INTEGRATION BY PARTS

Matrix Basis Elements and Brackets.
1: Ef has entry 1 in row %, column j - 0 elsewhere; Ef er = 5li€j where
O] =F! — E;
2: [E!,Ef] = —6'F] + 01 E..
3: [Og, Of:l] = —5a00g + éadOg + échg — 0pa 05
4: [Ej, By = ¢ B <= df' = —5¢5,09 N OF.

Differential Form Conventions.

1:
1
0 A Oy = 5(91®92—92®91)

2d0(X,Y) = X(0(Y)) — Y(0(X)) — 6([X,Y])
2: If Olij = —Oéji

1 1 0 «

52%3‘91‘ ® 05 = a6 Ay = 3 < s 52 >
3:

<O NG 08 0L NG2. . 0k > = det(0 - 07)
(So k! times the natural tensor inner product.)
4: wx = (—1)P(n—P),

5: <a,0>du=anx*0.
6: 6 = (—1)"™*! « dx on p-forms since

d(aP P A xBP) = daP "t AxBP 4 (—1)P o A d x BP)
= daP P AxBP + (—1)P Lo A (=) PP kg s gP

and (p — 1)(n — p) = np + n mod2.
7: Notation and *

w = ( w1 wo ) = szﬂi

o= —wr wr)

w = ( w1 Wy w3 ) = Zwﬂi.
1 0 w3  —wo

*W = 3 —ws 0 w1
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R? or R? Case.

1: Notation for vectors (type(1,0)):

1
- % i
U:<U2>:Evei.

2a: Notation for matrices (type(1,1)):

Ml Ml . o L.
M:<M12 Mé):(Ml M, ) =SME].

(Upper index of M is the row index.)
2b: Notation for bilinear form (type(0,2)) case:

o= (& ) =samer
< T, >= vtw = v;w'. ‘
< A,B>=tr(A'B) = AIB.
div(7) = 00" = Oyv! + 0gv?.
Divergence on M of type (1,1) giving result of type (1,0):

div(M) = ( div(31) div(3h) ) =3 (9;M] ) e;

7: (0if)g = div( gei) — foig.

8a: (0;f)v' = 0;(fv') — fov'".

8b: < Vf, U >= div(fv) — fdiv(?).

9a: M]’:(aivj) = 8i(M;vj) - vjﬁiM;.

9b: tT(M;DU) =< D7, M* >= div(M?) — (divM)7.

AN S

Interior Product Conventions.

1: (1A ABp)(er,....ep) =

1

ol

2: ix(a?)(Ya,...,Y,) = pa(X,Ys,. ..

3: iel(gl/\.../\e) (92/\ /\9)

4: ix(aP ABT) =ix(aP) ABI+ (—1)PaP Nix(87). (An anti-derivation,
like d.)

5: Lx =ix od+doix by checking on af A 8¢ and using induction on
the total degree.

6: (LXap>(Y1, - ,Y;)) = (VXap)(Yl, R ,Yp)—&—Ziap(Yl, - ,VYiX, e }/p)
This is because VxY; — LxY; = Vy, X.

7: With the definition div(X)du = Lxdu, we also have

div(X) = V; X' = 6/(V,,X) = trace(Y — VyX)

V).

since for an orthonormal coframe field and each %
(Lx0")e; = (Vx0)e; + 01(Ve, X)
and (V)(Qi)ei = —Hi(VXeZ-) =—<e;,Vxe; >=0.
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General Case.

1: Besse Formulation is V : T/ — QY(M) ® T7 has formal adjoint
V*: QY M) @ TF — TT given by

(V*a)(Xi,...,X,) = —X(Vy,a)(Vi, X1,..., X))
for an orthonormal basis Y;. The “opposite” of the trace of
(X7 Y) - (VXOC)(Y, le s 7X'r)'



