
INTEGRATION BY PARTS

Matrix Basis Elements and Brackets.
1: Ej

i has entry 1 in row i, column j - 0 elsewhere; Ej
i ek = δi

kej where
Oj

i = Ej
i − Ei

j .
2: [Ej

i , E
k
l ] = −δl

iE
j
k + δj

kE
l
i.

3: [Ob
a, O

d
c ] = −δacO

d
b + δadO

c
b + δbcO

d
a − δbdO

c
a.

4: [Ej , Ek] = ci
jkEi ⇐⇒ dθi = −1

2ci
jkθ

j ∧ θk.

Differential Form Conventions.
1:

θ1 ∧ θ2 =
1
2

(θ1 ⊗ θ2 − θ2 ⊗ θ1)

2dθ(X, Y ) = X(θ(Y ))− Y (θ(X))− θ([X, Y ])
2: If αij = −αji

1
2
Σαijθi ⊗ θj = α12θ1 ∧ θ2 =

1
2

(
0 α12

−α12 0

)
3:

< θ1 ∧ θ2 . . . θk, θ̄1 ∧ θ̄2 . . . θ̄k > = det(θi · θj)

(So k! times the natural tensor inner product.)

4: ∗∗ = (−1)p(n−p).
5: < α, β > dµ = α ∧ ∗β.
6: δ = (−1)np+n+1 ∗ d∗ on p-forms since

d(αp−1 ∧ ∗βp) = dαp−1 ∧ ∗βp + (−1)p−1αp−1 ∧ d ∗ βp)

= dαp−1 ∧ ∗βp + (−1)p−1αp−1 ∧ (−1)(p−1)(n−p+1) ∗ ∗d ∗ βp

and (p− 1)(n− p) ≡ np + n mod2.
7: Notation and ∗

ω =
(

ω1 ω2

)
= Σωiθ

i

∗ω =
(
−ω2 ω1

)
ω =

(
ω1 ω2 ω3

)
= Σωiθ

i

∗ω =
1
2

 0 ω3 −ω2

−ω3 0 ω1

ω2 −ω1 0


.
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R2 or R3 Case.
1: Notation for vectors (type(1,0)):

~v =
(

v1

v2

)
= Σviei.

2a: Notation for matrices (type(1,1)):

M =
(

M1
1 M1

2

M2
1 M2

2

)
=

(
~M1

~M2

)
= ΣM i

jE
j
i .

(Upper index of M is the row index.)
2b: Notation for bilinear form (type(0,2)) case:

Q =
(

Q11 Q12

Q21 Q22

)
= ΣQijθi ⊗ θj .

3: < ~v, ~w >= vtw = viw
i.

4: < A,B >= tr(AtB) = Aj
iB

i
j .

5: div(~v) = ∂iv
i = ∂1v

1 + ∂2v
2.

6: Divergence on M of type (1,1) giving result of type (1,0):

div(M) =
(

div( ~M1) div( ~M1)
)

= Σ
(
∂jM

j
i

)
ei.

7: (∂if)g = div(fgei)− f∂ig.
8a: (∂if)vi = ∂i(fvi)− f∂iv

i.
8b: < ∇f,~v >= div(f~v)− fdiv(~v).
9a: M i

j(∂iv
j) = ∂i(M i

jv
j)− vj∂iM

i
j .

9b: tr(M i
jD~v) =< D~v,M t >= div(M~v)− (divM)~v.

Interior Product Conventions.

1: (θ1 ∧ . . . ∧ θp)(e1, . . . , ep) =
1
p!

.

2: iX(αp)(Y2, . . . , Yp) = pα(X, Y2, . . . , Yp).
3: ie1(θ1 ∧ . . . ∧ θp) = (θ2 ∧ . . . ∧ θp).
4: iX(αp ∧ βq) = iX(αp)∧ βq + (−1)pαp ∧ iX(βq). (An anti-derivation,

like d.)
5: LX = iX ◦ d + d ◦ iX by checking on αp ∧ βq and using induction on

the total degree.
6: (LXαp)(Y1, . . . , Yp) = (∇Xαp)(Y1, . . . , Yp)+Σiα

p(Y1, . . . ,∇YiX, . . . , Yp).
This is because ∇XYi − LXYi = ∇YiX.

7: With the definition div(X)dµ = LXdµ, we also have

div(X) = ∇iX
i = θi(∇eiX) = trace(Y → ∇Y X)

since for an orthonormal coframe field and each i

(LXθi)ei = (∇Xθi)ei + θi(∇eiX)

and (∇Xθi)ei = −θi(∇Xei) = − < ei,∇Xei >= 0.
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General Case.
1: Besse Formulation is ∇ : T r

s → Ω1(M) ⊗ T r
s has formal adjoint

∇∗ : Ω1(M)⊗ T r
s → T r

s given by

(∇∗α)(X1, . . . , Xr) = −Σ(∇Yiα)(Yi, X1, . . . , Xr)

for an orthonormal basis Yi. The “opposite” of the trace of

(X, Y ) → (∇Xα)(Y, X1, . . . , Xr).


