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A Simple
Median and
Quartile
Example

Units are metric tons per person per year.
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8 Most Populous Countries in the World:

Asimole Country | tons/yr.
S::r:slee China 2.3
India 1.1
us 19.7
Indonesia 1.2
Brazil 1.8
Russia 9.8
Pakistan 7
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Asimole Country | tons/yr.
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Example

tons/yr: 2 7 1.1 12 18 23 9.8 197
Posn. : 1 2 3 4 5 6 7 8
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In order with positions: (n = 8)
A Simple
Median and

e tons/yr: .2 .7 1.1 12 1.8 23 98 19.7
Posn.: 1 2 3 4 5 6 7 8

The median is the middle value.

A basic measure of center.

When the sample size is even, we average the two middle
values.
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The median is the middle value.
A basic measure of center.
LElEl When the sample size is even, we average the two middle

Quartile

Example values.
Sample size (n = 8)

tons/yr: 2 .7 11 12 18 23 98 197
Posn. : 1 2 3 4 5 6 7 8

1.8+1.2
===

median =

1.5.
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A Simple Histogram of all 8
TonsFer'r Histogram [ 1] L]

Median and [
Quartile
Example
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Median and
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The US value of 19.7 is not in keeping with the rest if the data.
Such a value is called an outlier.
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Va4 Such a value is called an outlier.

— Histogram of all but US. (n=7)

Median and
Quartile
Example

TonsFer'r
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v Such a value is called an outlier.

Histogram of all but US. (n=7)

A Simple
Median and
Quartile
Example

Removal of the outlier gives a much more revealing histogram.
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Example

tons/yr: 2 7 1.1 12 18 23 938
Posn. : 1 2 3 4 5 6 7

With n odd, the median is just the middle value of 1.2.
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A Simple
Median and

gedin Without the outlier: (n=7)

Example

tons/yr: 2 7 1.1 12 18 23 938
Posn. : 1 2 3 4 5 6 7

With n odd, the median is just the middle value of 1.2.
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Per Capita CO, Emissions

The first quartile Q1 or 25th percentile is defined to be the
median of the bottom half of our data.



Per Capita CO, Emissions

Math 1710
Class 12

va

A Simple
Median and
Quartile

Example The first quartile @1 or 25th percentile is defined to be the
median of the bottom half of our data.

For a data set of odd sample size, we do not include the
median in the bottom half:
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The first quartile Q1 or 25th percentile is defined to be the
median of the bottom half of our data.

Nodiane For a data set of odd sample size, we do not include the

Quartile

Example median in the bottom half:
Without the outlier: (n=7)

tons/yr: 2 .7 11 12 18 23 938
Posn.: 1 2 3 4 5 6 7

Q=7
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The first quartile Q1 or 25th percentile is defined to be the
median of the bottom half of our data.

Nodiane For a data set of odd sample size, we do not include the

Quartile

Example median in the bottom half:
Without the outlier: (n=7)

tons/yr: 2 .7 11 12 18 23 938
Posn.: 1 2 3 4 5 6 7

Q=7
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A Simple
Median and
Quartile
Example

Per Capita CO, Emissions

The first quartile Q1 or 25th percentile is defined to be the
median of the bottom half of our data.

For a data set of odd sample size, we do not include the
median in the bottom half:

Without the outlier: (n=7)

tons/yr: 2 7 1.1 12 1.8 23 938
Posn. : 1 2 3 4 5 6 7

QL=.7

(And Q3 = 2.3.)
The convention about not including the middle changed in the
3rd edition of our text.
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A Simple For the original data set: (n = 8)

Median and
Quartile

Example tons/yr: 2 7 11 12 18 23 98 19.7
Posn.: 1 2 3 4 5 6 7 8

7+ 11 234938
QL = +2 —9and Q=2 T7% _ 605

2



Per Capita CO, Emissions

Math 1710
Class 12

va

A Simple
Median and .
el The 5-number summary:

Example

min, @i, median, @3, max
all8 2, 9 15  6.05 197
wioUS 2, .7, 12, 23, 098
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al8 2. 9 15 605 19.7
Asimple w/oUS 2, 7, 12, 23, 98

Quartile
Example

Boxplot - Graphical form of the 5 number summary:

all - n=8

Taons..
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b min, Q;, median, @3, max
al8 2. 9 15 605 19.7
Asimple w/oUS 2, 7, 12, 23, 98

Quartile
Example

Boxplot - Graphical form of the 5 number summary:

Without the Outlier -
[ ]

18.8

n=7
2] [
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Interquartile Range: IQR=Q3 — Q.
A basic measure of spread.
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A Simple

Median and

e Interquartile Range: IQR=Q3 — Q1.
A basic measure of spread.

The median and IQR are usually little affected by outliers.

“Resistant to Outliers”
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Interquartile Range: IQR=Q3 — Q1.
A Simple A basic measure of spread.

Quartile

Qe The median and IQR are usually little affected by outliers.
“Resistant to Outliers”

n @ med Q3 IQR
Here: with outlier [ 8 9 15 6.05 5.15
w/ooutlier | 7 .7 12 23 16
It is mostly because of the small sample size that the median
and IQR change as much as they do here.
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tons/yr: 2 .7 11 12 18 23 9.8 197

A Open Office, an Excel Clone
imple
Median and

e 4175 Q?}
1.500 median

1.000Q1 |

One way to get such numbers:

With 8 numbers there are 7 intervals in between.
.7 is the 120 %ile.

1.1 is the 230 %ile.

__ 1 100 3 . 200
D=3 7t T
So the 25th %ileis 1 -.7+3-1.1=1.
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Proof of
Normal
Approximation

[ R = ) 1125080680 187508000

Total Cormp
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I [ Total Cornp EE
Surnrmary of Total Comp =
Mo Selectaor

288 total cases of which 18 are missing

L Fercentile 25
Empirical Rule
and Outliers
Count Taa
HMean 2.81874eb
HMedian 1.28447eb
StdDevw 8. 320855
Fange Z2EZ. 99 1eb
IntGRange 1.7274ei
Lower ith Rtile Tavad
Upper ith Rtile 2.31524e6

S[4]

4] I3
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and Outliers

Proof of
Normal
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Forbes

——r

2ToEERE

TOEEERR

Total Comp

1125EE8EH
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B| Tetal Cornp |E|E)=
Surrmary of Total Comp
cases selected acocording to Below Cutoff

888 total cases of which 19 are missing

Empirical Rule Petrcentile 23
and Outliers
Count 781
HMean 2.24289e6
HMedian 1.29613eb
StdDew 2. 7243 7eb
Range 16. 74576
IntGRange 1.65856e6

Lower ith Etile 784797
Upper ith Rtile 24433626
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156868888

Empirical Rule
and Outliers

18888888

Seaaa88

Total Comp
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‘ n Mean x Median

All 790 2.82M 1.304M
Empirical Rule Without top 9 | 781 2.24M 1.296M

and Outliers
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‘ n Mean x Median

All 790 2.82M 1.304M
Empirical Rule Without top 9 | 781 2.24M 1.296M

and Outliers

Means heavily affected by outliers.
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‘ n Mean x Median

All 790 2.82M 1.304M
Empirical Rule Without top 9 | 781 2.24M 1.296M

and Outliers

Means heavily affected by outliers.

Medians resistant to outliers.
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‘ n  Std. Dev.s IQR
All 790 8.32M 1.731M
Empirical Rule Without top g 781 2.724M 1.662M

and Outliers
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‘ n Std. Dev.s IQR

All 790 8.32M 1.731M
Empirical Rule Without top g 781 2.724M 1.662M

and Outliers

Std. Dev heavily affected by outliers.
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‘ n Std. Dev.s IQR

All 790 8.32M 1.731M
Empirical Rule Without top g 781 2.724M 1.662M

and Outliers

Std. Dev heavily affected by outliers.

IQR resistant to outliers.
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Forbes

CEOQ Salaries 1994

B25EER

125EE8EH

Total Comp

1275866
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B| Total Comp 1 [ 2] =]
Surnrnary of Total Comp
cases selected acocording to Below Cutoff

888 total cases of which 162 are missing

Empirical Rule FPercentile 25
and Outliers

Count 5332
Hean 1.2329e6
HMedian 1.8293 1eb
StdDew 6239151
Range 2,964 13eb

IntGRange = ==
Lower ith Rtile 713623
Upper ith Rtile 1.69332eb
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15688888
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2500060600 -

28000808 880008 -

pelolololololala
- 15086005 2256089 -
Empirical Rule

and Outliers 15AEERGEE -
LT 15aaa08 1
19aEE0088 |

SHEEEEE 756088 1
SABERAGE *

H doo L

Total Comp € b Total Cotnp @
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For a normal distribution N(u, o), this would be at u + o.
n=781 _ n =638

otal
250800008 1 OHEEDED — 3006008 -

2000EE000 1
13008808 1+ 2256088 +

Empirical Rule

and Outliers 139000089555

16056805 1 1586088 —
100568000 +

SaEaE08 {- TSRREE 1
SARERAEE + *

Total Comp € L Total Comp @]
Both n =790 and n =781 are strongly skewed to the right
with lots of outliers.
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For a normal distribution N(u, o), this would be at u + o.

Empirical Rule ‘ n s X 84%ile x+s

and Outliers All 790 8.32M 2.82M 3.392M 11.14M
Without top 9 | 781 2.724M 2.24M 3.347TM  4.97M
Bottom 638 638 .689M 1.25M 2.076M  1.94M
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For a normal distribution N(u, o), this would be at u + o.

‘ n s X 84%ile x-+s
aE:;pic;iuc:llieFf:le All 790 8.32M 2.82M 3.392M 11.14M

Without top 9 | 781 2.724M 2.24M 3.347TM 4.97TM
Bottom 638 638 .689M 1.25M 2.076M 1.94M

Agreement of X + s with 84%ile is poor for the first two.
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For a normal distribution N(u, o), this would be at u + o.

‘ n s X 84%ile Xx-+s

All 790 832M 2.82M 3.392M 11.14M
shipemd  \Without top 9 | 781 2.724M 2.24M 3.347TM  4.97M
Bottom 638 | 638 .689M 1.25M 2.076M  1.94M

Agreement of x + s with 84%ile is poor for the first two.

Agreement of x + s with 84%ile is good when n = 638.
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For a normal distribution N(u, o),
the quartiles are at p &+ .6757 ¢,
so the IQR would be at 1.350.

Empirical Rule
and Outliers
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For a normal distribution N(u, o),
the quartiles are at u 4+ .675 0,
so the IQR would be at 1.350.
n - n=1781

Empirical Rule 250000008 -+ 2BOBEE00
and Outliers

2000EE000 1
13008808 1+ 2256088 +

170088000 —
16056805 1 1586088 —
100568000 +

SaEaE08 {- TSE0EE |-
SARERAEE + *

H |

Total Corrp €

Total Corry @
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v For a normal distribution N(u, o),
the quartiles are at 4 + .675~
so the IQR would be at 1.350.
n

2506REHEE - e, ]

Empirical Rule

and Outliers 286080008 +

15806888 + ZESEE0E +

158008688 +
18088808 1+ 15aaa88 +
180888008 —

SAEE603 {- 756008 T
SOEEEHEE 1

el L 8L -

Total Comp @

Both n =790 and n =781 are strongly skewed to the right
with lots of outliers.
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For a normal distribution N(u, o),
the quartiles are at p + .6757 7,
so the IQR would be at 1.350.

Empirical Rule
and Outliers

‘ n Std. Dev. s X IQR 1.35s
All 790 8.32M 2.82M 1.73M 11.23M
Without top 9 | 781 2.724M 2.24M 1.66M 3.68M
Bottom 638 638 .689M 1.25M .979M  .930M
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For a normal distribution N(u, o),
the quartiles are at p 4+ .6757 ¢,
so the IQR would be at 1.350.

S | n Std. Dev.s X IQR  1.35s
All 790 8.32M 2.82M 1.73M  11.23M
Without top 9 | 781  2.724M  2.24M 1.66M 3.68M
Bottom 638 | 638 .689M 1.25M .979M  .930M

Agreement of 1.35s with IQR is poor for the first two.
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For a normal distribution N(u, o),
the quartiles are at p &+ .6757 7,
so the IQR would be at 1.350.

S | n Std. Dev. s X IQR  1.35s
and Ouliers All 790  8.32M 2.82M 1.73M 11.23VM
Without top 9 | 781 2.724M  224M 1.66M 3.68M
Bottom 638 | 638 689M 1.25M .979M  .930M

Agreement of 1.35s with IQR is poor for the first two.

Agreement of 1.35s with IQR is good when n = 638.
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For a normal distribution N(u, o), this would be at p + 20.
n=781 _ n =638

otal
250800008 1 OHEEDED — 3006008 -

2000EE000 1
13008808 1+ 2256088 +

Empirical Rule

and Outliers 130929000;

16056805 1 1586088 —
100568000 +

SEEEENE 1 TSRREE 1
SARERAEE + *

Total Comp € L Total Comp @]
Both n =790 and n =781 are strongly skewed to the right
with lots of outliers.
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For a normal distribution N(u, o), this would be at u + 20.

Empirical Rule ‘ n s X 97.7%ile X+ 2s
and Outliers All 790 8.32M 2.82M  14.85M  19.46M
Without top 9 | 781 2.724M 224  12.33M  7.68M
Bottom 638 638 .689M 1.25M  2.79M 2.63M
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For a normal distribution N(u, o), this would be at u + 20.

‘ n s X 97.7%ile X+ 2s
aE:;piC;iuc:llieFf:le All 790 8.32M  2.82M 14.85M 19.46M

Without top 9 | 781 2.724M 2.24 12.33M 7.68M
Bottom 638 638 .689M 1.25M 2.79M 2.63M

Agreement of x + 2s with 97.7%ile is poor for the first two.
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For a normal distribution N(u, o), this would be at u + 20.

‘ n s X 97.7%ile X+ 2s

i All 700 8.32M 2.82M  14.85M  19.46M
el \Without top 9 | 781 2.724M 224  12.33M  7.68M
Bottom 638 | 638 .68OM 125M  2.79M  2.63M

Agreement of x + 2s with 97.7%ile is poor for the first two.

Agreement of x + 2s with 97.7%ile is good when n = 638.
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N(u, o)
1 _x=w?
f(x) = e 22
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Proof of
Normal

Approximation

N(,u, U) =

1 x=w?
flx) = ——e 27

2o

These formulas and the following argument are far above the
basic level of our course.
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Suppose X ~ Binom(2m, .5)
We want to understand why X ~ N(m,/.5m) approximately.
Set

2m
ot ae=P(X =m 1= (27 ) (5P

Approximation
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Suppose X ~ Binom(2m, .5)
We want to understand why X ~ N(m, v/.5m) approximately.

Set

2m
Proof of ak:P(X:m+k): (m+k
Normal

Approximation

The z-score of m + k is ’%
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Suppose X ~ Binom(2m, .5)
We want to understand why X ~ N(m,+/.5m) approximately.

Set
2m

ak:P(X:m+k):(m+k

Proof of
Normal

gl The z-score of m+ k is ’%
k2
So we want to show a, ~ ce™ m.
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Suppose X ~ Binom(2m, .5)
We want to understand why X ~ N(m,+/.5m) approximately.
Set

2m
ak:P(X:m-l-k):< )
Proof of m + k

Normal
Approximation o E
So we want to show a, ~ ce™ m.

. k2
ie. Inag ~Inc— .
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Suppose X ~ Binom(2m, .5)
We want to understand why X ~ N(m,+/.5m) approximately.
Set
_ _ _ 2m 2m
ax=PX=m+k)= <m+k> (.5)
Proof of

Normal ) K2
Approximation l.e. In aj ~ In Cc — —.
m

Strategy: Compare ax to ag using the approximation
In (1 + x) ~ x for x small.
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We want to understand why X ~ N(m,+/.5m) approximately.
Set

2m
a=P(X=m+k)= <m+k

i.e. Inag ~Inc— k—rs
Proof of
Normal
Approximation

) — (2m)!(5)*™ A (m(m—-1)...(m—k+1)

FTm+ )l m—k) T P(m+k(m+k—1)...(m+1)

LA -2 =51

S DA DAt d)




Why Normal Out of Binomial?

Math 1710 Suppose X ~ Binom(2m, .5)
We want to understand why X ~ N(m,+/.5m) approximately.
Set

va

ax=PX=m+k)= (mz_’:k
i.e. Inag ~Inc— k—nf
Proof of 3 (2m)|(5)2m 3 (m)(m* 1)(m* k+1)
Normal = =
Approximation k (m+k)l(m—k)| O(m+k)(m+k—1)(m+1)

LA - 7)1 Fh

0 K k—1 1
T+ +5) (A +5)
So using In (1 + x) ~ x,
1 2 k—1 k
lnay ~lnag—2(—4+—4+...+ —— | — —
m m

m m
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We want to understand why X ~ N(m,+/.5m) approximately.
Set

2m
ax=PX=m+k)= <m P
. k2
i.e. Inag ~1Inc— .
el So using In (1 + x) ~ x,

Approximation

1 2 k—1 k
Inay ~lnag —2( —+—+4 ...+ —— | — —
m m m

But1+2+.. . k—1=kk1



Why Normal Out of Binomial?

Math 1710 Suppose X ~ Binom(2m,.5)
We want to understand why X ~ N(m,+/.5m) approximately.

Set

2m

ak:P(X:m+k):<m+k

. 2
ie. Inag ~Inc— K.
m

So using In (1 4 x) ~ x,

Proof of
Normal

L 1 2 k—1 k
Approximation |n ak ~ |n ao — 2 - _|_ - + . _|_ - -
m m m m

Butl+2+... k—-1=

k(k—1)
—5—, 50

k2
Inag ~1Inag — —
m

as desired.
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