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Characters and representations

Let G be a finite group, k[G ] its group algebra, char(k) = 0.

For any ρ : G → Aut(W ) (equiv., ρ : k[G ]→ End(W )) its character
χρ : k[G ]→ k is given by

χ(g) = tr(ρ(g)).

Characters completely capture representation theory of G .

Character maps make sense for any algebra A (not necessarily k[G ]).

Convenient: consider the set of all representations of algebra A in
the vector space W , denoted by RepW (A).

We will identify vector space W with kdimW . Write Repn(A) for
RepW (A) if dimW = n.

Sasha Patotski (Cornell University) Derived characters October 4th, 2014 3 / 22



Characters and representations

Let G be a finite group, k[G ] its group algebra, char(k) = 0.

For any ρ : G → Aut(W ) (equiv., ρ : k[G ]→ End(W )) its character
χρ : k[G ]→ k is given by

χ(g) = tr(ρ(g)).

Characters completely capture representation theory of G .

Character maps make sense for any algebra A (not necessarily k[G ]).

Convenient: consider the set of all representations of algebra A in
the vector space W , denoted by RepW (A).

We will identify vector space W with kdimW . Write Repn(A) for
RepW (A) if dimW = n.

Sasha Patotski (Cornell University) Derived characters October 4th, 2014 3 / 22



Characters and representations

Let G be a finite group, k[G ] its group algebra, char(k) = 0.

For any ρ : G → Aut(W ) (equiv., ρ : k[G ]→ End(W )) its character
χρ : k[G ]→ k is given by

χ(g) = tr(ρ(g)).

Characters completely capture representation theory of G .

Character maps make sense for any algebra A (not necessarily k[G ]).

Convenient: consider the set of all representations of algebra A in
the vector space W , denoted by RepW (A).

We will identify vector space W with kdimW . Write Repn(A) for
RepW (A) if dimW = n.

Sasha Patotski (Cornell University) Derived characters October 4th, 2014 3 / 22



Characters and representations

Let G be a finite group, k[G ] its group algebra, char(k) = 0.

For any ρ : G → Aut(W ) (equiv., ρ : k[G ]→ End(W )) its character
χρ : k[G ]→ k is given by

χ(g) = tr(ρ(g)).

Characters completely capture representation theory of G .

Character maps make sense for any algebra A (not necessarily k[G ]).

Convenient: consider the set of all representations of algebra A in
the vector space W , denoted by RepW (A).

We will identify vector space W with kdimW . Write Repn(A) for
RepW (A) if dimW = n.

Sasha Patotski (Cornell University) Derived characters October 4th, 2014 3 / 22



Characters and representations

Let G be a finite group, k[G ] its group algebra, char(k) = 0.

For any ρ : G → Aut(W ) (equiv., ρ : k[G ]→ End(W )) its character
χρ : k[G ]→ k is given by

χ(g) = tr(ρ(g)).

Characters completely capture representation theory of G .

Character maps make sense for any algebra A (not necessarily k[G ]).

Convenient: consider the set of all representations of algebra A in
the vector space W , denoted by RepW (A).

We will identify vector space W with kdimW . Write Repn(A) for
RepW (A) if dimW = n.

Sasha Patotski (Cornell University) Derived characters October 4th, 2014 3 / 22



Characters and representations

Let G be a finite group, k[G ] its group algebra, char(k) = 0.

For any ρ : G → Aut(W ) (equiv., ρ : k[G ]→ End(W )) its character
χρ : k[G ]→ k is given by

χ(g) = tr(ρ(g)).

Characters completely capture representation theory of G .

Character maps make sense for any algebra A (not necessarily k[G ]).

Convenient: consider the set of all representations of algebra A in
the vector space W , denoted by RepW (A).

We will identify vector space W with kdimW . Write Repn(A) for
RepW (A) if dimW = n.

Sasha Patotski (Cornell University) Derived characters October 4th, 2014 3 / 22



Examples of Repn(A)

If A1 = k〈x1, . . . , xr 〉 then Repn(A1) = Mat×rn ' Arn2
.

If A2 = k[x1, . . . , xr ] then Repn(A2) ⊂ Repn(A1) is closed subscheme,
consisting of tuples (B1, . . . ,Br ) of pair-wise commuting matrices.

In general, if A = 〈a1, . . . , am | r1, . . . , rl〉 then Repn(A) is given by
tuples (B1, . . . ,Bm) of matrices satisfying ri (B1, . . . ,Bm) = 0.
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Character map

Way to think about characters: they associate to any a ∈ A a
function â on Repn(A):

â : ρ 7→ tr(ρ(a)), ∀ρ ∈ Repn(A)

Correspondence a 7→ â gives a linear map Tr : A→ k[Repn(A)].

This map factors as

A

����

Tr // k[Repn(A)]

A/[A,A] // k[Repn(A)]GLn
?�
i

OO

The map A/[A,A]→ k[Repn(A)]GLn will be called the character map
and will also be denoted by Tr.
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Correspondence a 7→ â gives a linear map Tr : A→ k[Repn(A)].

This map factors as

A

����

Tr // k[Repn(A)]

A/[A,A] // k[Repn(A)]GLn
?�
i

OO

The map A/[A,A]→ k[Repn(A)]GLn will be called the character map
and will also be denoted by Tr.

Sasha Patotski (Cornell University) Derived characters October 4th, 2014 5 / 22



Character map

Way to think about characters: they associate to any a ∈ A a
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Procesi theorem

Theorem (Procesi)

The induced homomorphism of algebras

Sym(Tr) : Sym(A/[A,A])→ k[Repn(A)]GLn

is surjective.

Thus, characters “capture” representation theory of any algebra A:

they determine rings of functions k[Repn(A)]GLn , which determine the
moduli spaces of semi-simple representations.
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Extension to DG algebras

Suppose A ∈ DGAk – category of DG algebras. Can still consider
Repn(A).

Then the algebra An := k[Repn(A)] will be a commutative DG
algebra.

Associative case: if A ' B then Repn(A) ' Repn(B) for all n.

Main idea: in DG algebras it is natural to replace isomorphisms by
quasi-isomorphisms.

Problem: The functor sending A 7→ k[Repn(A)] = An is not “exact”,
i.e. it does not respect quasi-isomorphisms.

Solution: We need to derive the functor (−)n : A 7→ An.
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Derived representation functor

For A ∈ Algk ⊂ DGAk , to compute the derived functor LAn we need
to pick a resolution for A and apply (−)n.

We denote LAn by DRepn(A) and call it derived representation
scheme (in the sense of Kapranov).

Note: L(−)n is a non-abelian derived functor.

If A ∈ Algk , resolution is any free algebra R ∈ DGAk quasi-isomorphic
to A.

Example: If A = k[x , y ], we can take R = k〈x , y , t〉 with
deg(x) = deg(y) = 0, deg(t) = 1 and dt = xy − yx .

The obvious projection R � A is a quasi-isomorphism.

Then DRepn(A) = k[xij , yij , tij ] with deg(tij) = 1 and

dtij =
n∑

k=1

xikykj − yikxkj
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Classical definition of cyclic homology

For an algebra A define CCn(A) = A⊗n/(1− t) where

t.(a1, . . . , an) = (−1)n(an, a1, . . . , an−1).

Define d : CCn(A)→ CCn−1(A) by

d(a1, . . . , an) = (−1)n(ana1, a2, . . . , an−1) +
n−1∑
i=1

(−1)i+1(a1, . . . , aiai+1, . . . , an)

Cyclic homology HC•(A) is the homology of the complex CC•(A).

For example, d(a, b) = ab − ba. Thus HC0(A) = A/[A,A].

It gives: the source of our character map Tr was actually HC0(A).
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Derived character maps

Proposition ([BKR])

For any algebra A ∈ Algk and any n there exists canonical derived
character map

Trn(A)• : HC•(A)→ H• (DRepn(A))GLn ,

lifting the original character map Tr : HC0(A)→ AGLn
n .

Remark: Procesi theorem does not hold for Sym(Tr1(A)•).
Counter-example: A = k[x ]/(x2), see:

Yu. Berest, A. Ramadoss Stable representation homology and
Koszul duality, Journal fur die reine und angewandte
Mathematik, March 2014.
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Cyclic homology of A = Sym(V )

Our main case of interest: A = Sym(V ) for some vector space V
of dimension r . We assume V = k r .

Fact: For a smooth commutative algebra A, there is a canonical
isomorphism

HCp(A)→ Ωp(A)/dΩp−1(A)⊕ Hp−2
dR (A)⊕ Hp−4

dR (A)⊕ . . . ,

When A = Sym(V ), the fact implies that the source of Tri is

HCi (A) ' Ωi (A)/dΩi−1(A).

Thus, we can think of Trn(A)i as maps

Trn(A)i : Ωi (A)→ Hi (A, n)GLn
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(Minimal) resolution of A = Sym(V )

As a graded algebra, we have

R = T (s−1Λ(sV )) ' T (V ) ∗ T
(
Λ2(V )⊕ Λ3(V )⊕ · · · ⊕ Λr (V )

)

We denote generators of degree p − 1

λ(v1, v2, . . . , vp) := s−1(sv1 ∧ sv2 ∧ . . . ∧ svp) ∈ s−1Λp(sV )

Lemma

The differential dλ(v1, . . . , vn) on R is a sum of certain commutators:∑
p+q=n

σ∈Sh(p,q)

±
[
λ(vσ(1), . . . , vσ(p)), λ(vσ(p+1), . . . , vσ(p+q))

]
,

where Sh(p, q) denotes the set of (p, q)-shuffles.
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The differential dλ(v1, . . . , vn) on R is a sum of certain commutators:∑
p+q=n

σ∈Sh(p,q)

±
[
λ(vσ(1), . . . , vσ(p)), λ(vσ(p+1), . . . , vσ(p+q))

]
,

where Sh(p, q) denotes the set of (p, q)-shuffles.
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Representation homology of A = Sym(V )

For exposition simplicity, assume n = 1 (i.e., consider 1-dimensional
representations of A).

Then, DRep1(A) is isomorphic to abelianization of R

DRep1(A) ' Sym(V )⊗ Sym
(
Λ2(V )⊕ · · · ⊕ Λr (V )

)
.

Differential on DRep1(A) is zero, so H•(DRep1(A)) ' DRep1(A).

Now we have all the components of the derived character map. It is a
map

Ω•(A) = Sym(V )⊗ Λ•(V )→ Sym(V )⊗ Sym
(
Λ2(V )⊕ · · · ⊕ Λr (V )

)
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The map Tr1

Proposition

Assume that we fixed a basis in V , so that A = k[x1, . . . , xr ]. Then
Tr1(A)1 is given by de Rham differential s−1ddR . Namely, for
α =

∑
Pidxi ∈ Ω1(A) we have

Tr1(A)1(α) =
∑
i<j

(
∂Pi

∂xj
−
∂Pj

∂xi

)
λ(xi , xj) ∈ DRep1(A)

This proposition might suggest that Tri for i ≥ 2 will also be just de
Rham differential followed by an embedding.

Surprising fact: this is not the case!
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Tr2 for A = k[x , y , z ]

Take ω = Pdx ∧ dy + Qdy ∧ dz + Rdz ∧ dx ∈ Ω2(A).

Then Tr1(A)2(ω) is given by

Mλ(x , y , z)+Myλ(x , y)λ(y , z)+Mzλ(y , z)λ(z , x)+Mxλ(z , x)λ(x , y),

where
M := Pz + Qx + Ry

and for a polynomial F , Fq denotes ∂F
∂q .

Remark 1: This map factors through ddR .

Remark 2: It has s−1ddR as a summand.
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Some linear algebra

For each 1 ≤ p ≤ q ≤ r = dim(V ) define a map
V ⊗ Λq(V )→ Λp(V )⊗ Λq+1−p(V ) sending u ⊗ v1 ∧ · · · ∧ vq to∑
j1<···<jp−1

(−1)1+
∑

js (u∧vj1∧· · ·∧vjp−1)⊗(v1∧· · ·∧v̂j1∧· · ·∧v̂jp−1∧· · ·∧vq).

By duality, we get

∆
(p,q+1−p)
q : Λq(V )→ V ∗ ⊗ Λp(V )⊗ Λq+1−p(V ).

For any multi-index (i1, . . . , im) such that 1 ≤ i1 ≤ · · · ≤ im and
i1 + · · ·+ im = q + m − 1, we can construct

∆
(i1,...,im)
q : Λq(V )→ Symm−1(V ∗)⊗ Λi1(V )⊗ · · · ⊗ Λim(V )

by iterating the above map, and composing it with the projection
map (V ∗)⊗(m−1) → Symm−1(V ∗).
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Differential operators

Elements of Sym(V ∗) can be viewed as constant coefficient
differential operators on Sym(V ).

We can define the differential operators D
(i1,...,im)
q on forms as

composition of the following two maps. First, take

Sym(V ) ⊗ ΛqV
id⊗∆ // Sym(V ) ⊗ Symm−1(V ∗) ⊗ Λi1 (V ) ⊗ · · · ⊗ Λim (V )

Then take projection

Sym(V )⊗ Symm−1(V ∗)⊗ Λi1(V )⊗ · · · ⊗ Λim(V ) // Rab

Here the projection is given by act⊗(s−1)⊗m, where
act : Sym(V )⊗ Symm−1(V ∗)→ Sym(V ) ↪→ DRep1(A) is the action
map.
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General formula for derived characters

Theorem

For a finite dimensional vector space V , let A = Sym(V ). Then for each
q ≥ 1, the q-th trace Tr(A)q : Ωq(A)→ DRep1(A) is given by

Tr(A)q = Dq+1 ◦ddR

where the differential operator Dq+1 is given by

Dq+1 =
∑

2≤i1≤···≤im
i1+···+im=q+m

c(i1,...,im) D
(i1,...,im)
q+1 .

Here D
(i1,...,im)
q+1 is the differential operator of order m− 1 defined above and

c(i1,...,im) are scalar factors.

Sasha Patotski (Cornell University) Derived characters October 4th, 2014 18 / 22



Combinatorial description (due to T.Willwacher)

The value D
(i1,...,im)
q (y1y2 . . . ypdyp+1 . . . dyp+q) can be described as

(const) ·
∑
f

±yf −1(0)y{1}∪f −1(1)y{2}∪f −1(2) . . . y{p}∪f −1(p).

Summation over all f : {p + 1, . . . , p + q} → {0, 1, . . . , p} s.t.

exactly m − 1 sets among f −1(1), . . . , f −1(p) are non-empty;

among f −1(1), . . . , f −1(p), there are as many of cardinality j as there
are numbers j amond i1, . . . , im, for any j ≥ 1.

Here yI for a set I = {n1, . . . } denotes the element λ(xn1 , . . . ). For
example, y{13} = λ(y1, y3).
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NC Poisson bracket

W. Crawley-Boevey Poisson structures on moduli spaces of
representations, J.Algebra 325 (2011), 205 – 215.

There is a notion of NC Poisson structure on an algebra A ∈ Algk
(introduced by Crawley-Boevey). By definition, it consists of a Lie bracket
{−,−} on A/[A,A] s.t. {ā,−} is induced by a derivation of A.

Theorem (Crawley-Boevey)

For all n, there is unique Poisson bracket on Repn(A) making the map Tr
into a map of Lie algebras.

We will later that this situation generalizes to the derived case.
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Symplectic geometry in derived case

Yu. Berest, X.Chen, F. Eshmatov and A. Ramadoss Noncommutative
Poisson structures, derived representation schemes and Calabi-Yau
algebras, Cont. Math. Volume 583, 2012.

For an associative algebra A we define NC derived Poisson structure
to be a DG Lie algebra structure on HC•(A) induced from a DG Lie

algebra structure on R/[R,R] for some resolution R
∼
� A of A.

Theorem (Berest-Chen-Eshmatov-Ramadoss)

Given a derived Poisson structure on A, there is unique graded Poisson
bracket on H•(DRepn(A))GLn making Trn(A)• into a map of Lie algebras.
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Example of derived Poisson bracket

Suppose A = k[x , y ], and consider the case n = 1. Then we have a
derived Poisson structure on HC•(A) ' A⊕ Ω1(A)/dA.

If f̄ , ḡ ∈ A then

{f̄ , ḡ} =
∂f

∂x

∂g

∂y
− ∂f

∂y

∂g

∂x

is the usual Poisson bracket of polynomials.

If ᾱ ∈ Ω1(A)/dA and f̄ ∈ A, we have

{f̄ , ᾱ} = Lθf (α),

where L means Lie derivative and θf is the Hamiltonian vector field
corresponding to f .
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