INTEGRATION BY PARTS V3

Much of this is making explicit how divergence computations (easy in
index notation) look in more general notations. The index point of view is
built on the fact that the integral of the divergence of a vector field over a
manifold without boundary is zero.

Matrix Basis Elements and Brackets.
1: Ef has entry 1 in row 4, column j - 0 elsewhere; EZ] e = 5,iej where
O] = E! - E.
2: [E/,EF| = —0\E] + 61 EL.
3: [OZ, Og] = _5ac01§l + 5ad0g + (Schg — (5de3.
4: [E;, Ey) = c;kEl — di' = —%c;‘.kej A O,

Differential Form Conventions.

1:
A= L (010, — 0> 0)
2d0(X,Y)=X(0(Y)) - Y(0(X)) —0(]X,Y))
2: If oy = —ayi
%E@mﬂi ®0; = a1261 Ao = % < _212 082 )
3:

<O AG?. 080 AG2. . 0F > = det(0° - 0)
(So k! times the natural tensor inner product.)
4: s = (—1)P(np),
5: < a,0>du=aNx*p.
6: § = (—1)"™ 1 x dx on p-forms since
d(aP P A xBP) = daP "L AP 4 (—1)PLaP T A d x BP)
= daP VAP + (—1)P LT A (=) PO gy gP

and (p — 1)(n — p) = np + n mod2.
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7: Notation and *

w = ( w1 w2 ) = Ewiei
*W = ( —Ww2 W1 )
w = ( w1 W2 Ws ) = Ewiei'
1 0 w3 —Ww9
sw=-| —w3 0 w1
2 w2 —W1 0

R? or R? Case.
1: Notation for vectors (type(1,0)):

1
- v i
U= = Yv'e;.

2a: Notation for matrices (type(1,1)):
M} M; - o -
M = ( Mig M% > = (M M, )=3XME].

(Upper index of M is the row index.)
2b: Notation for bilinear form (type(0,2)) case:

o Quu Qi2 \ _ a j
0= ( Q21 Q2 ) = 20 © 8.

< U, 0 >= vlw = vw'. ‘

< A,B>=tr(A'B) = AB.

div(7) = 00" = Oyv! + 0gv?.

Divergence on M of type (1,1) giving result of type (1,0):

t

AN

div(M) = ( div(M;) div(M;) ) =% <5]MZ]> €;-

T: (9if)g = div(fge;) — foig.

8a: (0;f)v" = 0;(fv") — fo;v".

8b: < Vf,7 >= div(f7) — fdiv(7).

9a: M]’:((?Z-vj) = 8i(M}vj) - Uj&M;.

9b: tr(M}Dv) =< Dt, M" >= div(M%) — (divM)v.

Interior Product and Lie Derivative Conventions.
1

1: (hA...AB)(er,...ep) = o

2: ix(al)(Ya,...,Y,) =pa(X,Ys, ..., Y)).

3: i, (O1AN...NOp) = (O2N...NOp).

4: ix(aP ANBT) =ix(aP) ABI+ (—1)PaP Nix (7). (An anti-derivation,
like d.)

5: Lx =ix od+doix by checking on o A 8¢ and using induction on
the total degree.
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6: (LxaP)(Y1,...,Y,) = (VxaP)(Yi,...,Y,)+ 5P (Y1, ..., Vy. X, ...

(3

This is because VxY; — LxY; = Vy, X.
7: The formulas
LxY = VxY —VyX
Lx(0)(Y)= (Vx0)(Y)+0(VyX)
and their extensions to tensors of type 7.7 correspond to
(LxT)S = XV T — 55 _ | THectev X
+E7I;:1T]'Ilj2...c...jrvijc
Divergences in Special Cases.
1: With the definition div(X)du = Lxdu, we also have
div(X) = V; X' = 6'(V,,X) = trace(Y — VyX)
since for an orthonormal coframe field and each i
(Lx0")e; = (Vx0)e; + 01(Ve, X)
and (Vx0)e; = —0(Vxe;) = — < e;, Vxe; >= 0.
2: Above div is the negative of the formal adjoint to grad because
div(X) = trace(Y — VyX) =X < VX, e; >
implies
div(fX) =< Vf, X > +fdiv(X).
(This used X(e;(f)) < X,e; >= X f.)
3: For a 1-form w, the definition
dw = —trace(Y — Vyw) = —=3(V¢,w)(e;)

leads to
I fw) = fow— < df,w >

since < df,w >= X(e;(f))w(e;) = X f, X being the vector field dual

to w. Thus all the following are equal in this case:

Xf=<dfw>=<Vf, X >=w(Vf).

Also
dw = —divX
since starting with w =< X, >, we have
Vew = < V¢ X, >

Y (Vew)(e) = <V, X, e >.
4: With K-N conventions of
Ve,ej = Ffjek
Ve 0" = —T507

k _ J
Iy = =1y



for an orthonormal basis, we have
VeiEjej RKe; = Ej,kfi?jek X ej+ Ffjej X ep
= Ej,kffjek ®e;j + szek ® e;
= 0
since Ffj = —ng.
5: So starting with X = ¥; (w(e;)) e;, we have
Ve, X = 2j < Ve (w(ej)ej)
divX =3%; < VeiX7 e, > = Ei,j < ((Veiw) (ej)) €j,e; > .
+3; < Cll (w(Ve, (Zjej ® 6]‘))) N
= % (Vew)(e)+0
= —dw
where C] is contraction on the first two slots and the second term
vanishes because V., Xje; ® e; = 0.

6: As in Besse (but with the K-N 77 convention which is oposite to
Besse), view

VT - QY M) o T!
so that the “slot” for the covariant derivative comes first. Then
V(A® B) = (VA)® B+ A® (VB).
7: Use the notation
Cirjr---Ci, 5, T

for contraction pairing covariant indices i; with ji, etc. Similarly for
contravariant or mixed contractions. Note with this notation

C1,2034T = C12(C12T) = C12(C34T)

The above would also be Cj 2 (C347T). This notation lines up with
natural contractions to write in index notation.

8: We use the non-standard notation I; ; to indicate the interchange of
covariant slots ¢ and j in a tensor. With this notation, for a 1-form
w, the symmetrized covariant derivative is

1
0w = 5 (Vw + 1172 (Vw)) .

9: The symmetrized covariant derivative from 1-forms to symmetric
covariant 2-tensors (sections of) S?(T*M) is defined by

(F)(X,Y) = 3 (Vx(w) + (Vy(@)))
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is the dual to the divergence d : S2(T*M) — T*(M) defined by
0h = —trace((Y,Z2) — (Vh)(Y, Z, )
(0h) (X) = —trace((Y,Z) — (VR)(Y,Z,X)
(0h) (X) = —Xi(Veh)(ei, X).
To see this, note
-6 (CLQ (w ® h)) = 01740273 ((Vw) X h)
+C1,4C23 (w® (Vh))
1
= B (017402,3 + 01,302’4) ((Vw) ® h)
— < w,0h >

= % (C24C13) (112 (Vw)) ® h)

1
+5 (C24C13) (Vw) ® 1)
— < w,0h >
= —<6wh>
— < w,0h >
where we have used the argument interchange operator I 2 as well

as the symmetry of h.
10: For a 1-form w,

0w = %LXg
where X is the 1-form dual to w and ¢ =<, > is the inner product.
This is because
(Lx(9)) (U,V)= (Vxg)(UV)+ < VyX,V >+ <U,VyX >
= <VyX,V>+<UVyX >
= 2(Vw+ 112 (Vw)) (U,V)

General Case.

1: Besse Formulation is V : T° — Q(M) ® T? has formal adjoint
V*: QY M) @ T — T? given by

(V*a)(X1,...,X:) = —S(Vy.a)(Yi, X1, ..., X)

for an orthonormal basis Y;. The “opposite” (as in minus sign) of the
trace of

(X,Y) — (Vxa)(Y, X1, ..., X,).

The trace here might also be referred to as the contraction C1 2.



2: To prove this, for a € T}7,; and 8 € T},
—0(Ci1(B®a)= Cii(V(Ci(B®a))
= G ((VB®a)+ (B® Va))
= <VB,a>+<p,Ci2Va>
= <VBa>-<8,Va>
where the C; are contractions. Specifically
Cr=  Crpig...Cprop VST Ot

1,541 1,2
Cg = CLH_Q - CT_;,_LQH_QC st . C’S+ 5

So C12 (C1T) = CoT for a tensor field T' € T}7, ;.
3: V* is also the divergence § on forms since

<da,f>= < Alt(Va),s >
= < Va,Alt(3) >
= <Va,B >
= <a,V'3>

using the facts that 0 and V*3 are skew symmetric, and the fact
that the inner product on forms is the same (or a multiple of) the
inner product on tensors.



