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Simple Roots

A subset N1 C R is called a base if
(I) Mis a basis of V
(II) Any 8 € R can be written § = Z NaQu, Ny, € 7,
either all positive or all negative. The roots in [1
are called simple.

Properties:
© A root is called positive if all the n, > 0, negative if all
the n, <0. Then R=RTUR", RTNR™ =0.

where R* are the positive (negative) roots.

Q If o, € R", then a+ 3 € RT, or it is not a root.

Q@ Wesaya<pBif3—aeR".

Q Ifa,B €N, o+ B, then (o, 5) < 0and o — [ is not a
root.
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Proof of (4)

If v =« — B is a root, either v € R™, or —y € R™. Either
way, it violates (I1). O
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Every root system has a base.

Proof.

Let H, be the hyperplane where ¢ is zero. Let
0# hy € V \ UH,.
Then

&(hg) #0 forall ae€R. (1)
Let RT :={a | &(ho) > 0}. Then R = R" [[ R~ where
R~ = —R*". We say a € R is indecomposable if « cannot be
written as

a=f+y ByER" (2)

[]

4
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Proof of theorem 2, continued

Claim: The set of indecomposable elements is a base.

Proof

Call this set I1.

(1) Each oo € R* is an N-linear combination of elements in I.
(2) «a, 8 € N distinct, then o — S is not a root and («, 5) < 0.
Otherwise = a + v or a = 8 + v with v € RT.

(3) M forms a linear independent set. Suppose Z naa = 0.

a€ell

Then we get a relation r = Z N, = Z mgf3, Ny, mg >0,
and the two sets are disjoint. But then
= Z no,mg(a, ) < 0. So r = 0. But then

0=(r,h) = Zna a, hy) = Zm5<ﬁ,ho>, so all
Ne, mg = 0. 0
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Proposition 1
Each base is obtained in this fashion.

Proof.
Choose hg such that {a, hy) > 0 for all o € 1. Let R* be the
positive and negative systems corresponding to hy. Clearly

R+:{6€R]B:Znaa, naeN}. (3)

aell

O

v
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Weyl Chambers

A Weyl chamber is a connected components C of
V — U.er Ha- Recall that a regular element hy C V' is an
element so that

(a, hg) #0 forany a € R. (4)
Each hy regular determines a Weyl chamber C(ho)

{Weyl chambers} <— {Bases}. (5)

The Weyl group W(R) permutes the Weyl chambers.
Clear. ]
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If v € RT is not simple, there is « € Tl such that v — a € R*.

Proof.

There is @ € R such that (7, ) > 0. This implies the claim
of the lemma. If (7, ) <0 for all a € I, then since
’y:Znﬁﬁ, '7520; (6)
pgen
we get
(1,7) = _ns(7,8) <0 so y=0. (7)
0

v
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Every root v € R can be written as
Y=0q + -+ Oéj€|_| (8)

such that ai; + - -+ + «; is a root for each | < k.

Exercise.
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(lenma

Let o« € T1. Then

(RT) = (R"\{o})u{—0a}. (9)

()]
|
\

Proof.
Clearly s,(ar) = —av. Suppose v # «is in R™. Then
Y=Y s B+naa (10)
B+a

sa(8) = B+ m-a with m > 0. There is at least one ng # 0 in
the first sum. It follows that the coefficient of 3 in s,(7) is
> 0. So all coefficients are > 0. Thus s,(7) € RT. O

v
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If p:= % Y acr+ O, then

sg(p)=p—p forany [ ell (11)

Exercise. ] \
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Theorem 8 (Main Theorem)
Let 1 be a base of R.
Q If hy € V is regular, there exists w € W such that

(w(ho), ) >0 forall o€l

@ /fIV C R is another base, there is a w € W such that
w() =T
© I/fa € R is any root, there is w € W such that

wa € T1. (12)

Q@ W is generated by s,, a € 1.
@ /fw(lM) =1, thenw = 1.
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Proof of Main Theorem

Proof.

Let W’ be the subgroup geneated by s,, a € 1. We prove
(1)-(3) for W’ and then (4).

(1) Let p = > g+ @ where R™ is defined by M. Let

w € W’ be such that

(w(ho), p) is maximal. (13)
Let a € 1. Look at
(saw(ho), p) = (w(ho), p — a) < (w(ho),p).  (14)

Thus (w(ho), ) > 0 as claimed; in fact > 0 because

(w(ho), ) # 0 for any a.
(2) Exercise.
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Proof of Main Theorem, continued

Proof.

(3) Because of (2), it is enough to see that for any a € R
there is at least one base it belongs to. Look at V\H,. Since
R is reduced, all other Hg, B # +a are distinct from H,,.
Choose hg so that

(ho,a) =e >0 |(hy,B)| >¢ B # *a. (15)

Then « € M(hp).
(4) Let a € R. Then there is w € W’ such that
w(a) = a; € M. We get

-1
Sa = Sw(an) = WO 54, O W (16)
so s, is a product of simple root reflections.

(W:5510552"') O
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Proof of Main Theorem, continued

(5) Suppose w(IM) = I1. Write a minimal expression

W =500 S5, Si = Sa,; a; €Tl (17)
not necessarily distinct. Then write

w; =8 ---s;, (in particular  wy = w). (18)

W(Oék) = Wk_1 - Sk(Oék) = kal(—Oék) = —Wk,l(Ozk). (19)

By the assumption, w(I1) =1, so w(ay) > 0, and therefore
Wi_1 maps «ay to a negative root. In such a case we can show
that there is t < / such that

Wk—1 = 51" 5t—1 St4+1 " " Sk—1 (20)
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Proof of Main Theorem, continued

continued.
Let t be the smallest so that

Y = Sty1° " Sk_l(Oék) > 0. (17)
Then since s;(7) is negative, v = a;. So
St = (St41 - Sk—1)Sk(Sk—1+ " Se41)- (18)

Plug this into the reduced expression for w to find a strictly
shorter expression of w in terms of simple reflections. O
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Irreducible systems

We assume that the root system R is irreducible. This means
that we cannot decompose R = R; U R, disjoint union so that
each R; is a root system.

Recall that o < § means that either § = « or § — « is a sum
of positive roots.

This implies that if a; € Ry and a, € Ry, then oy + a» cannot
be a root. Furthermore, V = V; & V, where V; are the spans
of the roots in R;.

A root is called maximal, if for any other root o, f — «x is a
sum of positive roots (or is not a root).

If R is irreducible, there is a unique maximal root 3.
Furthermore, 8 =3__ . myy with all m, > 0.
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Proof of Lemma 9

Proof.
Let 5 be a maximal root. Then = Z My, my, >0 .

acll
Observe that (v, 3) > 0 for all v € 1. Otherwise (7, 5) < 0

implies v + (3 is a root, which is strictly bigger. Define
My :={aeN|m, >0} My:={ael|m, =0}
If 7 € My, then (v,8) = Y ma(v,2) <0. So (v,8) =0

acll
and therefore also (y,«) = 0 for all & € ;. Then

R™ = R URy, a contradiction. Thus all m, > 0 and
(B,a) >0 for all &« € I, and (B, ) > 0 for at least one

simple root.
If 5" is another maximal root, (3,3") > 0, so B — /3 is a root.
One of (3, ' cannot be maximal. O
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The W orbit of any root spans V.

Follows from previous facts about irreducibility of V. See part
2 in proposition 4 in the lecture from April 2-4. ]

R has at most 2 root lengths.

Proof.

Let a1, ap be two roots. We can conjugate one of the roots
by the Weyl group so that they have nonzero inner product.
The classification of root systems of rank 2 shows that the
ratio of the lengths of such roots is either 2 or 3. If for
example ||az||? = 2|Jaq|? and ||as||?> = 3||a1]|? then

las||* = 2||az||?, a contradiction. O

’
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The maximal root is long.

Proof.

Suppose [ is maximal and « is arbitrary. We want to show
l|la||? < ||B]|>. We can conjugate o by W so that it satisfies
(cr,7y) > 0 for all v € N. At least one («,y) > 0. Then
(8,a) >0, and  — o must be a root in RT, so a sum of

simple roots with nonnegative coefficients. Therefore
(o, B —a) >0, and

(8,8) = (B—a,f—a)+2(a,f—a)+(a, @) = (a, @). (19)
O

v
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Classification of irreducible root systems

The irreducible (or simple) root systems are characterized by
their corresponding Cartan matrices.
Definition 13 (Cartan Matrix)

An n x n matrix with integer entries A = [a;] is called a
generalized Cartan matrix if

Q a; =2,
Q@ a; <0 fori#j,
© a; =0if and only if a;; = 0.
It is called a Cartan matrix if in addition detA # 0.

If R is an irreducible root system, then the matrix
A = [(&;, a)] is a Cartan matrix.
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Proposition 2
Two root systems with the same Cartan matrix are isomorphic.

A Cartan matrix gives rise to a Coxeter-Dynkin Graph. This
has one vertex for each simple root oy - - - ap. Two of them are
joined if (o, aj) < 0 as many times as the ratio of lengths.
The arrow points to shorter root.

The classification of the Dynkin diagrams is described in
Humphreys chapter Il

Dan Barbasch Semisimple Lie Algebras Math 649, 2013 Root Systems



