] introduced a non-commutative algebra with generating set
{Tij : 1 ≤ i < j ≤ n} that mimics the covering relations of chains the Bruhat order, which is given
by containment of reduced words in simple reflections si (switch i and i + 1) for elements of Sn.
The elements of the Fomin-Kirillov algebra act on the set of Schubert classes by

Tij · σw =

{
σw·(ij) if l(w · (ij)) = l(w) + 1
0 otherwise

where (ij) is the permutations that switches i and j and leaves other numbers fixed. For example,
T13 · σ213 = σ312 but T13 · σ123 = 0, where (in this sentence and hereafter unless otherwise noted)
permutations are written in the form w(1)w(2) . . . w(n).

Theorem ([FK99]).

H∗(FlCn) = Z[x1, . . . , xn]/〈ei(x1, . . . xn) : 1 ≤ i ≤ n〉 ↪→ Z[Tij : 1 ≤ i < j ≤ n]/I

xk 7→ θk =
∑
k<j

Tkj −
∑
i<k

Tik

where

I = 〈T 2ij, TijTjk − TjkTik − TikTij, TjkTij − TikTjk − TijTik : 1 ≤ i < j < k ≤ n〉
+〈TijTkl − TklTij : i, j, k, l are distinct〉.

Sadly, the presentation of the image of H∗(FlCn) given by Fomin and Kirillov is not positive in
the Tij and hence doesn’t act on the {σw} in a manifestly positive way. Hence, the challenge is to
use the relations in I, or some other insight, to provide a positive presentation of the image of the
classes σw.

Conjecture ([FK99]). The image of any class σw ∈ H∗(FlCn) in the Fomin-Kirillov algebra can be written
as a positive sum of products of the Tij using the relations given in I.
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One positive result is that of Postnikov [Pos99], who provides a quantum version of Pieri’s
formula in QH∗(FlCn), using a quantum deformation of the Fomin-Kirillov algebra suggested
in the original paper by Fomin and Kirillov by changing the relation T 2ij = 0 to be T 2ij = 0 if
|i − j| > 1 but T 2ii+1 = qi. This result tells us how to multiply by a class σc[k,m], where c[k,m] =
sm−ksm−k+1 · · · sm (written in cycle notation (k−m,k−m+ 1, . . . ,m,m+ 1)).

Theorem ([Pos99]). σc[k,m] can be represented in the Fomin Kirillov algebra as
∑
Ta1b1 · · · Takbk where

the sum is over all distinct a1, . . . ak such that ai ≤ m andm < b1 ≤ · · · ≤ bk.

Postnikov provides a separate, “dual” formula to multiply by a class r[k,m] = sm+ksm+k−1 · · · sm
(written in cycle notation (m+k,m+k− 1, . . . ,m)). I have rephrased Postnikov’s results in terms
of RC sequences (see [BB93]), α1 ≤ · · · ≤ αl(π), each dependent on a reduced word si1 . . . sil(π) with
αj ≤ ij and αj < αj+1 if ji < (j+ 1)i, as

Theorem (B). If π is a permutation of the form c[k,m] or r[k,m], then π can be represented in the Fomin-
Kirillov algebra as ∑

Q

∑
α

∑
f

∑
p

Tαp(1)f(1) · · · Tαp(l(π))f(l(π))

where the sums are over all reduced words Q for π, associated RC sequences α, functions f : [l(π)] → [n]
such that f(i) ≥ d where d is the unique descent of π and if i < j with Qi ≥ Qj f(i) 6= f(j) and all
permutations p of {1, . . . l(π)} such that f ◦ p = f.

This result has the advantage of combining both of Postnikov’s formulae into one formula.
Since under the isomorphism H∗(FlCn) ' Z[x1, . . . xn]/〈e1(x1, . . . , xn), . . . , en(x1, . . . , xn)〉 a repre-
sentative of the image of σw is given by

∑
Q

∑
α xα1 · · · xαl(w)

, where the sum is over all reduced
words and associated RC sequences, I feel that this approach ought to yield more general results.

Recently, Mészáros has proved a similar result to Postnikov’s for classes corresponding to per-
mutations of the form λ(s, t−1,m) = 1 . . . (m−t)(m−t+2) . . .m(m+s)(m−t+1)(m+1) . . . (m+
s− 1)(m+ s+ 1) . . . n.

Theorem ([M]).

σλ(s,t,k)σw =
∑
(∗)

c
λ(s,t−1,m)
(a1,b1),...(as+t−1,bs+t−1)

Ta1b1 · · · Tas+t−1bs+t−1σw

where the sum (∗) is over all a1, . . . , at−1 distinct and at most k, m < b1 ≤ · · · ≤ bt−1, at ≤ · · · ≤
as+t ≤ m and bt, . . . bs+t distinct and at leastm+ 1, with a condition limiting the occurrences of the form
TabTa+1b and TabTab+1 and cλ(s,t−1,m)

(a1,b1),...(as+t−1,bs+t−1)
is a combinatorial coefficient.

Also recently, Assaf, Bergeron and Sottile have announced a result computing all {cwu,v(λ,k)} for
fixed u andw and all classes v(λ, k) lifted fromGrk(Cn) using the machinery of “dual equivalence”
and counting certain chains in the Bruhat order [ABS]. This approach has the advantage of being
combinatorial and hence positive, but the disadvantage of not providing a function that can take as
inputs u and v(λ, k) and return a list of cwu,v(λ,k) wherew ranges over all of Sn. Hence, an extention
of the Pieri rule using the Fomin-Kirillov algebra that applies to all permutations lifted from a
Grassmannian, let alone a more general result for multiplying any pair of Schubert classes σv and
σu, using Tij would still be worthwhile. Further, Assaf, Bergeron and Sottile’s result appears less
likely to generalize to all Schubert classes, because the classes lifted from Gr(k, n) form a subring
ofH∗(FlCn) that can be represented by a ring of symmetric polynomials in the variables x1, . . . , xk,
to which the machinery of dual equivalence applies, but this is not the case for other classes.

My work approaches further study of combinatorial aspects of the multiplication of classes in
generalized cohomology theories using the Fomin-Kirillov algebra in four principal directions:
working to broaden the state of the art in known positivity results, extending (currently known
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and potential new) positivity results to other generalized cohomology theories e.g. K-theory, ex-
tending known results about the Fomin-Kirillov algebra to cohomology rings of flags of other
Lie types, and extending the current theory to cohomology rings of more general (partial) flag
manifolds.

New Postitivity Results. In creating new positivity results, a first step will be to try to rephrase
Assaf, Bergeron and Sottile’s results in terms of the Fomin-Kirillov algebra using my formulation
of Postnikov’s result as inspiration. Since my version of Postnikov’s result is phrased generally,
rather than using the specific structure of the particular permutations involved (as Postnikov’s
original phrasing did, and the phrasing of Mészáros’ new result also does) this seems a promising
avenue. There is even some hope that this idea can expand enough to allow for multiplication of
arbitrary Schubert polynomials, producing arbitrary cwu,v in a clearly positive combinatorial way.
The first step would be to generalize my formula to also encompass the results of Mészáros and of
Assaf, Bergeron and Sottile so as to have a formula that sums over RC sequences and is valid for
all classes lifted from Grassmannians. Early computational evidence suggests that such a formula
might be generalizable to all classes in H∗(FlCn), not just those lifted from the Grassmannian. I
further expect that such a formulation might well extend to quantum cohomology, as the theorems
of Postnikov and Mészáros do by design, by using the quantum deformation of the Fomin-Kirillov
algebra given in Fomin-Kirillov’s original paper [FK99].

Extension to More Generalized Cohomology Theories. One approach is to extend the action of
Fomin-Kirillov algebra to encompass (potentially quantum) equivariant Schubert calculus, that
is to a cohomology ring that respects the symmetry of the natural torus action on the flag man-
ifold. In [KM10] Kirillov and Maeno formulated an extension of the Fomin-Kirillov algebra that
applies to equivariant Schubert polynomials and computes the Pieri rule for multiplying by the
class corresponding to the permutation sm−k+1 · · · sm. The next step is to attempt to extend to a
formula like this for other classes of permutations with only one descent, such as r[k,m], the hook
Schurs from Mészáros’ formula, or to all Schurs, using the Assaf, Bergeron, and Sottile formula as
inspiration.

Extension to Flags of General Lie Type. Another generalization is to expand the existing theory
to other Lie types, that is to G/B for G an arbitrary Lie group and B the corresponding Borel. Here
the definition of the Tij can be re-imagined as Tβ where β is any positive root of SLn. Extending
this definition to all types, we can write the quantum version of the Cheválley-Monk rule as

σsα ∗ σw =
∑
β∈Φ+

λα(hβ)Tβ(σw)

where λα(hβ) is height of the simple root α in the postitive root β and

Tβ · σw =

 σw·(ij) if l(w · sβ) = l(w) + 1
qβ if l(w · sβ) = l(w) − l(β)
0 otherwise

where qβ = qi1 · · ·qil for β that can be written uniquely as a sum of simple roots β = αi1+ · · ·+αil
(see [Pos05]). In work begun with Elizabeth Beazley, Nicole Lemire, Anne Shepler, Julianna Ty-
moczko, we have begun formulating a version of Postnikov’s quantum Pieri rule for multiplying
by special classes that applies in all types. We are currently in the process of testing and refining an
early conjecture for a type-free quantum Pieri rule which subsumes Monk’s rule and Postnikov’s
Pieri rule for permutations of the form c[k,m]. So far, we have checked the formula for small rank
groups of types B and C.

4



Extension to General G/P. One more potential generalization of the Fomin-Kirillov algebra is to
find a subalgebra that is isomorphic to the cohomology ring ofG/P for P an arbitrary parabolic. A
non-positive formula given by Mihalcea [Mih07] suggests that perhaps merely using a subalgebra
of the Tβ where the β only range over the roots in the radical of P and the quantum deformation
of this algebra suggested in [FK99] will allow for a positive presentation of the multiplication
operation in QH∗(G/P). Such a result would be amenable to combination with the other avenues
of research outlined above because of the similar combinatorial techniques used.

OTHER ON-GOING RESEARCH PROJECTS

Quantum Kirwan Map. In joint work with Tara Holm and Kaisa Taipale, we have begun using
the the Kirwan Map, H∗T (X) � H∗(X//T) [Kir84], and its kernel which was computed by Tolman
and Weitsman [TW03] to try to understand the quantum cohomology of spaces that can be ob-
tained as GIT quotients of other spaces with known quantum cohomology. Our first example is
computing the quantum cohomology of polygon space, {n − gons ⊆ C3}/SO3, which we view as
a quotient of (P1)n. The idea is that the quantum portion of quantum cohomology comes from
the generators H2(x) and so by studying the Kirwan map specifically in degree 2, we can discern
enough information to form a “quantum Kirwan map” and thus calculate the quantum cohomol-
ogy of the GIT quotient.

Equivariant Rim Hook Rule to CalculateQH∗T (Gr(k, n)). With Elizabeth Beazley and Kaisa Taipale,
I have begun a project to extend the rim hook rule of Bertram, Ciocan-Fontanine and Fulton
[BCFF99] to calculate products inQH∗(Gr(k, n)) using the product structure in H∗(Gr(k, 2n− k))
to the equivariant setting. We conjecture a similar rule, to produce the product structure on
QH∗T (Gr(k, n)) from the product structure on QH∗T (Gr(k, 2n − k)). This requires a (graded) map
from the natural torus weights for Gr(k, 2n− k) to the natural torus weights of Gr(k, n). We have
proved our conjecture in the Pieri case (when multiplying by a class of codimension 1) and early
computation evidence suggests our conjecture is true in general.
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