1. INTRODUCTION

The goal of this course is to give an introduction to perverse sheaves, to
prove the decomposition theorem and then to highlight several applications
of perverse sheaves in current mathematics.

The story of perverse sheaves starts with, in some sense, the work of
Goresky- MacPherson [GM80] and their construction of intersection homol-
ogy. This is a homology theory for singular spaces that also has Poincaré
duality. Goresky-MacPherson [GM83] also show that there is a complex of
sheaves called the intersection cohomology or IC sheaf such that when one
takes the hypercohomology, one obtains the intersection homology of the
the space.

The work of Belinson-Bernstein-Deligne-Gabber [BBD] gives a more in-
trinsic construction of the IC sheaves and gives rise to a more general class
which they call perverse sheaves.

2. STRATIFICATIONS

Definition 2.1. A stratification of a topological space X is a choice of P,
a partially ordered set with |P| < oo, and of subspaces X;, called stratum,
for each ¢ € P satisfying the following list of axioms:

(1) Each Xj; is a topological manifold.

(2) X;nX; =0ifi+#j.

(3) X; is locally closed.

(4) UiepX; = X. -

(5) If X; N X; # 0 then X; C X;. This relation is equivalent to i < j.

Example 2.2. The locus of xy = 0 in C? has a stratification consisting of
the origin as one stratum and the remainder of the variety as the other. A
second stratification consists of the punctured z-axis, the punctured y-axis
and the origin.

Note 2.3. It is common to assemble all strata of a fixed dimension together
into one space. In this case the poset P becomes linear and the strata are
typically indexed by their dimension. For a connected space, the closure of
the top dimensional stratum is thus dense in space and is typically referred
to as the open or dense stratum.

Note 2.4. The closure of a stratum may still be smooth. moreover taking
iterated singular part does give a stratification, but as we will see below, it
has some problems.

2.1. Whitney conditions. The following two conditions on a pair X,Y
of locally closed submanifolds of R™ of dimensions 7 and j were defined by
Whitney:
e X and Y satisfy condition A if for any sequence x1,x2, -+ € X,
converging to y € Y with tangent i-planes covering to an ¢-plane T',

then T contains the tangent plane to ¢ in Y.
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e X and Y satisfy condition B if for any sequence of points x1, xo, - €
X and y1,y2, - € Y converging to y € Y such that the secant lines
between z; and y; converge to a line L then L is in T as described
above.

A stratification whose strata satisfy the Whitney conditions is called a
Whitney stratification.

Example 2.5. Consider the surface y? — 2% — 2222 = 0:

A natural stratification might be to take the z-axis (bold in the above
diagram) as one strata and then have the remaining smooth part as the
other strata. This violates Whitney B. A Whitney stratification would
have to have the origin as a third strata.

Note 2.6. Every complex variety has a Whitney stratification with all even
dimensional strata.

2.2. Locally Trivial Stratifications.

Definition 2.7. A stratification is called locally trivial if for each z € X,
there is a neighbourhood U of x in X, an open ball B around z in X; and a
stratified space L such that there exists a homeomorphism ¢ : B x CL — U
preserving the stratification. Here C'L is the open cone over L.

Thom [Thom69] and more recently Mather [Mather70] show that any
Whitney stratification is also locally trivial stratification.

Note 2.8. Depending on the author the definition of stratified space often
contains one of the previous two conditions as well.

Theorem 2.9 ([Goresky78]). Any locally trivial stratified space X is trian-
gulable.

3. INTERSECTION HOMOLOGY

3.1. Borel-Moore homology. The Borel-Moore homology of a space X,
denoted HBM (X)) is to normal homology what standard cohomology is to
cohomology with compact supports.
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There are several equivalent definitions of HZM(X), for now the most
convenient is in terms of singular simplicies. Let CPM(X) be the be the
chain complex of infinite singular chains which are locally finite. By locally
finite we mean that for any compact set D C X and n € CPM(X), only
finitely many simplicies in n meet D. The singular boundary map is still
well defined and HZM (X) is the homology of this complex.

The support of n € HPM(X) is simply the union of the supports of the
simplicies in 1 and will be denoted |7].

Lemma 3.1. |n] is closed for n € HPM(X).

Proof. This is due to the local finiteness condition. O

For this reason Borel-Moore homology is often referred to as homology
with closed supports and if we restrict to Borel-Moore chains with compact
support, we obtain the singular homology of the space which is sometimes
referred to as homology with compact supports

Note 3.2. For X a compact space, HZM (X) = H,(X).

Theorem 3.3 (Poincaré Duality). If X is an oriented n-manifold, the in-
tersection pairing

HPM(X) x H,_(X) = Ho(X) = C
s a perfect pairing.

Example 3.4. For X and Y, the loci of 22 + 3% = 1 and 22 + v = 22, we
compute the Borel-Moore and standard homology:

| HPM(X) | Hi(X) i | HPM(Y) | Hi(Y)
0] 0 C 0] 0 C
1| c C 1| 0
2| C© 0 2| caC | 0

For the singular variety we see that Poincaré duality fails. In particular
it fails since any 1-chain representing the generator of HPM(Y') cannot be
made transverse to the singular point. Goresky-MacPherson proposed fixing
this by discarding all chains whose support intersects the singular locus in
the incorrect dimension.

In the above example, this discards every 1 or 0-chain whose support
intersects the origin. The homology of the resulting chain complex is the
intersection homology we we have

i | TH,(Y) | THE(Y)
0] 0 CaC
1| o0 0

2

CoC 0
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3.2. Perversities. In order to define the intersection homology of a space
X in general, we will need to take into account not only the singular set
of the space, but also the singular set of the singular set etc. We will pick
a stratification of X and then we will need to determine how chains will
be allowed to intersect the various strata. This will be determined by a
perversity, which will set the allowed defect in the intersection of a chain
with a stratum.

Definition 3.5. A perversity of dimension n is map p: {2,3,...,n} — Z>o
such that p(2) = 0 and p(k + 1) — p(k) € {0,1}.

There are 4 important perversities to consider
0=(0,0,0,...,0) O-perversity
m=(0,0,1,1,2,2,...) lower middle perversity
n=1(0,1,1,2,2,3,...) upper middle perversity
t=1(0,1,2,3,...,n —2) top perversity
moreover two perversities are complementary if p + ¢ = ¢.
Definition 3.6. An i-chain 7 is said to be p-allowable if for each £ > 2
(real) co-dimensional strata X, of X, we have
(1) dimg(|n] N X,) < ik + p(k)
(2) dimg(|0n] N Xa) <i— 1 k+ p(k)

Note that the expected dimension of intersection of X, and |n| is ex-
actly ¢ — k, so p(k) actually giving the defect from the ‘correct’ intersection
dimension.

Definition 3.7. Given a perversity p, let C’Z-B(X ) be the collection of p-
allowable Borel-Moore i-chains.

Lemma 3.8. The boundary map § is well defined, in particular, if n €
CH(X), then 5y e CF |(X)

K3
Proof. Since 7 is p-allowable, for any strata X, of codimension k we have
dimg (|on| N X,) <i—1—k+ p(k).

moreover 60n = 0, so we see that the ¢+ — 1 Borel-Moore chain dn is p-
allowable. 0
Definition 3.9. Given a stratified space X and a perversity p, the inter-
section homology I2H;(X) is the i-th homology of the complex Cx.

Note 3.10. If X has no strata of co-dimension i, then for a perversity p(i)
doesn’t matter. Hence for a complex variety with only even dimensional
strata, the two middle perversities give the same intersection homology. This

is what is typically referred to as the intersection homology of a complex
variety.
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Theorem 3.11 ([GMS80]). The spaces I[PHq4(X ) do not depend on the strat-
ification of X.

Example 3.12. Consider the suspension X of the standard 2 torus. Its ho-
mology is Hyo(X) =C, Hi(X) =0, Hy(X) =C @ C and H3(X) = C. Since
this is a compact space, HZM(X) is the same. The singular locus ¥ consists
of two points, the top and bottom of the suspension. X — X is smooth, so
X is has a Whitney stratification consisting of ¥ and X — ¥. Since X has
dimension 3, there are two perversities, p = (0,0) and ¢ = (0, 1).

We can imagine the suspension as the following figure where the front is
glued to the back and the left to the right:

The singular set consists of the top and bottom point in the diagram.

In the case of p, we allow only i-chains 7 such that dim(|n|NX) <i—3
and dim(|on|NX) <i—4. Now, we discard any 0-chain intersecting 3, and
for any two points there is a simplex in X — ¥ connecting the two. Thus
I’PHy(X) = C. Similarly, I2H3(X) = C, since the generator of Hz(X) is
allowable. We have IZH;(X) = C & C: the bold red and blue 1-chains are
generators. Although each are the boundary of a 2-chain in X (for instance
the red hatched portion has boundary the bold red 1-chain) any two chain
which has either the red or blue 1-cycle as boundary must intersect ¥ and
thus not allowable. Finally I2ZH5(X) = 0. The allowable 2-chains with

no boundary are exactly those that do not intersect ¥, but these are all
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contractible. moreover, the 3-chain that has such a 2-chain as its boundary
is allowable, so they are zero in the intersection homology.
If we compute I2H,(X) in a similar fashion we get:

i | IPH(X) | T2H;(X)

0 C C
1| CaC 0
2 0 CoC
3 C C

3.3. The intersection pairing. Our goal now is to show that if we have
three perversities p, ¢ and r such that p + ¢ = r, and an n-dimensional
stratified space X, then there is a well defined intersection pairing

IBHZ'(X) X IgHj(X) — Iﬁﬂz‘_:,_j_n(X).
Definition 3.13. If p, ¢, r are perversities for a Whitney stratified space X
such that p+¢ = r and if C € C’iB(X) and D € C’?(X) then C and D are

said to be dimensionally transverse if dim(|C| N |D|) < i+ j —n (i.e. their
supports are transverse) and

dim(|C|N|D|INXy) <i+j—n—k+r(k).

Note that the second condition is the first of the two conditions which would
make the intersection allowable.

Lemma 3.14. [GMS80] For any two cycles n € IPH;(X) and v € I1H;(X),
there is a pair of representative chains that are dimensionally transverse.

Thus we can define the intersection of two cycles as the sum of the sim-
plicies which appear in the intersection of the two transverse chains along
with coefficients calculated using the standard formula.

moreover we have

Theorem 3.15 (Generalized Poincaré Duality). [GM80] If p +q =t and
1+ j = n, then the intersection pairing

IPH;(X) x I2H§(X) — I'"H§(X) — C

is non degenerate. IPH¢(X) is taken to be the compactly supported version
of intersection cohomology.

Note 3.16. So now each complex variety X has a middle intersection ho-
mology which we will denote by I He(X). moreover, the intersection pairing
becomes IH;(X) x THj(X) — C when i + j = n.

3.4. The IC Sheaf. At this point it is not obvious that I2H, is a topo-
logical invariant. In fact, to show this Goresky and MacPherson [GM83]
had to translate the definitions of intersection homology into the language
of complexes of sheaves.

Now, given any open U C X, we can restrict Borel-Moore chains from
X to U, i.e. we have a map C;(X) — C;(U). Similarly, an open subset U
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gains a stratification from one on X, so we can define I2C;(U) and have a
restriction map CZ-B(X ) — CZ»B(U). Indeed, one can define sheaves

DY'(U) = Cy(U)
and

PCEH(U) = CHU).

]

moreover the boundary map turns this into a complex.
From such a complex one can recover

Hi(X) = H'((DY))
Hf(X) = H™'(Te(DY))
I"Hy(X) = H™'(D(ZEC%))
IPHF(X) = H™'(Te(ZECY))
Note 3.17. This construct, of taking the homology of the global sections of
a complex of sheaves is known as hyper cohomology. IPC% is known as the

intersection cohomology sheaf of X (with perversity p). The sheaf D% is
the dualizing sheaf.

4. SHEAVES

In general we will be working with sheaves of vector spaces. By Presh(X)
denote the category of presheaves of vector spaces (over C) on X and by
Sh(X) denote the full subcategory of sheaves on X. The left adjoint of
the inclusion ¢ : Sh(X) < Presh(X) is the sheafification map ()" :
Presh(X) — Sh(X). In particular we have

HomSh(X)((g)Jrvf) = HomPresh(X)(ga‘F)'

Let f: X — Y be a continuous map of topological spaces. If F € Sh(X),
then f.F € Sh(Y) is the direct image or push forward sheaf on Y. It is
defined by

(fF)U) = F(F7HU)).

This map is functorial and left exact.
Example 4.1. Consider f: X — z, then f,.F =T'(F).

If one has G € Sh(Y'), then we also define f*G € Sh(X) the inverse image
or pullback of G to X. Recall that to do this, one first defines the presheaf

(f7'9)U) = _lim  G(V).

fao)cv
Then f*G = (f~'G)* and f* is a functor as well and is right exact.

Example 4.2. 1If f is the inclusion of a point = into X, then f*F = F;, the
stalk of F at «.
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Theorem 4.3. f : X — Y be a continuous map, F € Sh(X) and G €
Sh(Y), then

Homgyx)(f*G,F) = Homgpy)(G, f+F).
Proof. First, we note that
Homgyx)(f*G, F) = Hompyesn(x)(f~'G, F).
Suppose that we start with a map h : HomSh(y)(Q,f*}'), then for each
W CY, we have
hw = GW) = F(f~H(W)).
For each U C X, we want to construct a map

hy: lim G(V)— F(U).
fo)cv

Now for each W such that f(U) C W, the direct limit gives us a map

ow :G(W) — lim G(V).
focv
moreover, since f(U) C W, we have U C f~1(W) and thus we have a
natural restriction ¢y : F(f~1(W)) — F(U). The universal property of

direct limits then gives a map h as desired, making the following diagram
commute:

hw

gw)

l¢w

h
lim G(V) —2
—
fao)cv

We leave the other direction to the reader. O

F(f1 W)

~

dw
F(U)

It will also be important to have the existence of the internal Hom, a
sheaf Hom(F,G) € Sh(X), for sheaves F € Sh(X). Its set of sections over
an open set U C X is Homgpn (Flu, Glu)-

moreover, the tensor product of two sheaves is the sheafification of the
tensor product of their sections. Then we have the following adjointness
results:

Theorem 4.4.
fsHom(f*G, F) = Hom(G,F)
Homgh(x)(]:® g,%) = HomSh(X)(]:,?-lom(g,]:))

and

Hom(F @ G, H) = Hom(F, Hom(G, F)).
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4.1. Locally constant and constructible sheaves. Recall that a con-
stant sheaf Vx € Sh(X) is the sheafification of the presheaf which takes the
same vector space V as its sections over all open sets in X. Its sections over
U are simply the locally constant functions f: U — V.

Definition 4.5. F € Sh(X) is a locally constant sheaf if for each x € X,
there exists a neighbourhood U such that F|y is constant. If the stalks of
F are also finite dimensional, then we call F a local system.

Example 4.6. Any constant sheaf is thus locally constant. If we consider the
punctured plane X = C* and the map f(z) = 22, the direct image of the
constant sheaf Cx on X: f,Cx = Cx & @ where @ is a locally constant
sheaf. In particular, the set sections of ) on any annulus containing the
origin is 0.

Theorem 4.7. For a path-connected, locally path connected space, locally
simply connected X, there is a bijection between

local systems on X - finite-dimensional representations of
up to isomorphism m1 (X, xo) up to isomorphism '

Proof. Given a locally constant sheaf F on X, we want to construct a rep-
resentation of m1(X,xp). The main idea is to use the fact that if U C X
such that F|y is constant, then the stalks F, for x € U are all naturally
isomorphic. Then, given a curve representing an element in (X x¢), we
cover the curve in neighbourhoods where F is the constant sheaf and use
compactness to pick finitely many such sets. Chaining the isomorphisms
of stalks we obtain an automorphism of F,,. All one has to do it prove
that this is well defined and moreover that it is an group morphism from
st (X, xo) to GL(./T";,;O).

The space X has a universal cover p : X — X. Given a representation
7 :m(X,20) = GL(V) for some vector space V, for U C X, set

G(U) = {locally constant, 71 (X, o) — equivariant maps¢ : p~(U) — V}.

Then G is a sheaf on X, moreover G,, = V and one can check that the
monodromy action on the stalk is given by 7. O

In fact the above bijection can be strengthened to a equivalence of cat-
egories: a morphism between two locally constant sheaves will induce a
morphism on stalks at xy equivariant with respect to the 7 (X, zy) actions.

Definition 4.8. A sheaf F on a stratified space X is said to be constructible
if F|x, is locally constant on each stratum X,.

Ezample 4.9. (1) The sheaves D% and TEC' defined in section 3.4 are
constructible.

(2) Suppose that an algebraic group G acts on an variety X with finitely
many orbits. Then X stratified by the orbits and this stratification
is Whitney: those points in a strata which violate condition B form
a subvariety of dimension strictly less than the strata they lie in
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[K05], but this condition is G-invariant. In this situation being con-
structible is the same as being G-equivariant.

4.2. Direct image with proper support.

Definition 4.10. Given F € Sh(X) and U C X open, given x € U, there
is map F(U) — F,. For s € F(U), we denote s, is image in F,, otherwise
known as the germ of the section over x. The support supp(s) of a section
se F(U) is

supp(s) = {z € Uls, # 0}.

Ezample 4.11. (1) Consider the sheaf Ox of functions on X. Then if
f € Ox(U), the support of f as a section is the support of f as a
function on U.

(2) Consider a global section in the sheaf of Borel-Moore i-chains C5M (X))
on X. The support as a section is the support as an ¢-chain.

Definition 4.12. Given f : X — Y a continuous map, there is a map
fi: Sh(X) — Sh(Y) called the direct image with proper support. For F €
Sh(X), fiF is a subsheaf of f.F:

(.f"F)(U) = {8 € ]:(f_l(U))‘f‘supp(s) : supp(s) — U is proper}.
Lemma 4.13. fi\F is a sheaf and f is a left exact functor.

Note 4.14. Given an exact sequence 0 - A — B — C — 0 in an abelian
category, a functor F' from that category is said to be exact if its image
is an exact sequence in the image category. This will force the functor to
preserver exact sequences of any size. If only 0 — F(A) — F(B) — F(C) is
exact (i.e. exactness fails at the third term if we include F(C) — 0), then
F is left exact. Similarly if F(A) — F(B) — F(C) — 0 is exact then F is
right exact.

A right adjoint functor is always left exact and a left adjoint functor is
always right exact.

In general we will want to find a right adjoint functor to f; which we
would call f'. Unfortunately this does not exist in general. If it did then f;
would be exact. In the case of f: X — {z} with X compact, fi = f. and
this would say that the global sections functor on a compact space is also
exact. But if this where to be true then X would have trivial homology and
cohomology since (as we will see) the homology of a space is governed by
the failure of I' to be exact.

Example 4.15. (1) If f is a proper map, then f, = fi, since the restric-
tion of f will still be proper.

(2) Consider f : X — {z}, then we define I'.(F) = fiF and call these
the global sections of F with compact support. Consider the sheaf
CPM(X) of Borel-Moore i-chains. We know that T'(CPM (X)) =
CBM(X) and claim that I'.(CPM (X)) = C;(X), the compactly sup-
ported chains.
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5. DERIVED FUNCTORS

Definition 5.1. Given an abelian category A, an object Q) is called injective
if for any f : A — @ and monomorphism h : A — B, there exists a
g: B — Q with gh = f.

An object P is called projective if for any f : P — B and any epimorphism
h: A — B, there exist a g : P — A with hg = f.

Lemma 5.2. An object Q is injective iff hom(e, Q) is exact. An object P
is projective iff hom(P,e) is ezact.

Ezxample 5.3. In the category of modules over a ring, a projective module is
a free module.

Definition 5.4. An abelian category is said to have enough injectives if
for any object A there exists an injective object I and a monomorphism
f A — I. Similarly, it is said to have enough projectives if for any object
A there exists a projective object P and an epimorphism f : P — A.

If a category A has enough injectives, for any object A we can construct
its injective resolution:

0A=-1" 5T — ...

where each morphism is a monomorphism and each object I’ is injective.
Note that this sequence is exact. Something similar can be done for cate-
gories with enough projectives.

Definition 5.5. Given a left exact functor F': C — D where C has enough
injectives, its i-th right derived functor R'F : C — D applied to A € C
is the i-th cohomology of the complex 0 — F(I°) — F(I') — --- where
0—A—I°— I' — ... is an injective resolution of A.

Similarly for a right exact functor, we can compute its left derived functor
via a projective resolution.

Ezample 5.6. (1) The functor Tor(e, B) is the left derived functor of e®
B. Similarly Ext(A,e) is the right derived functor of the hom(A,e)
functor. In particular, to obtain Tor one takes a free resolution of
B and tensors with e and then takes homology.

(2) The category Sh(X) has enough injectives. Since I is left exact, it
has a right derived functor R'I'. RT'(F) which can be seen to be the
Cech cohomology H*(X,F) when X is Hausdorff and paracompact.

6. CATEGORIES OF COMPLEXES AND DERIVED CATEGORIES

Our goal is to produce a better language to talk about derived functors
by thinking about categories of complexes of objects and inverting any mor-
phism between two complexes which induce an isomorphism on cohomology.

Let A be an abelian category. Then C(A) is the category of complexes
in A:



12

e Its objects are (bi-infinite) complexes - -+ — A7l AO — Al —> e
where A® € A and the maps are typically denoted d': A" — At
e Its morphisms, f : A®* — B® are families f* : A®* — B’ such that
Frras = d g
Note 6.1. We often consider a collection of associated categories, CT(A) of

complexes bounded below (i.e. they are 0 eventually on the left), C~(A)
of complexes bounded above and C?(A) of bounded complexes. In general
results about C'(A) will be true for each of these other categories as well.

For any complex A® € C(A), we can compute its cohomology: Let I be
the image object of d"~! and K the kernel of d’, then the map I — A’ factors
through K — A?, so we have a map I — K then H?(A®) is the cokernel of
this map.

In the category C(Sh(X)) this is just the cohomology sheaf of the com-
plex, the quotient of the kernel sheaf by the image sheaf. Recall here that
the naive image of the sheaf is just a presheaf and thus the image sheaf is
its sheafification.

On the category of complexes we have two natural operations, the first is
the shift functor: for a complex A® € C(A), we define (A[n]) = A™™ and
the differential di‘[n]. = (—-1)"d'}.

For a morphism f € Homg(4)(A®, B*), we define a new complex, cone(f) €
C(A) by (cone(f))! = A" @ B? with differential

i+1
df:one(f) = < _Cffi 9 ) :
[ de

This is called the mapping cone of f.
Definition 6.2. A complex A°® is said to be acyclic if H'(A®) = 0 for all i.
Lemma 6.3. There exists a short exact sequence
0 — B* — cone(f) — A®[1] — 0.
Moreover this gives a long exact sequence in homology:
oo — H" Y(cone(f)) — H"(A®*) — H"(B®) — H"(cone(f)) — --- .
In particular cone(f) is acyclic iff f induces an isomorphism on homology.

Definition 6.4. A morphism f : A® — B® is a quasi-isomorphism if H*(f)
is an isomorphism.

Definition 6.5. A homotopy between two maps f,g € Homg(4)(A*, B®)
is a collection of maps h' : A* — B*~! such that

dig'h' + Wy = f—g.

If such an h exists then f and g are said to be homotopic, f g.
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Definition 6.6. The homotopy category over A, denoted K(A) has the
same objects as C(.A) but we set

Homp4)(A®%, B®) = Homg(a)(A®, B*)/{f : A* — B*|f ~ 0}.

The overall picture here is that we only care about the cohomology of
complexes and when f and g are homotopic, they induce the same map on
cohomology. Thus taking the i-th cohomology of a complex descends to a
functor H' : K(A) — A.

Unfortunately by performing this operation, the resulting category is no
longer abelian and is only additive. This means, in particular that one can
no longer speak of short exact sequences in the category. We can how ever
discuss a structure on the K(A) is as close as we can get to an abelian
structure: the structure of a triangulated category.

It should be noted that the category A is a full subcategory of K(A), via
the complexes concentrated in degree zero.

6.1. Triangulated Categories. The definition of a triangulated category
is due essentially to Verdier in PhD thesis under Grothendieck.

A triangulated category is an additive category A with two extra struc-
tures. The first is an autoequivalence ¥ : A — A called suspension. This is
often known as the translation functor, in which case the usual notation is
¥"A = A[n]. The second is a class of triangles,

X =Y -7 X][1],

with the usual condition that the composition of any two adjacent arrows is
0, called distinguished triangles.
The collection of distinguished triangles must satisfy the following four
axioms:
TR 1 The triangle
X4 x50 X[
is distinguished. Moreover, for each f : X — Y, we have distin-
guished triangle

xLy -z xn.
Z is then known as a mapping cone for f. The class is closed under
isomorphism.
TR 2 The rotation of a distinguished triangle is distinguished. That is,
given
X5y 5725 X[,
the triangles

Y 5z 2 xn) =y
and
Z-1) 2 x wy v g

are distinguished.
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TR 3 Given maps f and g which make the square on the left commute,
the morphism h exists (not necessarily uniquely):

X Y Z X[1]
[ / Jg h [ £
X’ v 7z X'[1]

It should be noted that this axiom will also follow from the next
axiom.
TR 4 This is known as the octahedral axiom. Starting with 3 distinguished
triangles,
X5Y =27 = X[
Y5 Z X - Y[
X zZ5Y - X[1],
we have a fourth distinguished triangle
Z'=Y' = X' — Z'[1]

such that everything in the following diagram commutes:

The idea behind the axioms is that is that although given a map f :
X — Y in the category, we do not have a kernel an cokernel, we will have a
homotopy kernel and homotopy cokernel. Since a distinguished triangle

xLy sz xq

exists, we consider Z[—1] — X to be homotopy kernel and Y — Z to be the
homotopy cokernel.
With this thinking, the first three axioms can be thought of as saying
that:
e The identity map has zero homotopy kernel and cokernel.
e Every map has a homotopy kernel and cokernel.
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e Any map is the homotopy kernel of its homotopy cokernel and every
map is the homotopy cokernel of its kernel.
e Homotopy kernels and cokernels are ’functorial’

Lemma 6.7. If f: A — B is an isomorphism, then
Ao All]
is distinguished.

Proof. All the vertical arrows in the following diagram are isomorphisms
and all squares commute:

a4y 0 Al
o bl
a5 0 A1)

Thus the two triangles are isomorphic and since the first is distinguished so
is the second. O

Lemma 6.8. Given a morphism f : X — Y, for any two distinguished

triangles X Ly 5z 5 X[1] and X EN/ N X[1], there is a (non-

unique) isomorphism between Z and Z'.

Proof. Given a distinguished triangle A % B % C' % A[1], and an object
U, the sequence of abelian groups

Hom(U,A) — Hom(U, B) — Hom(U, C)

is exact. Indeed, given f : U — B such that vo f = 0 (i.e. f is in the
kernel), then consider

U 0 UL doll) 1]
f l h f1
Bt o am M gy

Since h exists via axiom 3, we see that f = w o h and thus is in the image.
Then it follows that

-+ = Hom(U,A) - Hom(U,B) — Hom(U,C) — Hom(U, A[1]) — - --

is exact for any distinguished triangle.
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Applying this with U = Z’ to

X Y Z X[l] Y[l] —_—
|idX kidy h [ldx[l] lldy[l]
X Y A X[1] Y[ —

and using the 5-lemma shows that the induced map h : Hom(Z',Z) —
Hom(Z',Z') is an isomorphism of groups. Thus there exists a g : Z/ — Z
such hog = idgz,. What about goh? Well, the induced map h : Hom(Z,Z) —
Hom(Z,Z'") is also isomorphism and the image of go h is hogoh = h, but
the image of idz is also h, so go h = idy. (]

Definition 6.9. A functor F' : A — B where A, B are triangulated cate-
gories is called a triangulated functor if F'Y. is naturally isomorphic to X F
and sends distinguished triangles to distinguished triangles.

Ezample 6.10. The category K (A) is triangulated for any abelian category
A with distinguished triangles generated by X Iy & cone(f) — X[1].

Indeed, this now says that if f : X — Y then cone(f) = 0 in K(A).
Moreover, the sequence

o= HY(X®) — H(Y®) - H(Z*) - HTYX®) = ...
is exact.

Lemma 6.11. Given a distinguished triangle X®* — Y*® — Z* — Z°[1] in
K (A) the sequence

HY(X®) - H°(Y*) = H°(Z*)
18 exact.

Proof. Let f: X — Y be the morphism in the triangle and a be a represen-
tative in C(A) then we have an isomorphism of complexes:

x .y Z X[1]
[ idy [ idy [ idx[1]
x .y Ca X[1]

Applying H? leaves the vertical arrows as isomorphisms and makes the
bottom row exact. This forces the top row to be exact as well. O



17

6.2. The Derived Category. Our goal now is to define a category whose
objects are complexes and morphisms are morphisms of complexes but with
the added condition that all quasi-isomorphisms are invertible.

One way of doing this is through a universal property: Given a collection
S of morphisms in a category A, we could consider a category A[S™!], i.e.
A localized at S, equipped with a functor @ : A — A[S™!] such that Q(s)
for s € S is invertible. This should satisfy the following universal property:
F : A — B with F(s) invertible for all s € S, there should exist a unique
functor G : A[S~!] — B such that Go F = Q.

This category exists and is unique, but the definition of morphisms is no
simple. In the case that we have a category with a triangulated structure
and a set of morphisms compatible with this structure, then the definition
becomes much simpler. By compatible, we mean that the set .S is closed un-
der translation, and in third triangulated category axiom, if the morphisms
f,g€ S, then h € S.

Definition 6.12. The derived category of A, denoted D(A) has the same
objects as C(A) but its morphisms are given by equivalence classes of roofs.
That is, a morphism from an object A® to an object B® is a pair f : X°* — A®,
a quasi-isomorphism, and g : X* — B*® both morphisms in K (A):

SN,

Two roofs are equivalent if there is a third roof such that the following
diagram commutes:

SN\,
><]

First, we should check that quasi-isomorphisms are in fact compatible
with triangulated structure on K (A). First, it is clear that the shift of a
quasi-isomorphism is still a quasi-isomorphism. The only thing to check is
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what happens when we have:

X y* z* X°[1]
k f g h [ fI1]
X/o Y/o Z/o X/o [1]

Where f and g are quasi-isomorphisms. If we apply the cohomology
functor then the sequence on top and bottom become exact and the maps
H*(f) and H*(g) are isomorphisms, so by the 5-lemma, the map H*(h) is
also an isomorphism.

The next issue is that it is not obvious how one composes roofs. Indeed,

take
Zo Z/o
g 1
f h
U Ve we

With f and h quasi-isomorphisms. How does one use this data to define a
roof from U*® to W*? If it is always possible to find k, a quasi-isomorphism
and [ that make a commuting square the pair g and h:

Z//o

Then the roof given by f ok and i ol would work.
Consider a distinguished triangle

72 L ve L Mt — z°[]
for g. Then consider

Z'* M Ne s 271 — 2]
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a distinguished triangle for ¢ o h. Then we have

Z/. Lo h M. Z//. ﬂ Z/.[l:l
h [idM k(1] [h[l]
L —g[1]
1% M* Z°[1] —— V1]

In particular the last square commutes and the map k[l] is a quasi-
isomorphism. If we shift it back by 1 and move the —1 unto the map
[[1], then we see that k and [ are as needed.

There is a natural functor @ : K(A) — D(A), which is the identity on
objects and takes a morphism f: X® — Y* to a roof (idx, f).

Next, for a quasi-isomorphism ¢ : X — Y, it is now invertible, since we
can compose the roof (idx, q) and (g,idx) to obtain the roof (idx,idx) and
similarly we can compose them in the opposite direction to obtain (g, q)
which one can check is equivalent to the identity.

Theorem 6.13. Let Q be the set of quasi-isomorphisms in K(A), then the
functor F : K(A)[Q™'] — D(A) is an isomorphism of categories. Moreover,

the induced functor F : C(A)[Q™ '] — D(A) is also an isomorphism of
categories.

One non-obvious corollary is that in the category C'(A)[@!], homotopic
maps are equal!

An important question is ask oneself is why we cannot simply use the
method of roofs to construct D(.A) directly from the category C'(A). The key
problem is that C'(\A) is not a triangulated category and therefore we cannot
expect to be able to pull back a pair (g, f) where ¢ is a quasi-isomorphism
to a pair (g,q") where ¢’ is a quasi-isomorphism.

Example 6.14. Consider an abelian category A with enough injectives. Then
suppose that we have M, N € A such that Ext'(M, N) # 0 for some i > 0.
Then take f € Exzt'(M,N), f # 0, it can be considered as a morphism
between M € C(A) considered as a complex in concentrated in degree 0
and Iy[i] the injective resolution of N. If s : N — I is the resolution, then
s is a quasi-isomorphism, then suppose that M’, g and t exist, making this
square commute with ¢ a quasi-isomorphism:

Mlgt,M

P
Nt L 1

Then, since ¢ is a quasi-isomorphism and H°(M) = M (considered as
a complex in degree 0), it follows that tV is nonzero, since it must induce
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an isomorphism to HY(M’'). Note that f* = 0 for all 4 # 0, thus f ot is
concentrated in degree 0 and fot # 0

On the other hand the map s[i] is concentrated in degree —i, so s[i] o g is
also concentrated in degree —i. But this means that s[i] o g # f ot and the
diagram cannot commute.

The category D(A) is still triangulated, with the same shift functor, but
the class of distinguished triangles is now somewhat larger: the image of any
distinguished triangle of K(A) under @ : K(A) — D(A) is considered to
be distinguished and thus any triangle isomorphic is distinguished as well.
Le. triangles in K (.A) that are quasi-isomorphic to distinguished triangle in
K (A) are now distinguished in D(A).

Lemma 6.15. The functor Q : K(A) — D(A) is triangulated.

7. DERIVED FUNCTORS

The main question we wish to answer now, is when a functor F : A — B
between abelian categories gives rise to a functor F' : D(A) — D(B). An
additive functor will always at least give F' : K(A) — K(B), since it must
preserve homotopies. Moreover, when F is exact and f : A* — B® is a quasi-
isomorphism, then since cone(f) is exact, so is F'(cone(f)) = cone(F(f)), so
F(f) is exact as well. Thus an exact functor preserves quasi-isomorphisms.
Moreover one can check that it must also preserve distinguished triangles.

In the case of left or right exact functor F': A — B, it turns out that we
can lift them to D*(A) — DT (B) or D~ (A) — D~ (B) respectively if A has
enough injectives or projectives.

We will concentrate on the case of left exact functors since they will be
of most use to us.

Lemma 7.1. Given a short exact sequence 0 - A — B — C — 0 in
an abelian category A that has enough injectives, there exists a short exact
sequence 0 — I* — J* — K*® — 0 of injective resolutions.

Proof. Let
O—>Ai>Bﬁ>C—>O,

and set I® and K*® to each be an injective resolution of A and C respectively.
Let u: A — I°and v : C — K9 be the corresponding monomorphisms.
Then set J* = I'® K. Not that we do not take J® = I*@ K*®. In particular,
we begin by defining the map w : B — I° @ K° by w = a @ vg where
a: B — I as given by the universal property of I° so that of = u. This
is a monomorphism, since its kernel is a subobject of ker vg = kerv = A via
f:A— B. Thus kerw = kerw o f = keru = 0.

Consider B = cokerw = (I° @ K°)/im(w), now the projection onto the
second fact of I° — K sends im(w) = (a @ (vo g))(B) to vo g(B) = v(C)
since g is surjective. Le. the projection map lifts to B and it image is
K°/v(C) = cokerv.
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Similarly if we now take the inverse of the kernel of this map under the
first projection we get I/u(A) = cokeru. Thus the we have a short exact
sequence of coker and the cokeru and cokerv are equipped with monomor-
phisms to I!' and K' and we begin the argument again from the top. O

Theorem 7.2. Any complex A* € Ct(A) has a resolution by injectives.

That is, there exists a complex I* € Ct(A) and a quasi-isomorphism t :
A — I°.

Proof. For convenience we will assume that A* = 0 for i < 0:

0 A0 Lyqr 4 42
Next using the above lemma, we generate a short exact sequence
0= R - S - T% -0
of injective resolutions for
0 — im(d"1) — ker(d") — H'(A) — 0.
Next we apply the lemma again to obtain a short exact sequence
0— S%% — I% — R*F1 0,

corresponding to . ) )
0 — ker(d') - A — im(d") — 0.

This gives rise to a bicomplex:

" 1 glqu’l 1 161[11’2 1,2
0 710 dy it dy 712 dy
dy” 0 glg,l 0 161[872 0,2
0 70,0 dy 701 dy 702 dy
Lo L1 L2
0 Al & Al d A2 d

The df,’h are simply the corresponding morphisms from the injective res-
olutions. The dﬁl’j are the compositions I/ — RHTL — ghitl y [+l Ip
particular the composition dﬁl’j o d;l’j
sequence SHTL — [Litl y REIF2Z

This complex has several special features, the main of which is that the
horizontal cohomology along a single vertical is an injective resolution of the
cohomology of the complex A°.

= 0 since it factors through the exact
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The total complex of I** has i-th object given by @j+k:i I’ and differ-
ential given by an appropriate sum of d{,’k and (—1)J dﬁl’k. Since all squares
commute and all horizontal or vertical compositions are 0, this gives dif-
ferential for the complex. Moreover as the objects are finite direct sums of
injectives, they are injective themselves.

Finally, the complex comes equipped with an injective map from A® via
t*. Using spectral theory, since the columns of I*® are exact everywhere
but the 0 row, the spectral sequence degenerates at the Fo page. Thus the
cohomology of the total complex is isomorphic to the cohomology of A® and
the monomorphism ¢* must induce such an isomorphism. O

We are now in a position to define the right derived functor RF : D1 (A) —
D™ (B) associated to a left exact functor F : A — B:

Definition 7.3. Given a complex A®* € DT (A), then A® is isomorphic to
any injective resolution I°®. Let RF(A®) = F(I°*).

Of course, for this to be well defined there is something to prove, that
F(I°®) is independent of the choice I°®. But one can check that for any other
injective resolution, one automatically gets a quasi-isomorphism between it
and the one we constructed. Left exact functors preserve quasi-isomorphisms
between injective complexes because they preserve exact injective complexes.

It should be noted that H:(RF(A®)) = R'F(A®).

7.1. Derived functors and Sheaves. If X is a space as before, by D(X)
we mean D(Sh(X)) and similarly by D°(X) = D’(Sh(X)). Given f :
X — Y, f continuous, we have 3 natural functors f. : Sh(X) — Sh(Y),
[ Sh(Y) — Sh(X) and fi : Sh(X) — Sh(Y). Recall that f* is exact
and f, and fi are left exact, so f* gives a functor f* : D*(Y) — DP(X)
and others gives right derived functors Rf. : D*(X) — D'(Y) and Rf :
DY(X) — D(Y).

Naturally, we will also have right derived global sections RI" and RI'. with
compact support.

Definition 7.4. Given A € D’(X), its hypercohomology is H! (X, A®) =

H'(RT'(A®)). Analogously, hypercohomology with compact supports is HZ(X, A®)

H(RT.(A®)).

Then if A € Sh(X), H' (X, A*) = H'(X, A) i.e. hypercohomology of a
sheaf concentrated in degree 0 is sheaf cohomology. In particular if X is
locally contractible, H'(X,C) = H'(X,Cx) = H'(X,C%).

Lemma 7.5. f: X — Y continuous,
H® (X, A®) 2 H*(Y, Rf.A®).

Proof. One checks that RI'(X, A®) = RI'(Y, Rf.A®). This is due to the fact
that f* is exact. The adjunction between f* and f. then shows that f.
preserves injectives. ([l
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If we take A®, B®* € D’(X), then A®* ® B* is the total complex of the
L
double complex AP ® B?. The functor A®* ® e has a left derived version,
obtained by taking a flat resolution of the input. Moreover one has
L L
A*® B*=B*® A°.
There is also a functor Hom®(B*,e) : C*(Sh(X)) — C*(Sh(X)). It has
(Hom(B*, A®))" = [ [ Hom(BP, A™*P).
P

The differential can be considered to be a collection of maps d ;i mn : Hom(Al, BF) —
Hom(A™, B™) given by

fi—)dlfgof . ifm=jandn=~k-+1,
djkmn = f»—)(—j)ijdifl ifm=j—1andn=k,
0 otherwise.

Similarly one can define a non-sheaf version, Hom?®(A®, e) which gives a
complex of C vector spaces. As usual, one can check that Hom® is just
the global sections of Hom?®. Both functors are left exact, so enjoy a right
derived version RHom® and RHom?®. For consistency sake, it should be
noted that the right derived version of Hom?®(e, A®) is naturally isomorphic
to RHom®.

Lemma 7.6.
RHom*(B*®, A®) = RI'(X, RHom®(B*, A®)).
Lemma 7.7.

H°(RHom®(B*, A®)) = Hompyx)(B®, A®)

Lemma 7.8.
L
RHom*(A®* @ B*,C®) = RHom®(A®*, RHom®(B*,C"*)).

L
The above three lemmas can be combined to tell us that the ® and RHom*®
are an adjoint pair of functors over Db(X). ‘
Moreover we can define the Ext'(B®, A®*) = H'(RHom®(B*, A*)). Then

Ext'(B*,A*) = H'(RHom®(B®, A®)) = H’(RHom®(B®, A°[i])) = Homps(x(B*, A*[j]).

The pair (f*, Rf.) is a pair of adjoint functors over the derived category.
Indeed we have

Lemma 7.9. If f : X — Y is continuous, A* € D*(X) and B* € D*(Y)
we have:

RHom®*(B*, Rf.A®) = Rf.RHom®(f*B*, A®).
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Our goal is to define a right adjoint f' to the functor Rfi. In general this
functor between derived categories will not be a derived functor of a functor
between the underlying categories of sheaves.

Definition 7.10. Given f : X — Y, continuous and A® € D?(X), begin by
defining presheaf

f'A%(U) = Hom®(fiK*®,I*)
where I* is an injective resolution of A® and K* is an injective resolution of
Cyr. f'A® is then the sheaf associated to f'A®.

Note 7.11. Often there is a more general class of resolutions (i.e. other
than injective) that one can use to compute derived functors. In particular
in the above definition, if X is locally contractible, K* can be replaced by
sheafification of the complex of presheaves C* where C*(U) is the set of
i-cochains on U. Let C% denote this sheafification. This complex is exact
everywhere but at 0-th degree. All we have to do is very the exactness of
the stalks at each x € X. Since X is locally contractible, there exists a
contractible neighbourhood = € U. C%|y = C[; and its hypercohomology
is cohomology of a point and thus the stalk (C% ), is exact everywhere but
degree 0 (where the homology is C). This resolution is also soft, so we do
not need to take an injective resolution before applying a derived functor.

Example 7.12. e Let us apply the definition in two cases. The first is
f:X — {pt} and A®* = C%, i.e. the complex of vector spaces with
C in degree 0. Now,

(f'(U))" = Hom!(£iC(;,C*)
= @jHomye(Te(Cl), CF)
= Homyt(I'c(C;"),C)
= (T(CTH(U)))*
= CBM(U).

Where Cf; is the sheaf of i-cochains on U and CPM (U) is the set of
Borel-Moore i-chains. This means that (f'Cx)’ is sheafification of
presheaf whose sections over U are the Borel-Moore —i-chains. Its
hypercohomolgy is HPM (X).

e What about f : {x} — X? The complex f'A® is often called the
costalk at x of the complex A®.

o If f: X — Y, where X is a closed subset of Y, then we can define
f': Sh(Y) — Sh(X) which is a right adjoint to f. Indeed, given
a sheaf F on Y we define a sheaf F¥ such that FX(U) = {s €
F(U)[supp(s) C X}. Then set f'F = f*FX. Moreover this functor
is left exact and preserves injectives. Thus it has a right derived
functor which must be right adjoint to Rf and thus be f' as defined
above.
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If we consider again the map f : {x} — X, we have f': Sh(X) —
Vect. Then given F on X and U C V open in X, there is a
natural inclusion I'.(F,U) — I'(F,V), extension by 0. Then the
f'F = lim¢— ['.(F,U). Moreover its right derived functor will be

fiDYY) — Db(X).
Definition 7.13. If f : X — {e} then f'C = Dy, this is also known as the
dualizing sheaf on X.

Once the dualizing sheaf was defined, Verdier defined the operation of du-
alizing a complex of sheaves. This was inspired by, and implements Poincaré
duality on the level of complexes.

Definition 7.14. Given a complex A® on X, the Verdier dual is
DA®* = RHom*®(A*,Dx).
This is quite powerful. In particular, the following results are true:

Lemma 7.15. There is a quasi-isomorphism A®* — DDA®, in particular

the dual of the dual of a complex is isomorphic to the original complex in
DY(X). Also D(A®*[n]) = (DA®)[—n].

Lemma 7.16. Dx is constructible with respect to any Whitney stratification
and Dx = f'Dy for any map f: X — Y. If X is smooth, oriented of real
dimension m, then Dx = Cx[m].

Lemma 7.17. If f: X — Y, continuous, then Rfi = DoRf.oD. Moreover
f'=Do f* oD which could be used a definition.

Example 7.18. e In the category D’({z}), since the dualizing sheaf is
just the vector space C concentrated in degree zero, the Verdier dual
of any complex of vector spaces is itself. Given f : {z} — X, since
f* is exact, we have f' = f*D. In particular, if X is smooth and
oriented, then

f'Ck = Df*DC% = D(f*Ck[n]) = D(C*[n]) = C*[-n],

where n = dimp X.
e Note if X is locally contractible we have

H!(X,C%) =H'(X,C)
HL(X,C%) =H(X,C)
H(X,Dx) =HBZM(X,C)
H.(X,Dx) =H_;(X,C))

Moreover if X is smooth and orientable and even dimensional, if we
set n = dimpg X/2, then DC% [n] = C%[n]. But if apply the above 4
cohomologies, we see that

H"(X,C) = HEM(X,C)
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and
Hg_i(Xa (C) = Hn+1(X7 (C)

8. PERVERSE SHEAVES

The category D®(X) comes equipped with a standard t-structure. This
consists of two full subcategories D’(X)<Y and D’(X)> 0 of complexes
which are exact at degree ¢ > 0 an ¢ < 0 respectively. Their intersection
DY(X)=0N Db(X)20 = Sh(X).

By Db(X)=" we mean D?(X)<0[—n] and by D*(X)Z" we mean D?(X)Z[—n].
The two inclusions =9 : D?(X)<0 — D!(X) and /2% : D*(X)20 — D’(X)
are equipped with a pair of functors 7<° and 72° right and left adjoints

respectively.
Lemma 8.1.

S0 ATt A Ay = AT S kerd) 0 t0--- .

200 A2 A A ) = 505 imd P = A% to- - -
These are the so called truncation functors. The triangle

7S040 5 A - 21 (T§0A°)[1]

<0720 extracts the 0-th cohomology of a

is distinguished. The functor 7
complex.

In [BBD] it is shown that any similar setup (called a t- structure) the
category D?(X)<9N Db(X)20 is Abelian and moreover, in some particularly

nice cases one has
DY(DY(X)=0 N Db(X)=Y%) = DP(X).

Our goal know is to define such a structure that depends on the strati-
fication of a space X and produces an abelian category which has the IC
sheaves as its simple objects.

8.1. Perverse Sheaves. Given a stratified space X, with strata X, for
a € I and a perversity p, we first restrict ourselves to Dg(X ), the full
subcategory of D’(X) whose objects A® are constructible.

For convenience we will also adjust the notation of perversity to be a
function p : I — Z that depends only on the dimension of X, and is thus
determined by a function p : N — Z such that: p(0) = 0 and if I < k, then
0 <p(l)—pk) < k-1 lLe. piszero on the zero dimensional strata and
decreases by 0 or 1 each time the dimension of a strata increases by 1.

Under this new definition of perversity, the lower middle is p(a) = [— dimgr(X4)/2]
and the upper middle is p(a) = [—dimg(X,)/2|. If we are considering a
stratification of a complex variety via even dimensional strata we will refer
to either of these as the middle perversity.



27

Definition 8.2. The perverse t-structure is given by

PDY(X)S0 = {A® € DY(X)|ik. A® € D(X,)=P for all o € T}
and

PDY(X)Z0 = {A® € DY(X)|iy. A® € Db(X,)ZP for all o € T}

where vx, — X is the inclusion of X,. The intersection of these two cate-
gories is the category of p-Perverse sheaves.

One may wonder why do we use ¢ in the definition. This is an artifact
of the fact that we want our category well behaved with respect to Verdier
duality. In fact, if we let ¢ = —p(n) — n (the dual perversity), then Verdier
duality is a functor

D :PDY(X)=0 9DV (X)20,

and
D :PDY(X)Z0 — 9pb(X)=0

In particular, it sends p-perverse sheaves to g-perverse sheaves. If X is a
complex variety with an even dimensional stratification, then the categories
of perverse sheaves for the two middle perversities are the same and what we
generally refer to as perverse sheaves. In particular the category of perverse
sheaves is closed under Verdier duality.

Example 8.3. (1) Consider C with one stratum C and the middle per-
versity. In this case, PD5(C)S0 = DYC)S~! and PDY(X)20 =
D5(C)2~!. In this case the category of perverse sheaves is simply
the category of constructible complexes concentrated in degree —1.
This category is equivalent to the category of constructible sheaves
and thus is a category with one simple object C%[1] which is also self
Verdier dual.

(2) Let Oc¢ be the sheaf of homolorphic functions on C. Consider the
complex

F:-~~—>0—>OC—D>OC—>O—>---.

Here the first instance of /¢ is in degree —1 and D = z% - a.
H=Y(F) = ker D, and so in any small neighbourhood U of a point
that is not 0, Df = 0 has solutions: H~'(F)(U) = C with basis a
branch of z%. So H™'(F)|cx is a locally constant sheaf of rank 1. If
a & 7, then there are no global solutions and moreover no on any
neighbourhood containing 0. Thus H~!(F)|o = 0 in this case. One
can also check that we have H°(F) = 0. If a € N, then there is
a global solution z®. Thus in this case we have H (F) = C¢ and
HO(F) = Cy the skyscraper at 0. Thus this complex is constructable
with respect the stratification C*, {0} and if one checks the costalk
at 0, is perverse sheaf with respect to this stratification.
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(3) More generally, consider a space X and X, any open stratum in
X. For a pure dimensional variety this will be the top dimensional
strata. Since tx, is the inclusion of an open set, it follows that
Uy, = L!Xa. Then if F' is a p-perverse sheaf consider F'|X, Since
*F € DY(X)=P(®) and *F € DY(X)ZP(@) it follows F|X, is simply
a local system on X, concentrated in degree p(a).

It is possible to rephrase the definition of perverse sheaves to depend less
on the stratification that one chooses for X. For this result, we think of the
perversity p as a function on N.

Lemma 8.4. P D%(X)=0 is the full subcategory of D%(X) where dimg (supp’ F) <
k for all j and k with j > p(k). PDY(X)Z0 is the full subcategory of D2(X)
where dimg(cosupp’F) < k for all j and k with j < p(k) + k. Here
supp’ F = {x € X|HI(i*F) # 0} and cosupp’ F = {x € X|HI(i\,F) # 0}
where iy : {z} — X.

Proof. Since F € PD%X)=0 it is a constructible complex and thus for all
r € X, the stalks H’(F), are isomorphic. Moreover H’(F), = HI(F,), so
supp’ F' = suppH/(F) and note that this is contained in a union of strata.
Moreover the dimension of these strata is bounded, since H’(F)|x, = 0 if
j > p(dimg(X,)). For the other direction, if dimg (suppH’(F)) < k for all
j and k with j > p(k), then it follows that for X, with j > p(dimg X,) we
have H/(F), = 0 for € X,, so H/(F)|x, = 0. The proof for the other
statement is similar. Note that j < p(k) + k is the same as j > ¢(k) where
p(k) + q(k) = k. 0

In the case of the middle perversity, X with even dimensional strata this
becomes even simpler:

Lemma 8.5. F € D%(X) is perverse if dimc suppH 7 (F) < j and dimc cosuppHJ <
j. The second condition is equivalent to dimc suppH 7 (DF) < j.

Remarkably we also have the following result:

Theorem 8.6. Let X be a complex variety and Xo a even dimensional
stratification. If F € Db%(X) is perverse, then H/(F) =0 for j < —dim¢c X
and 7 >0

Proof. The second statement is the easiest, since p(a) < 0, it follows that
for any stratum X, and any j > 0 > p(a) we have

HY(F)|Xo=H (% F)=0.

Since the restriction to any strata is 0 the whole sheaf is 0.

For the other direction, consider X with n = dim¢ X and its filtration by
strata, i.e. --- X272 € X=2" = X where X=J is the union of all strata
of dimension at most j. Let X7 be the union of all j dimensional strata.
Let us start by considering 7<~""1F. Since H/(r="""1F) = HI(F) for
j < —n — 1, we only need to show that H’(7<"""1F) = 0.
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As noted in the example above, F|y2» is a complex that is exact every-
where but at degree —n. Thus

HI(F)|x2n =0
for j < —n and
HI(r=7""1F) [ x20 = 0
for all j. This says that the cohomology of this sheaf is only supported
n X=?"2 Thus the complex (7" 'F)|y<2n-2 is quasi-isomorphic to
TS*”*%F. Let i < 2n be the largest such that X' # (), then X2 — X<
and X' is open in this set. Consider ¢ : X* — X<! then we have
HI(F)|xi = H (r=7"71F)|,

= Hj((TS*”*IF)IXQ)IX

= H/(H((7= 1F)\X<1))
= HI(N(r=7"71F)|x<))
= H](L 7S 1F)

In particular the second last isomorphism is due to the fact that X* is open
in X=% and the last isomorphism is due to the quasi-isomorphism before we

apply ¢ 4
The final fact we need is that H7(/7<"""1F) = HI(/'F) for j < —n,
since the latter term is always 0 since F' is perverse. We have a distinguished
triangle
TSR B F s 27 E o (7SR,
Since ¢ is a triangulated functor,
P S ALY ARG Py AN L!(TS_”_IF)[l]

is a distinguished triangle. Consider the corresponding long exact sequence:

c— HI(MrS7"UF) - HI(WF) —» HI(W 2 F) —
Recall that
M = 5 0—=imd " s P

which is exact in degree —n — 1. Since ¢' is a right derived functor of a left
exact functor, ¢'72""F is 0 in degrees < —n—1 and is exact in degree —n—1.
Hence H7 (/' 7-> "F) =0 for j < —n and thus H (/7= ""1F) = HI(\'F) for
7 < —n. O

9. DECOMPOSITION

Leray introduced the idea of studying sheaf cohomology of a space X
with coefficients in a sheaf F by taking a map f : X — Y continuous and
studying instead the sheaf cohomology of Y with coefficients in H®(Rf.F).
Deligne showed that in specific cases one might have the following result:
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HY(X, F) = @prq=i H*(Y, HI(Rf.F)).

Definition 9.1. Let X and Y be smooth varieties. Then a family of projec-
tive manifolds is a proper, homolorphic submersion f : X — Y that factors
through X — Y x PV with fibres smooth projective varieties.

Theorem 9.2 ([D68]). If f : X — Y is a family of projective manifolds,
then

Rf.Cx = @(H'Rf.Cx)[—i].
Corollary 9.3.
H'(X,C) = @p1 =i H(Y, H(R.C)).
Proof. We have
HY(X,C) =H'(X,Cx)
(Y,Rf.Cx)

(Y, &(HI Rf.Cx)[~4))
= @prq—HP(Y, HIR[,Cx).

Hi
Hi

]

The proof of the above theorem will depend on the hard Lefschetz theo-
rem. We begin by recalling the Lefschetz hyperplane theorem and then the
hard Lefschetz theorem.

Theorem 9.4 (Lefschetz hyperplane theorem). Let X C PN be a smooth
projective variety of (complex) dimension n andY = HNX the intersection
of a generic hyperplane H C PN. Then the inclusion v : Y — X induces an
isomorphism * : H*(X,C) — H*(Y,C) for k < n —1 and an inclusion for
k=n-—1.

If H is the hyperplane bundle of X, and ¢1(H) its first Chern class, then
the map 7 : H(X,C) — H"2(X,C)), given by cupping with c;(#) is the
Lefschetz map.

Theorem 9.5 (Hard Lefschetz theorem). Let X C PV be a smooth projec-
tive variety of (complex) dimension n, then

n': H"(X,C) - H""(X,C)
18 an isomorphism.

Now we can prove the previous result:
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Proof. Recall that for a sheaf 7 on X, TI'(F) = Homgx)(Cx,F). In
particular,

= H'(RHom(Cx,Cx))
= H°(RHom(Cx, Cx][i]))
In particular, the cup product becomes composition.

Suppose that X C Y x PV and n € H?(X,C) is the first Chern class
of the hyperplane bundle. Then n : Cx — Cx[2]. In particular this
induces a map n : H'(Rf.Cx) — H*2(Rf.Cx). We consider the map
n': H" " (Rf.Cx) — H"""(Rf.Cx), where n is the (complex) dimension of
the fibre of f. By hard Lefschetz this is an isomorphism. To see why, let
t:{y} — Y be the inclusion of a point. Then we consider the induced map
on stalks n; : H" *(t*Rf.Cx) — H""*(:*Rf.Cx). Consider the following
fibre square

f ) Lx

i
{y}
Now Rf = RI" and we have (*Rf, = RI'7* since f is a proper map. But
(Ly)* is just restriction. Thus
H'(*Rf.Cx) = H'(RI'i*Cx)) = H'(R[(Cj-1())) = H'(f 1, C).
Then one can check that n; is just the hard Lefschetz isomorphism.

We apply the lemma below to the case of a category A = Sh(Y), X =
Rf.Cx € A[n] and n the Lefschetz operator and the result follows. O

f

L Ly

Lemma 9.6. Let A be an abelian category, X*® € DY(A) and n : X* —

X*[2] such that ' : H™*(X*®) — H'(X?*) is an isomorphism for each i, then

X Zpa) OHY(X®)[—1].

[vdB]. Let d be an integer such that H7(X*®) = 0 for |j| > d. We induct

down on d. Consider

o H4X®) =2 50X *[—d]) —» X°[—d] — X°[d] — 72°X°[d] = H(X*).

One can then check that we get maps X — H~%(X)[d] @ HY(X)[—d]

and H=4(X)[d] ® HYX)[-d] — X whose composition is the identity on

H=4(X)[d|®H*(X)[~d]. This forces X to factor X = H~4(X)[d|oH(X)[~d]®

X" where H’(X') = 0 for |j| > d. O

It should be noted that when X and Y are also quasi-projective Deligne
shows that
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Theorem 9.7. [D71] H(Rf.Cx) are semisimple local systems on'Y .

9.1. Perverse Cohomology. We would like to be able to extend the above
idea to any proper map f : X — Y of complex algebraic varieties where X
is non singular. Since we do not have

Rf.Cx = ®H'(Rf.Cx)[1],

in this situation we need to replace the right hand side with something else.
In particular, associated to ? D2(X)<0 and P D%(X )= are perverse trunca-

tion functors. For their full definition see [KS] 10.2. It is sufficient to think
of them as

Pr=0: DY(X) — PDY(X)=0
and

P20 DY(X) — PDY(X)=0.
In particular, for a strata X, with dim¢c X, = n and ¢ : X, — X, the
functors should satisfy:

JPrSOpe — ps—n e pe
and
JPr2Ope — 2 pe
As usual, we define P7=¢ = [—i] 0 P75V o [{] and P72 = [—i] o P720 o [d].
Also we should have a distinguished triangle in D%(X) of the form
PrsOpe  po — ['Pr2ipe 5 (PrS0F%)[1]

Definition 9.8. The 0-th perverse cohomology, denoted PH : D%(X) —

Perv(X) is the composition P79 o P720,

It is a cohomological functor, that is given a distinguished triangle in
D% (X), applying P H® gives a long exact sequence in Perv(X). It is typical
to now define PH* = PHY o [i].

One can check that

Lemma 9.9. DoPr<k oD =P~k gnd DoPHF o D =PHF

Definition 9.10. We say that K® € D2(X) is p-split if K* = &P H!(K*)[—i]
Our goal now is prove the following theorem (and more!);

Theorem 9.11 ([BBD]). If f : X — Y is a proper map of algebraic varieties

where X is smooth, then Rf.Cx is p-split, PH'(Rf.C,) is semi-simple in

Perv(Y) and there exists ' : PH (R f.Cx[dimc X]) — PH*(Rf.Cx[dim¢ X])
an isomorphism in Perv(Y).

Note 9.12. Given a map f : A®* — B°®, two perverse sheaves, let C* =
cone(f). Then consider the long exact sequence associated to that triangle.
Since PHY(A®[i]) = 0 when i # 0, the associated long exact sequence of
perverse sheaves gives a short exact sequence:

0—PHYC*) - A* — B* = PH°(C*) — 0.
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Le. PH ! (cone(f)) is the kernel of f and PH(cone(f)) is the cokernel of f.

In particular we also see that any distinguished triangle A®* — B°®* —
C* — A°®[1] in D%(X) of perverse sheaves gives a short exact sequence of
perverse sheaves.

9.2. Hopf Fibration. Let us explore some examples of f: X — Y where
Rf.Cx = &(H'Rf.Cx)[~1]
fails to be true. We will actually check that
HI(X,C) 2 @prqei HY(Y, HU(RE.Cx)).

Let M = C%2—{(0,0)}, it is acted on by C* via dialations and by Z where
the generator of Z acts by multiplication by %

(1) M — M/C* = P!, this is the C* bundle of the complex line bundle

Op1(—1).
(2) The Hopf fibration S® — S? by restriction to the 3-sphere on the
left.

(3) The Hopf surface M/Z and there is a natural map to P! which is a
proper holomorphic submersion with elliptic curves as fibres.

If f: X — S? where f is taken as any of the three maps above, we have
H'(X,C) % @psq—iHP(S?, H(R.Cx)).
Why? We have
bi(X)= > dimH?(S? HY(Rf.Cx)).

pt+q=1

Moreover H9(Rf.Cx) are locally constant since S? is simply connected. So

bi(X)= ) dim HP(S? C)dim HY(Rf.Cx) > by(S?) dim H'(Rf.Cx) = dim H'(fibre).
ptg=1

But in case 1 and 2 we have b1(X) = 0 while b (fibre) = 1 and in case 3
we have by (X) = 1 while by (fibre) = 2

In case 1, the map is a complex algebraic map which is Zariski locally
trivial but not proper.

In case 2, the map is a real algebraic proper submersion.

In case 3, the map is a holomorphic proper submersion.

In the case of the Hopf fibration f : 3 — 52, what is Rf.Cgs? From
the truncation distinguished triangle, we have a short exact sequence of
complexes:

0 — H°(Rf.Cgs) — Rf.Cgs — H'(Rf.Cgs)[—1] — 0.

One can check that HO(Rf.Cgs) = H'(Rf«Cgs) = Cg2 via taking stalks
since S? is simply connected. Thus since Rf,Cgs doesn’t split, it is the
unique (up to isomorphism in D2(S?)) complex making 0 — Cg2 — e —
Cg2[—1] — 0 exact and non-split.
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9.3. Simple objects in Perv(X). Recall that in an abelian category,
a subobject of an object A in the category is an object B along with a
monomorphism B — A. Moreover an object is simple if it has no subob-
jects other than 0 and itself (and is not 0 itself). A semisimple object is the
direct sum of simple objects.

Note 9.13. As a warning, set theoretic intuitions of subobjects/quotients
can fail for Perv(X). Let X be the unit disc, stratified by the origin o and
its complement X *. Consider the two functions i : 0 < X <= X* : j. Then
NCxx is the sheaf on X that has sections C over any connected open set
not containing o and sections 0 over those connected open sets containing
o. 1,C, is skyscraper sheaf at o. In the category of complexes (or indeed
sheaves) we have a short exact sequence

0— j[CXx — (CX — i*(Co — 0.

This gives rise to a distinguished triangle in the derived category.
One particular rotation has all 3 complexes perverse:

o= 0,Cp = (iCxx)[1] = Cx[1] = - -+
So this gives rise to a short exact sequence of perverse sheaves after ap-
plying P H°. This implies that Cx[1] is (iCxx )[1]/i+C, but set theoretically
(iCxx)[1] is a subsheaf of Cx[1].

Lemma 9.14. The category Perv(X) is Noetherian. That is, any ascending
chain of subobjects of an object P* € Perv(X) stabilizes.

To see this one first argues that the category of constructable sheaves is
Noetherian. Then use the fact Perv(X) is abelian to show that eventually
in any ascending chain, the homology of the maps in the chain become
isomorphisms.

By applying Verdier duality, we then immediately get

Lemma 9.15. The category Perv(X) is Artinian.
Thus we have the following theorem

Theorem 9.16. Any object in Perv(X) admits a finite decreasing filtration
(composition series),

P*=Qi1CcQiC---CQr=0,
where QF /Q3F_, are simple perverse sheaves.

We will prove this once we have an idea of what the simple objects are.

9.4. Intermediate (middle) extension. For a stratified space X, let U be
an open stratum and Z be its complement. Let j : U — X and i : Z — X.

There are 8 maps of interest to us on the level of derived categories. The
following is a chart of their properties:
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g, ¥ right t-exact
=% =1 t-exact
Rj., it left t-exact

Recall that F : DY(X) — D5%(Y) is left exact if F(PD5(X)2%) c PDb(Y)20
and is right t-exact if F(PD%(X)=0) c PDY(Y)=0.

Let PF = PHY o F, then as functors on the category of perverse sheaves
we have

P4, Pg* right exact
=gt d =14 exact
P, 2 left exact

For any sheaf Q* € DY(X), there is a natural map « : H1Q® — Rj.Q".
In particular consider if Q® € Perv(X), then we apply PH to this map.
Since PH?(a) : P5Q® — Pj,Q® is a map of perverse sheaves it has an image,
which we will denote 5.Q). This functor is called the (Goresky-MacPherson)
intermediate (middle) extension functor.

In general, a complex F'* € DZC’(X ) is an extension of a complex Q°® €
Db(U) if F*|ly = Q°. In particular, adjunction always gives morphisms
nQ* — F — Rj.Q°* Thus in some sense 5Q°® is the smallest extension
of Q°* and Rj,Q*® is the largest. If we consider P5Q*®, one can show that
this is the unique extension F*® of Q® such that i*F* € PD%(Z)<=% and
i'F* € PDY(Z)Z0. Similarly, one has that P5,Q*® is the unique extension F*®
of Q® such that i*F* € PD%(Z)<" and i'F* € PD%(Z)>2.

Note 9.17. Since F* is a perverse sheaf, it satisfies the usual (co)support
conditions. L.e. that the i-th cohomology of F'*® is supported only on strata
of complex dimension less than or equal to —i and is cosupported only on
strata of complex dimension less than or equal to i.

The condition i*F* € PDY(Z)<~2 says that on the strata of Z, the sheaf
I satisfies some more restrictive support conditions, namely that i-th co-
homology of F'* is supported only on strata of Z of complex dimension less
than or equal to —i — 2. The condition i' F* € PD2(Z)20 is satisfied by any
perverse sheaf.

Lemma 9.18. j.Q°® is the unique extension of Q°® to X such that i*j,Q°® €
PDYZ)<7! and i j1.Q* € PDA(Z)=.

See [BBD] 1.4.24 for the proof of this fact and 1.4.22 for the previous one.
The following is result 1.4.25:

Theorem 9.19. 5,,Q° is the unique perverse extension of Q°® to X that has
no non-trivial subobjects or quotients supported on Z.

Proof. Suppose that F*® is an extension of Q* on X. Then i*F*® € PD%(Z)=0
and Pi*F* = 0 if and only if 7*F'* € PD%(Z)<~!. Similarly for i'F*.
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Now, ,Pi'F*® is the largest subject of F*® supported on Z and i,Pi*F* is
the largest quotient supported on Z.
In general we have two distinguished triangles,

JitF® = F* — i, i"F* — (jij" F*)[1]
and
i5i' F® — F® — " F® — (i F®)[1].
Applying PH? we get long exact sequences,
o PR 5 P = P >0 — -
and
e 50— i PIF = F* = P F —
O

Let U be any stratum, then we consider j : U — U and i : U — X where
ix : Perv(U) — Perv(X) is extension by 0, then j, : Perv(U) — Perv(X)
given by i, o j. It satisfies the same property, that there are no non-trivial
subobjects or quotients supported on X — U.

Note that for a single stratum U, the category Perv(U) is simply the
equivalent to category of local systems concentrated in degree — dimc U.

Also, it should be noted that although ji, preserves both monomorphisms

and epimorphisms, it is not in general an exact functor.

Theorem 9.20. The category Perv(X) is Artinian and the simple objects
are given by a pair of stratum U and L local system on U via j: U — X :

J1(L[dimc U]).

Proof. First lets check that ji.(L[dim¢ U]) is indeed simple. Suppose that
P* — ji(L[dimc U]) is monomorphism. In particular, the restriction func-
tor from X to a open union of strata is exact and sends perverse sheaves to
perverse sheaves. Thus the restriction of the above map to X — U is still
injective, but the co-domain is now 0, so P*® is supported in U. On the other
hand the support of P® must be all of U since on U, the sheaf j,,(L[dimc U])
admits no non-trivial subobjects or quotients.

In particular, the restriction of P® to U must be a shifted local system and
in particular it is L[dimc U] since there is a monomorphism from P®|; —
L[dim¢ U] and L is simple. Thus P*/j.(L[dim¢ U]) is supported away from
U which is impossible, since ji.(L[dim¢ U]) admits no such quotients.

Now we prove that every object has a composition series such that the
quotients are all simple objects of the form ji.(L[dim¢ U]).

We use Notherian induction. The fact is true for any closed stratum X,
of X since the only perverse sheaves supported on X, are isomorphic to
L[dim X,] for L a local system on X,. In particular, one takes a composi-
tion series for L and uses the fact that j, preserves monics to construct a
composition series for L[dim X,].
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Let us now assume that it is true for any closed union of strata of that is
not all of X. Let P® € Perv(X), there is a top dimensional open stratum
U such that P*|y = L[dim¢ U] where L is a local system. If not, then P*
has such a composition series by induction.

Let j : U — X, then j' = j* so from the adjuctions for ! and * we have
natural maps

Jij*P* — P* — Rj.j*P°.
Note that j*P®* = P°®|y, so when we apply PH°, we have the following
commutative diagram:

P HOj j* P*

|

j!*L[dim(C U]{y} - pHoj*j*P.

P.

b

In particular this shows that ji.L[dim¢ U] is a subobject of the image of b.
In particular, if ¢ : P* — b/ L[dimc U], then ji. L[dimc U] = ker ¢/ ker b.
In particular, kerb C kerc C P*® with quotients kerb, ji,L[dim¢c U] and
P*/kerc. The middle has a composition series as desired and the left and
right are supported on X — U and so by induction also have the desired
composition series. U

Lemma 9.21. If Q°® € Perv(U) is self dual, so is j1.Q°.

Proof. Let a : 1Q®* — Rj.Q°®, then we have D(im(«)) = im(D(«)), but
D(a) : D(Rj.Q®) — D(5Q*®). We commute the D past the Rj. and ji to
get D(a) : HD(Q®) — Rj.D(Q®). In particular we will have D(a) = . O

Since any L[dim¢ U] is self dual, we immediately conclude that all simple
perverse sheaves are self dual.

There is a direct construction of the functor ji,. Let U; be the union of
the strata in U whose dimension is greater than or equal to I. Note that U,
is open and we have a sequence of maps j; : U; — U;_1. Let m = dim¢ U,
then

Theorem 9.22.
§Q® =15 Rjp T R Q.
So our goal now is to prove:

Theorem 9.23 ([BBD]). If f : X — Y is a proper map of algebraic
varieties, and S® a simple perverse sheaf on X, then Rf.S® is p-split,
PHY(Rf.S®) is semi-simple in Perv(Y) and there exists ' : PH (R f.S®) —
PHY(Rf.S®) an isomorphism in Perv(Y).

In particular we will examine the case when f : X — Y is semi-small.
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Definition 9.24. Let f : X — Y a proper map of algebraic varieties. f is
semi-small if for each strata Y, and y € Y, we have

1
dime £ (y) < 5 (dime Y — dime o).

9.5. IC Sheaves.

Definition 9.25. If L is a local system on a stratum U of X, we define
ICx(L) = jg*L[dimC U].

Ezample 9.26. If X = C stratified by 0 and C — {0} and L is a local system
on C — {0}. Then ICx (L) = ji.(L[1]) = =71 (Rj.L[1]) = (j.L)[1].

Note 9.27. It is the case that ICx (L) is the unique self dual perverse sheaf
supported on U such that ICx (L)|y = L[dimc U] and dim supp~*(/Cx (L)) <
i and dim cosupp’(ICx (L)) < i for all ¢ < dim¢ U.

Theorem 9.28. [GMS83] Let X be a pure dimensional stratified variety with
one top dimensional strata U. Let ICG™ be the complex where (ICM)*(V)

is the collection of allowable Borel-Moore —k-chains on' V. Then, IC$¢M[—n] =
ICx(Cy) where U. We will denote ICx(Cyr) by ICx.

Note 9.29. The fact that the Goresky-MacPherson IC' sheaf is a shift of
what we are calling an IC' sheaf. Our notation emphasizes the self duality
of the IC' sheaf and is the more modern notation. Be careful when reading
older papers since this can cause some confusion.

Definition 9.30. On an complex variety stratified pure variety X with
dimc = n, the intersection cohomology with coefficients in a local system
L is defined to be IH(L)* = H*(X,ICx (L)) = H*(X,ICx(L)[-n]). In
particular we have TH* = HF(X, ICx[-n]). Similarly we have IH(L); =
IH(K)?>" % and intersection (co)homology with compact supports is analo-
gously defined.

Theorem 9.31. Let X be an irreducible complex n-dimensional variety over
C with isolated singularities. Let U be the smooth part of X, then TH*(X) =
HE(X) for k < n, IH"(X) = imH"(X) — H"(U) and ITH*(X) = H*(X)
for k >mn.

Proof. Set S = X — U, then S and U form stratification of X and let
j:U <= X. Applying our formula,

ICx = jiCy[n] = 7= (Rj.Cy[n]),
but then ICx[-n] = 75" }(R;.Cy) and it fits into a distinguished triangle
ICx[-n] = Rj.Cy — 72" Rj,Cy — ICx[—n + 1].

Applying hypercohomology gives a long exact sequence where H!(X, 72" Rj,.Cy/) =
0 for i < n, which shows that IH*(X) = H*(U) for k < n.
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H°(ICx[-n]) = H°(Rj«Cy) = Cx. In particular we have a morphism
Cx — ICx|—n], the composition with ICc[—n] — Rj.Cy is exactly the
left part adjunction triangle:

CX — R]*CU — i!i!CX[l] — (Cx[l],

where Cy = 7*Cx and i : S — X. In particular this gives a morphism
between the above two triangles and applying hypercohomology and the
5-lemma will given the remaining part of the result. O

Example 9.32. Let G = SL3(C) and consider the nilpotent cone N € sls.
N is a algebraic variety and there exists a stratification by the nilpotent
orbits. These orbits are orbits under the conjugation action via G, which in
this case splits N up by Jordan type.

There are 3 orbits, Op (3 Jordan blocks), O, (2 Jordan blocks) and O.4
(1 Jordan block). These have complex dimension 0, 4 and 6 respectively.
There is a resolution of singularities N, the Springer resolution, which is
formed of pairs of n € N and flags in C? fixed byn(0CcViCcVeCVs= C3
and nV; C V;_1).

The map f : N'— N is semi-small: over any point in Oreg, the fibre has
dimension 0. Over Oy, the fibre is 3 dimensional and 3 < (6 —0). One can
check that the dimension of the fibre over O,, is 1 dimensional.

If the decomposition theorem is true, then Rf,Cxs[6] is a direct sum of
IC sheaves. First, lets restrict to O,,. Its resolution has a slightly simpler
form: We pair a nilpotent n with a lines in C? that contains the image of n.
Call this @m, this resolution is also semi-small.

Consider Rf.Cp [4] is also a direct sum of IC sheaves. In particular we
have

(Rf.COm[4])|0,, = Co,,[4]
and
(Rf.C Om[4)|o, = H*(PC?)[4].

In particular, over Oy the sheaf has stalks C in degrees 0, —2 and —4 and
over Oy, in degree —4.

On O,, there is only one IC sheaf that can have support (and hence a
stalk) in degree 0. That is ICp (Co,). If we examine the remaining stalks,
only one appears in a degree which is the negative of a stratum, i.e. in
degree —4. The orbit O,, is simply connected, so there is only one simple
IC sheaf on the orbit. Hence

Rf.Cp [4] =1Cp, (Co,,) ® 1Cs, (Co,).
Applying the same reasoning to Rf.Cxs[6], we see that it is a direct sum

Rf.Cx[6] = ICN(Co,.,) ® ICN(Co,,)™* ® ICN(Coy).
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9.6. Semi-small maps.

Definition 9.33. A proper map f : X — Y is called weakly stratified if
for each stratum Y, of Y, f| f-1(v,) 1s a locally trivial fibre bundle. [ is a

stratified map if f~1(Y,) is a union of strata.

It should be noted here that in general to preserve constructability of
complexes of sheaves under the various functors we have defined requires
that the underlying map f be stratified. If one starts with a weakly stratified
map f: X — Y, one can attempt to refine the stratification on X to stratify
the map and refining stratifications only enlarges the category of perverse
sheaves. In particular f : X — Y a resolution of singularities is not a
stratified map but Rf.Cx is constructible since f is weakly stratified and
the stratification on X can be refined.

We will assume that maps are now stratified. Let us restate the definition
of begin semi-small:

Definition 9.34. Let f : X — Y a proper map of algebraic varieties. f is
semi-small if for each strata Y, and y € Y, we have

1
dime £ (y) < 5 (dime Y — dime o).

Lemma 9.35. Given a proper, semi-small map f : X — Y between al-
gebraic varieties, where X is a mon singular variety with dimc¢ X = n,
Rf.Cx|[n] is perverse.

Proof. We need to check that Rf.Cx[n| satisfies the conditions of being a
perverse sheaf.
First, note that

DRf.Cx[n] = RAiDCx[n]| = RfiCx[n] = Rf.Cx|n].

Here we have f, = fi since f is proper. Thus we only need check that
dim¢ supp *(Rf+Cx[n]) < i since the cosupport condition will then be sat-
isfied by duality.

Let iy : {y} — Y, then

HI(iX Rf.Cx) =T (f(y), Cx[nl|f-1,) = H (£ (y)).

In particular, if Hj(iZRf*(CX) # 0, then j +n < 2dime f~1(y) < n —
dim¢ Y, where y € Y, since f is semi-small. In particular, since f is semi-
small, dim¢g X = dimcY. We conclude that Hj(iZRf*CX) # 0 only on
strata Y, with dim¢c Y, < —j. O

Note 9.36. The above is also true if we replace Cx by any local system on
X. In particular, Hj + n(ffl,L|f71(y)) is singular cohomology with local
coefficients in the local system L] f-1(y)» Which vanishes in degrees above
twice the dimension. See [B] III.1. If one puts further conditions on f,
stratified semi-small (see [MV]), then one can also obtain that the Rf,
sends perverse sheaves to perverse sheaves.



41

Definition 9.37. In the setup above, a stratum Y, is called relevant if
dime f~!(y) = 3(dimc Y — dime Yy,).

Notice that in the above argument, if Y,, is a relevant stratum of dimension
d,and i :Y, — Y, then H¢(i*Rf.Cx) # 0. Since f is proper, f~(y) is
compact and the stalk, H"~¢(f~1(y)), the top dimensional cohomology of
f~1(y), has basis given by the top dimensional irreducible components of
f~1(y) (i-e. it is isomorphic to HBM(f=1(y))).

In particular the local system H~%(i*Rf.Cyx) gives a representation of
m1(Ya) on HPM(f~1(y))) by permuting the irreducible components. Thus
as a permutation representation, it is semisimple.

Definition 9.38. Given a relevant stratum Y, a simple local system is
relevant if it appears in the decomposition of H~%(i* Rf.Cx).

Lemma 9.39. On a relevant stratum Y,, the local system Cy, is always
relevant.

Proof. The multiplicity of Cy, is exactly the multiplicity of the trivial rep-
resentation in the representation of m1(Y,) on HPM(f~1(y))). But this is
equal to the number of orbits of the permutation action of 71(Y,) on the
irreducible components. O

Theorem 9.40 (Decomposition for semi-small maps). If f : X — Y is
proper, semi-small and X 1is non-singular, then

Rf.Cx = @ ICx (L)%,

where L are relevant local system and dy, is its multiplicity.

10. SPRINGER RESOLUTION/CORRESPONDENCE

This is derived from the corresponding sections of [CG| and [G]. Let G
be a complex, semisimple Lie group, g is Lie algebra, B a Borel subgroup
and T a maximal torus in G. Let b be the corresponding Borel subalgebra,
b the corresponding Cartan subalgebra. The Weyl group W is Ng(T)/T.

Example 10.1. If G is SL, we can take B and T to be the upper triangular
and diagonal matrices in G respectively. gis then the set of traceless matrices
and W =2 5,,.

Let A be the nilpotent cone in g, that is the set of all nilpotent elements
in g. Note that an element x is nilpotent if ad(z) : g — g is nilpotent (this
is the map which takes the Lie bracket with ). In the case of sl, this just
means that z is nilpotent. .

Springer associated to A/, a resolution f : N' — N called the Springer
resolution. N = {(n, b)|n € N',n € b} where b is a Borel subalgebra. Let B
be the collection of Borel subalgebras in g. G also acts on g by the action
Ad. When G = SL,, this is just the conjugation action. In particular Ad
permutes Borel subalgebras and thus acts on B with B the stabilizer of the
standard Borel subalgebra. Hence B = G/B.
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Ezample 10.2. If G = SL,,, then G/B is the variety of full flags in C" and
the above correspondence sends a flag 0 = Fy C £y C --- F,, = C" to the set
b where x € b if xF; C F;.

There is also a natural map to B, the map which forgets the nilpotent
element. This is a fibre bundle with fibre n and is in fact isomorphic to
T«B=2TxG/B.

Note that N has a natural orbit stratification via the orbits of the action
of G via Ad (in particular, Ad(g) sends nilpotents to nilpotents).

Example 10.3. In the case G = SL,, since the action is conjugation, the
orbits are exactly given by the Jordan type of the nilpotent matrix, i.e.
they correspond to partitions of n.

Lemma 10.4. The Springer resolution, f : N — N is semi-small and every
stratum 1is relevant.

Proof. Our goal is to show that for any = € N, dimc(f~!(z)) = N —
%dim O, where O, is the adjoint orbit of x and N = dim¢ G/ B since 2N =
dim¢ T*(G/B) = dimec N = dimc V.

In particular, note that

dimg(B) —dime(G,) = dime(G) —dime(G/B) —dime(G,) = dim(O,) — N.

Here G, is the stabilizer in G of x.
It turns out that

dime(f~1(x)) + dime (B) = dime (O N 1) + dime (Gy).

The left hand side is the dimension of {g € G|Ad(g)(b) € f~'(x)}, this
is the inverse of image of map g — Ad(g)(b). If we consider the map
g+ Ad(g~1)(x) this lies in O,, and so for the right and side we consider the
pullback under the map. Note that Ad(g~!)(z) € n iff Ad(g~')(z) € b iff
x € Ad(g)(b) iff Ad(g)(b) € f~1(x) i.e. both sets have the same dimension.

Combing the above results to obtain the result we want, we just need to
show that dim¢(f~!(x)) + dimc(O, Nn) = N. Now the left hand side can
be realized as the dimension of the pullback of Oy Nn to A, so what is left
is to check that this has dimension N. O

Corollary 10.5. The same method gives a resolution g of g. This map is
small.

Our goal is now analyze Rf.Cy[2N]. In particular, since this map is
semi-small and all strata are relevant, we know that

RfCy2N] = ®n,,¢)Ve ® ICN(Ly),

where N, varies over relevant strata and ¢ varies over the simple rep-
resentations of m of M. V, is multiplicity vector space which is the

Hom(Hﬁ)j‘g(ffl(x)), ¢) where z € N,.

Note that f~!(z) are also known as Springer fibres. Our goal is now to
show that if ¢ is relevant then V, is an irreducible representation of W.
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Theorem 10.6. Let Z = N'xyN. Then if 2n = dim N then Hom(Rf.Car[2n], Rf.Cxr[2n])
HBM(Z) = C[W] where the middle term has an algebra structure given by
Borel-Moore convolution. More over {Hom(f~ (), ¢} is a complete col-
lection of irreducible W representations where (x,®) run over G-conjugacy
classes of pairs x € N and ¢ a relevant irreducible representation of G,/GS.

10.1. Equivariant Decomposition. In the case that we have a G a lin-
ear algebraic group and X an algebraic G-variety, we can think about G-
equivariant sheaves on X. Such a sheaf will always be constructible with
respect to the orbit stratification. For now assume that X = G/H for some
subgroup H and take x = 1- H as a basepoint. The maps H — G — G/H
gives rise to a homotopy exact sequence:

o= m(G) = m(G/H) — mo(H) — mo(G) = mo(G/H) — 1.

If we work with G connected, then mo(G) = 1, so m1(G/H) surjects onto
mo(H) = H/H° where H? is the identity component. Thus any finite di-
mensional H/H? representation is also a 71 (G/H) representation.

Lemma 10.7. A local system A on G/H is G-equivariant if and only if
the corresponding representation of m(G/H,z) on A, is the pullback by the
above map of a finite dimensional representation of H/H®.

This means that if we have a G-equivariant local system on G/H its
decomposition into simple local systems is can be realized by decomposing
by the H/H? representation rather than the 71(G/H) representation on the
stalk. This is nicer since for an algebraic group, H/H? is finite. The upshot
of this is that any G-equivariant local system is semisimple as a local system
(i.e. forgetting the G-equivariant structure).

Although we could work with a G-equivariant derived category and invoke
a G-equivariant version of the decomposition theorem, the definition of such
a category is involved. In practice, for f: M — N a proper semismall map
with M non-singular we just want to know how R f,Cjs[dim¢ M] decomposes
into IC sheaves, equivariant or not. We can how ever exploit the equivariant
structure of f and Cy; to derive the following theorem:

Theorem 10.8. Let M, N be G-varieties such that M is non-singular and
N has finitely many G-orbits and f : M — N be proper, semismall and
G-equivariant. If O, is the orbit of a point x € N with d = dimc O, which
s a relevant stratum, then

H™Y((Rf.Cp[dime M])|o,),
is a G-equivariant local system.

Proof. Let A be Rf.Cysldime M]. Since O, is a stratum on N, we already
know that H~%(A|p,) is a local system. We just need to check that it is
G-equivariant.

I
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Let u: GxM — M and v : G Xx N — N be the action maps and myy,
wn the projections on the second factor. Then since f is G-equivariant and
proper it follows that 73, Rf, = R(idg X f)«my and p*Rfy, = R(idg x f).«v*
by base change.

Since 7*Cypy = p*Cypr = Coxr, the Cyy has a trivial G-equivariant struc-
ture . One can check that by the above reasoning that R(idg X f).«
satisfies the derived versions of the G-equivariance axioms.

Let A be the sheaf and denote the above map & : 7*A — v*A. Then
since m* and v* are exact, they commute with homology and we have

H™ &) : HYr*A) = m"H (A) » H (v*A) = v*H (A).

Once again it can be checked that this satisfies the standard G-equivariance
axioms. This sheaf is G-equivariant it restriction to an orbit is G-equivariant.
O

It should be noted that in general, the notion of G-equivariance in the
derived category is not either of the notions that one might think works.
That is, simply asking for the axioms to work in the derived category or
taking the derived category of the G-equivariant sheaves is not the correct
notion, see [BLJ.

We can now apply the above lemma to the above theorem and we find
that for a relevant stratum O, on N, the decomposition of the local system

H=4((Rf«Cyp[dime M])|e, ) via the m (O,) action on the stalk H,éBO]\I/)[(f_1 (2))

at x is the same as the decomposition via the G,/G¢ on the stalk: G, acts
on the fibre f~!(x) and thus permutes the irreducible components of the
fibre. The elements of G must preserve the components, so G, /GS acts on

HEM (F1(z).
Ezample 10.9. Let us apply this to the case of f : N'— N for G = SL,,.
Both N and N are G-varieties and f is G-equivariant. Since m(G) = 1
(SL,, is simply connected), we learn nothing new since this implies that
m1(G/Gg) = G5 /GS. But, note that f is not defined in terms of SL,, but
its Lie algebra sl,,. This means that if we consider G = PGL,,, the spaces
N and N are PGL,-varieties and the map f is PGLy,-equivariant.

The key fact that we can now exploit is that for z nilpotent, (PGLy,),
is connected. Hence in the decomposition of Rf,Cys, the only IC sheaves
which appear are the constant sheaves on each orbit with multiplicity HtBoAg (f~L(x))

for some nilpotent x in the orbit.

In this vein, we can say something similar for general G. Associated to a
Lie algebra g, there is the adjoint group Gad, uniquely determined by the
fact that it has trivial centre (this is group whose weight lattice is equal it
its root lattice). The map f : N = Nis Gad—equivariant and hence Rf.Cy

decomposes into IC' sheaves in parallel to the (ng) / (G%d)o decomposition

of H%Ag(fx) over each stratum.
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Lemma 10.10. (G%9)/(G%%) is abelian if g is semisimple.

Proof. [CM] One checks for the simple lie algebras that (G%d) / (Gﬁ}d)o is a
power of Z/27. O

This tells us that the multiplicity spaces for the (G?d) / (ng)o decompo-

sition of Hﬁ)ﬂg (f*) are simply the corresponding isotypic components.

10.2. The Convolution Algebra. Let f; : M; — N be proper maps for
1 =1,2,3 with M; non-singular and m; = dimg M;. Let Zi,j = M; Xy Mj.
Then we have a morphism

HPM(Z19) x HPM(Za3) — HIEL 0, (Z13).

i+j—ma

This map is called Borel-Moore convolution. If p;; : My x My x M3 —
M; x M; is the projection, then the convolution of two Borel- Moore classes
c1,2 and ca 3 is

(p1,3)«((p1,2 % c1,2) N (p2,3 * c2.3)).

Theorem 10.11. If Z = M xx M, then HEM(Z) is an algebra and H(Z) =

HgB(ﬂ/rfnCM(Z) is a subalgebra.

If f: M — N is semi-small H(Z) is top homology of Z an so has a basis
given by the irreducible components of Z.

Corollary 10.12. There is an H(Z) action on H}BM(ffl(x)).

Proof. Set My = My = M and M3 = {z} for x € N, then we see that
Zs3 = f~1(z) and we have an action of H(Z) on HJBM(f_l(a;)). O

Proposition 10.13. Let f: M — N be a proper map with M non-singular
and d = dimgc M. Then there exists a natural algebra preserving isomor-
phism

HJY(Z) 2 Bat pyv)(Rf-Culd], RfC[d).
Proof. We start with the fact that H3M(Z) = H*(Z,Dz). Then consider
the following commuting square:
Z=MxyM——MxM

lfA lef
Na .

N x N
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We then have
H*(Z,Dz) = H*(Z,7'Crxnr)
= H*(Na, (fa)+i Carxar)
= H*(Na,i'(f % £)«Carxu)

= H*(Na, 7,|(Rf*(CM é Rf.Cpr))

= H*(Na,i'(Rf.Cyy " D(Rf.Cur)))
= H*(Na, RHom®(Rf.Cas, Rf.Car))
= Eatly vy (RfCar, Rf.Chr)

This relies on the following two facts:

L
RHMom(A, B) = i'(BX DA)

and
L
CMXM =Cy X Cyy.

See [CG] theorem 8.6.7 for the proof that this is a morphism of algebras.
U

Corollary 10.14. We have H(Z) = Hom py(n)(RfCuml[d], RfCrld]).

Corollary 10.15. If f is semi-small and Rf.Cy[d] = ®Vy @ ICn(Lg)
where Ly varies over all relevant local systems over all relevant strata N,
we have H(Z) =2 ®End(Vy). If x is the m1(Ng) related to Ly, then Vy =

HomRep(w1(N¢)) (HtBoj\g(f_l (fL‘)), X)'
10.3. Fourier Transform.

Definition 10.16. Given a variety X with a C* action, a sheaf on X is
called monodromic if it is constructable with respect to the orbits of the C*
action. A complex of sheaves is monodromic if all its cohomology sheaves
are. In particular, D¥,on(X) is the derived category of such complexes and
Pervmon (X) is the category of perverse monodromic sheaves.

This is typically seen when X is vector space or a vector bundle.
Let I be a complex of injective monodromic sheaves on a vectorspace V.
For any open U C V*, we construct the polar set in V:

U® = {z € V|Re(f(z)) > 0,f € U}

We can construct a complex of presheaves associated to I assigning to U
the sections of I supported on U°.

The sheafification of this functor, F', is called the Fourier transform. The
definition can upgraded to work any vector bundle and sends a complex on
that bundle to a complex on the dual bundle. It gives an equivalence of
categories Pervmon (V') and Pervmon (V™).



47

Theorem 10.17. [BR] The following are the important properties of F':
(1) FoF = a* where a is the multiplication by —1 function.
(2) If E is a vector bundle, iy : V — E is a subbundle and Cy =
R(iv)«(C), then F(Cy) = Cy. where V+ C E* is the annihilator
of V.
(3) For a compact algebraic variety X and vector space V, the following
diagram commutes:

Pervmon(V x X) AN Pervmon(V* x X)
™ T

PBT"UmOn(V) F

Pervmon(V*)

10.4. The geometric construction of C[I¥]. Our claim now is that C[W] =
Endpy ) (Rf«Cyr).-

Since N/ C g, we can consider the sheaf Rf,Cxr as a sheaf on g, so that
instead we can show that Endpp g (Rf«Cyr) = C[W]. Note that C* acts on
N by multiplication and on N by just multiplying the nilpotent (i.e. on the
fibre of bundle map to ). The Springer resolution f is now C*-equivariant
and thus Rf.Cys is monodromic.

Given the above setup, we can now apply the Fourier transform to obtain
a a sheaf on g*, which has the endomorphisms as Rf,Cx. We now need to
understand what F'(Rf.Cy) is.

Recall that N' C g x B which satisfies the conditions of part b of the
theorem 10.17. Thus C g considered as a sheaf on g x B has Fourier transform
the annihilator of A" in g* x B. The fibre of A" above a Borel subalgebra
b is its nilradical n. If we identify g with g* via the Killing form, then the
annihilator of fibre of A is simply b, so

Nt =g={(z,b) egx Bz b}
The Fourier transform of Cy is the now Cg. Part ¢ of theorem 10.17
says that F(Rf,.N) = R f*Cg where f : § — g the Grothendieck-Springer
resolution.

Theorem 10.18. f is proper small map.

The stratification on g will have a single open stratum, g"*, of all regular
semisimple elements of g. Thus

Rf.Cy[dimc g] = IC3(R fCglgrs ).
Finally, we apply the perverse continuation principle, which says that any
morphisms between IC sheaves is a unique extension of a morphism between
the local systems which define them. Thus we now have reduced the problem
to showing that C[W] = End(Rf*(C@]grs).
Let g™ = f‘l(g”)7 then



48

Lemma 10.19. (1) There is a free W action on g™ such that g™ /W =
g"® and the quotient map is f.
(2) The map f is a regular covering with automorphism group W.

Since the covering is regular with automorphism group W, it follows that
m1(g"*) has W as a quotient and in particular the monodromy action of on
the fibre of f over a regular semi-simple element z comes from the natural
W action. But this fibre is itself nothing but W, and the W representation
HEY (£~ (2)) = CW).

As the regular representation we see that

CW]=®&,Ly®V, =&End(Ly),

where V, runs over the irreducible W representations and L, = (V,)* are
the multiplicity spaces. Note that this isomorphism is also a isomorphism
of algebras and this also the decomposition under the monodromy action.
Thus R
Rf.Cy [dimc g] = ®L, ® IC4(A,).

11. GEOMETRIC SATAKE CORRESPONDENCE

In this section, we consider G' a complex, connected reductive algebraic
group. By O we denote the ring C[[t]] of formal power series and by K its
fraction field C((7")) of Laurent series. G(K) and G(O) will denote the K
and O points of G respectively.

Definition 11.1. The Affine Grassmannian for G is Gr = G(K)/G(O).

It is an infinite dimensional space and not in general a group. In particular
it is an example of an ind-variety or ind-scheme, a direct limit of a family
of varieties by closed embeddings.

Ezample 11.2. (1) Suppose that G is a torus, then Gr is just X.(T) =
Hom(C*,T) the coweights of T'.

(2) Our main example will be G = PGL,, in which case the elements
of G(K) are n by n matrices in K with non 0 determinant, up to
multiplication by an element of *. The elements of G(O) are are
n by n matrices in O with determinant in O@* up to multiplication
by an element of @*. This is equivalent to asking that setting z =0
leaves one with an invertible matrix in G(C).

Note that the columns of any representative of an element in Gr
give a basis for a rank n O lattice in K". The fact that we work with
PGL, means that the lattice is only determined up to multiplying
the lattice by t* for k € Z.

G(0O) acts on Gr by left multiplication and if 7' C G is a maximal torus
with W the Weyl group, then the above orbits are parametrized by the W
orbits on X, (T, i.e. once we fix a Borel B containing 7', by the dominant
coweights of G. Implicitly, a coweight A € X, (T') can be considered as a
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function A : C* — T C G, since this function is algebraic it is an element
of G(K). We will denote its image in Gr by t*. Let Gr} = G(O)t*, then we
have

Lemma 11.3. Gr* = @2 =Up< AGr) where X and p are dominant
coweights.

Example 11.4. In the case of PGL,, a coweight \ is determined by a
sequence of n integers \;, up to adding the all ones sequence. The ac-
tual map sends t € C to the diagonal matrix diag(t*,...,t*). Thus
tA = diag(tM,...,t*)G(O). Note that this does not depend on the rep-
resentative since G is PGL,, and t"1) € Z(GL,(K)).

We will use t° to denote the identity matrix. Note that if we consider the
action of G on t, the stabilizer is the parabolic subgroup Py associated to
A. Hence Gt = G/Py C Gr). In particular, Gr” is a G-equivariant bundle
over Gt*.

Lemma 11.5. There is a natural C* action Gr, where s € C* acts by
multiplying t by s. This is called loop rotation.
Gr) ={zeGr| lim szeGt'}.
s€C*|s—0

This also shows that Gr) are simply connected. We can also determine
that dimc Gr) = 2p()\) where p is half the sum of the positive roots of G.

The map evg : G(O) — G is the evaluation at 0 map, the Iwahori sub-
group I = evy'(B). Where the G(O) orbits are parametrized by dom-
inant coweights, the Iwahori orbits are parametrized by coweights. Let
K = evy (1), then Kt* C Gr) is the typical fibre of the vector bundle
Gr) — Gt

We now see that Gr is ind-variety, if Gr; is the union of the G(O) orbits of
dimension at most ¢, then each Gr; is closed and there is a closed embedding
of Gr; — Gr;y1. Each of these has the structure of a variety and since Gr is
the direct limit of this system, it is an ind-variety. Each Gr; is G(O) stable
and thus has a stratification by the Gr(O) orbits that form it. We define
Perv(Gr) as the direct limit of the categories Perv(Gr;).

Our goal is to show:

Theorem 11.6. K
Perv(Gr) = Rep(G).
where G is the Langlands dual of G.

Definition 11.7. Given a complex reductive connected algebraic group G
with root datum (X*, A, X,,A"), the Langlands dual G has root datum
(X, AV, X* A).

Ezample 11.8. (1) For SL,, the weight lattice is Z™/(1,...,1) and the
root lattice are those weights with a representative that sums to 0,
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(i.e. (1,—1,0,...,0)). The coweight and coroot lattices are the same
and are {(ay,...,a,) € Z"|a1+---+a, = 0}. Swapping these lattice
pairs, the associated group is PGL,,.

(2) For GL,, the weight and coweight lattices are just Z™ and the root
and coroot lattices are {(a1,...,a,) € Z" a1 + --- + a, = 0}. Thus
tlr}e Langlands dual of GL,, is GL,,.

(3) SO2n+1 = Span

(4) SOz, = SO9,

The proof of the above result will essentially take three steps: first we
will describe a non-standard monoidal structure on Perv(Gr). Recall that
as part of the monoidal structure we have an object ¥ which is the identity
object. Then we will show that Perv(Gr) is a neutral Tannakian category,
that is, it is a rigid abelian monoidal category with a monoidal functor
(typically called the fibre functor) to Vecty that is exact and faithful where
k = End(¥).

In this case we will use Tannaka-Krein duality (see [DM] for more infor-
mation):

Theorem 11.9. Given a neutral Tannakian category C with fibre functor
F, the group of natural transformations Aut®(F) of F to itself respecting
the monoidal structure is an affine group scheme (in particular it is a in-
verse limit of algebraic groups). In particular each F(A) for A € C has the
structure of an Aut®(F) representation and thus F is functor from C to
Repp(Aut®(F)) (k = End(W¥)) which is an equivalence of categories.

Thus we will find that Perv(Gr) is the representation category of some
algebraic group and will show that the root datum of this group is dual to
the root datum of G.

It should be noted that Gr is often not connected, i.e. when G = GL,
it has Z many components: the orbit of coweight A lies in component |A|.
For G = PGL,, there are n components with the orbit of coweight A in
component |[A| mod n.

11.1. Monoidal Structure on Perv(Gr). To begin with it should be
noted that the the category Perv(Gr) already has a set of simple objects
in bijection with the irreducible representations of G. Since each stratum
is simply connected and corresponds to dominant coweight of GG, we should
think of the perverse sheaf ICy = I C(CGrQ> as corresponding to the irre-

ducible representation V) of G of highest weight A. Since we know that the
representation V)1, will always be a subrepresentation of the representation
Va® V., we want ICy,, to be a subobject of IC) ® IC,, . 1f we are using
the standard tensor product this will not happen since the support of the
tensor product will not in general contain Gr*+*,

This means that we need to define a different monoidal structure on
Perv(Gr) if we want the above identification to give an equivalence of cat-
egories.
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Rather than dealing with G(O) and G(K), it is also possible to use LTG =
G(C[t]) and LG = G(CJt,t71]). Since LTG C G(O) and LG C G(K), there
exists a map j : LG/LTG — Gr. This map is injective since LTG =
LGN G(O).

Proposition 11.10. [G95] The map j above is an LG equivariant iso-
morphism. Each G(O) orbit in Gr is the image of a single L™G orbit on
LG/L*G.

Consider ), the set of based polynomial loops in the maximal compact
subgroup K, i.e. polynomial maps f from S! to K such that f(1) = 1.
Considering S' as the unit circle in C, we can extend any such map to
f € LG, so Q C LG. There exists an 'Iwasawa’ decomposition of LG: any
[ € LG can be decomposed uniquely as a product of an element in 2 and
an element of LG that can be extended to 0 i.e. an element of LTG.

This means that Gr = ) and thus obtains a group structure. A word of
caution here, since G(Q) is not normal in G(K), the multiplication of cosets
in Gr is not well defined. What we have done is to select in each coset a
unique element which comes from 2. The multiplication structure is then
give by the multiplication structure from 2.

Definition 11.11. The convolution product of L, M € D%(Gr):

L
LxM = Rm,(LX M)
where m is the multiplication map above.

Theorem 11.12. [G95]

(1) If L,M € Perv(Gr), then L M € Perv(Gr)
(2) This makes Perv(Gr) into a rigid monoidal abelian category.
(3) The functor H® : Perv(Gr) — Vect is exact, faithful and monoidal.

It is possible to define the convolution product of two simple objects in
this category as the pushfoward via a semi-small map of an IC sheaf. Let
A, i be dominant coweights of G. th a,b € Gr and a and b representatives
of a and b respectively. Then then a=1bG(©) is not a well defined coset, its
orbit is well defined. This means that we have function d(a,b) which takes
values in coweights of G.

One can check that Gry = {a € Gr|d(t°,a) = A} and Gr* = {a €
Grld(t%,a) < A}.

Definition 11.13. The twisted product
Gr*XGr# = {(Lo = t°, L1, Lo)|d(Lo, L1) < A, d(L1, L2) < p}.
This space is naturally stratified by (v,~) with v < X and v < p:
GryxGr) = {(Lo =, L1, Ly)|d(Lo, L1) = v,d(L1, L) = 7}
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Proposition 11.14.

IC\ % IC, = R, IC)y ,
where

IC\ . = IC(Cap )

and where w is the projection on the last factor.

Before proving this, we must first understand that IC) é IC,, is isomor-
phic to IC(Cg,rygye)- This will be the case if the external product satisfies
the same support conditions, is self Verdier dual and has the same stalks in
the —p(\ + p) cohomology over Gr) x Grt.

We will need to use the following 3 lemmas:

Lemma 11.15. [?] Let A,C € D%(X) and B,D € DY) for some stratified
spaces X and Y, then there is an isomorphism:

L L L
RHom(A,C) K RHom(B,D) =2 RHom(AX B,C K D).

L
Lemma 11.16. Let f : Y — X and A,B € D% X), then f*(A ® B) =
L
(f*A) @ (f*B).

Proof. This is true on the level of sheaves and since ® and f* are exact
functors, it will be true at the level of the derived category. The only possible

L . .
problem is that A ® B is the total complex of the bicomplex A* ® B7, but
the functor f* is additive. ([l

Lemma 11.17. Let A, B € D%(X), then

. L
H'(A® B) = ®pq—iHP(A) ® HIB.

This is a consequence of the fact that ® is an exact bifunctor at the level
of Sh(X) since our sheaves are sheaves of vectorspaces.

Theorem 11.18. Let X = UX,, and Y = UY,, be stratified varieties with the
gwen strata. Let dimc X = d,, dimc Y = d,;, dimc X,, = n and dimc Y,, =
n. Then

L
IC(Cx,, ) WIC(Cy,, ) = IC(Cx,, xvy,)-
Proof. Let A =1C(Cx,, ) and B = IC(Cy, ). Applying lemma 11.15 with

L L
C = Dy and D = Dy and noting that Dy X Dy = Dxyy gives D(A X
L L
B) = (DA) X (DB) =2 AKX B, since A and B are Verdier self dual.

Applying the other two lemmas where f : (a,b) — X x Y, gives
A L
HZ((A X B)(a,b)) = @p+q=in(Aa) ® Hq(Bb)'

Recall that HP(A,) = 0 if p < —d, and p >= —n where a € X,, unless
n = dg, whence HP(A,) = 0if p > —d,. In fact if a € X, then HP(A,)
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is 0 unless p = —d,, in which case it is C. We have a similar statement for
H(By).
, L
Let (a,b) € Xq, x Yy, then H*((AX B)(qp)) = Oprq=iH"(Aa) @ HI(By).
But for both HP(A,) and HY(Bp) to not be trivial, we must have p = —d,
and ¢ = —d,. Hence over the open stratum, we only have support in degree

—d; — dy as needed.

Let (a,b) € X; x Y}, where (j,k) # (dz,dy). Then let i < —d, — dy, then
if p+¢ = i, we cannot have p > —d, and ¢ > —d,, so in H'((A é B)ap) =
Bptq=iHP(Ay) ® HI(By) at least one term in each tensor product is trivial.

If i > —j — k, wlog let us assume that if one of j = d, or k — dy, that
it is the first. Then for HP(A,) ® H(B}) to be non trivial we must have
—d, <p < —jand —dy < ¢ < —k—1 (we have —j rather than —j — 1 since
we may have j =d;). But thenp+¢ < —j—k—1 <.

L
Thus A X B satisfied the support conditions of IC sheaf arising from a
local system on Xy, X Yy, . Which local system is it? It it the local system

L
given by the restriction of H~%~%(A X B) to X4, x Yy, Once again, by
the above lemmas this is

@P+q=*dz*dpr(A’de)®Hq(B’Ydy) = HidI(A‘de)®Hidy(B|Ydy) = Cx,, ®CYdy = (CXdeYdy'
O

Proof of proposition 11.14. We identify Gr and €2, we have a commuting
triangle

QxQ QxQ

N A

Q

Here f(x1,22) = (:L'l,.%'l_lxg).

L L
IC\ * IC,, = Rm.(ICy\ K IC,) = R, f*(IC\ K IC,,).

Note that if we make the triangle above a square by adding an identity
morphism to the bottom, then the result is isomorphic to the pullback square
for the identity and m, hence we would like to apply base change which would
result in the above formula. But to do this m must be proper.

We can be sure this is true, since IC) é IC,, is supported on Gr* x Gr#
(as shown above), we can replace the left term in the above triangle with
Gr*xGr*, the right with Gr* x Gr* and the bottom with Gr**#, all of which
are compact spaces. The result is still a pullback square but now the left and
right sides are proper. Note that in to even make sense of operations like
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f*, one needs to restrict to some finite dimensional strata where we know
things will work by the standard theory.
To prove the result, if f*(IC\ X IC,) = IC) ,, then we would be done.

But f is an isomorphism which sends stratum Gr”xGr? of Gr*xGr# to

L
Grg x Grl. Thus f* will send the sheaf IC\ X IC,, = IC(CerxGrg) to
ICy . O

Lemma 11.19. The map w above is proper semi-small.

Proof. The image of the map 7 is Gr™*, which is stratified by orbits Gr”
with v < A+ p. To show 7 is semi-small we need to check that

1
dimg 7~ (#907) < i(dim@ Gr*™ — dime GrY).

The right hand side simplifies to p(A + u — v). We are free to check the
inequality at any point in the orbit GrY since all the fibres are related by
G(O). The choice of t*9" is for ease of calculation. The fibre is made of
those points in Gr* whose distance to t“0” is at most .

We will calculate this dimension by using the next few results. O

11.1.1. Semi-infinite orbits. Let N be the unipotent radical of B, (i.e. in the
case of SL, this would be the upper triangular matrices with a diagonal of
1). We can consider N(K) C G(K), the N(K) orbits on Gr are parametrized
by coweights of G. We set S, = N(K)t” for any coweight of G. These are
called the semi-infinite orbits, since they have neither finite dimension or
finite codimension.

We have S, = S, = Uu<uSy,, see [MV] (Prop 3.1) for a proof.

Mirkovié¢ and Vilonen use the seminfinite orbits to prove a variety of
interesting results. Of particular interest to them is the intersection of S, N

Gr:

Theorem 11.20. S, N Gr) is nonempty precisely when t € Gr*. S, N Gr*
is of pure dimension p(v + \) when X\ is dominant.

Proof. Let p¥ be half the sum of the positive coroots, then under the con-
jugation action pV(s)n for n € N, we see that lims_,o p¥(s)n = 1. Thus we
have lims_,o p¥(s)x = ¢ for any = € S, and since the t” are the fixed points
for this pV action, it follows that

S, = {z € Gr|lim p"(s)z = t}.
s—0

If z € S, N Gr), then because Gr) is T-invariant, we see that t¥ € Gr?.
In particular, we can now assume that v is a weight in the irreducible rep-

resentation of weight A for GV.

First we claim that S, N Gr¥ = N(O)t”. If K_ is the kernel of the
evaluation at oo map applied to G(C[z71]), then K_t” is the fibre of the
opposite orbit Gr§ over V.

S, N Gr¥ = N(O)(N(K) N K_)t N Gr” = N(O) (N(K) N K_)t” N G1").
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(N(K)yNK_)t ¢ K_t" C Grj,.

But the intersection Gry N Gr” = Gt¥, so the intersection (N(K) N K_)t"' N
Gr¥ = .

If v is anti-dominant, N (Q) stabilizes t”, so the result is the single point
t”, otherwise if v is dominant, then N~ (QO) (the unipotent of the opposite
Borel), stabilizes t* and It* = B(O)N~(O)t* = B(O)t¥ = N(O)t” where I
is the Iwahori.

In particular, this prove the theorem when v is A or v = wg\ where wyq is
the longest word in W.

For the details of the remainder of the proof, check [MV] (Theorem 3.2).
One first shows that the boundary of S, in S, is given by a hyperplane
section. In particular, if we start with a dimension d irreducible component
C of S, N Gr* and then select a component of the intersection of C' with
the hyperplane for S,, the result is a component of dimension d — 1. This
component has dense intersects another of the S, with 4 < v. We apply
the process again, until we are left with a component of dimension 0 and
a strictly decreasing chain of d coweights between v and the anti-dominant
woA. Since such a chain as length at most p(v — wpl), it follows that d <
p(v — wol).

Similarly working from a component of Sy N Gr* which contains C, we
obtain a sequence of weights whose length is the codimension of C' in Gr™.
This chain’s length will be bounded by p(A — v).

These two conditions together with the fact that dimc C 4 codimg =
2p()), give the desired result. O

Corollary 11.21. For any dominant coweight \, and any T invariant closed
subset X C Gr*, we have dimg(X) < maxu ¢yt p(A + v).

Proof. X NS, is non-empty precisely when t € X. Since
X =UpexrX NS, CUpexrGrr N S,.
O

Continuation of lemma 11.19. Recall that we must compute dimension of
the variety X C Gr* which consists of those points zG(O) € Gr* such that
d(xG(O),t*") < i and show that it is bounded above by p(A+ u —v). The
variety X is T invariant: we know that z~'“%¥ € Gr*, hence x~1h~1t*0¥ ¢
Gr* since t“°% is a T fixed point. Thus d(haG(O),t*") < p.

Thus dime X < maxy,¢cxr p(A+7). Note that we must have d(t7, t“0") <
W, in particular we have t“°¥~7 € Gr#, thus it follows that wor — v is a
weight of the representation of GV of highest weight p. Thus wov — v+ p is
a positive and so 0 < p(wov — v + p) = p(—v — v+ ). Thus

pA+7) < pA+7) +p(—v =7+ p) =pA+p—v)
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At this point these is some concern the existence of an isomorphism A
B = Bx A. This and the fact that H*(Gr, -) is a tensor functor with respect
to this isomorphism requires a slightly different view point of the product
and the Grassmannian, see sections 5 and 6 of [MV].

In [G], a slightly different approach is taken. We fix a Cartan anti-
involution on G, this is a map 6 which fixes a maximal torus T' such that
T N K is maximal in the maximal compact K and sends the Borel B to its
opposite Borel. For example, on PGL, one such map is the transposition
map. If n,m € K then §(nm) = 6(m)é(n). The anti-involution preserves {2
and more over will preserve LG as well. Since it fixes T’ we have 6(1*) = t*
and thus we see that 8*IC)y = IC), since it preserves the orbit structure. Re-
call that Perv(Gr) is semi-simple so the same is true for any A € Perv(Gr),
although not canonically. Together, this gives a chain of isomorphisms:

AxB=0(A)x0(B)=0(BxA) = BxA.
11.2. Weight Functors.

Definition 11.22. For each coweight v, the functor F,, : Perv(Gr) — Vect
defined by F,(A) = HCQP(V)(SV, A) is the v weight functor.

These functors will be an important tool in studying the group G that
arises from the Tannakian formalism.

Theorem 11.23 ([MV] Thm. 3.5). F, are ezact.

Theorem 11.24 ([MV] Thm. 3.6).
H*(Gr, )2 F =®,F,.

Theorem 11.25. [MV] A € D4(Gr) is perverse if and only if H(S,, A) =0
for all i # 2p(v).

From the above two results, we conclude that the fibre functor H* is
exact. Since it is exact, the fact that it is faithful follows immediately if for
any perverse sheaf A there exists a coweight v such that F,(A) # 0. This
shows that H* does not annihilate any non-zero objects.

Theorem 11.26.
F,(ICy) = C[Irr(Gr* N S,)).

These components are the so called 'MV’-cycles. The proof follows from
deducing that HCQP(V)(S,, NG, ICY) = chp(VJrA)(Sl, NG, C).

11.3. The Theorem. One now has to verify that Perv(G) is a Neutral
Tannakian category with fibre functor H*. Once this is done, it follows that
there is an affine group scheme G such that Perv(G) = Rep(G). We want to

check that G = GV. First we must determine why G is an algebraic group.

Theorem 11.27. An affine group scheme G is algebraic iff it has a faithful
finite dimensional representation.
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Now consider M = @;1C,,, where w; are the fundamental coweights of G
(in general one can take any finite set of dominant coweights that positively
generate the set of dominant coweights). Then any simple object appears
in M* for some j: Take a coweight A\ = ajwi + -+ + apwy, and set j =
a1 + -+ + an. Then the product IC™ * -« ICA is a summand of M*
and the multiplication map is one to one over the orbit Gr), so ICy occurs
(with multiplicity 1) in the decomposition. It now follows that H*(M x M™*)
is a faithful representation of G. .

The semisimplicity of Perv(G) shows that G is reductive. Thus its is
identified by its root system. The final conclusion follows by arguing that
since H* factors through the category of coweight graded vector spaces, the
dual torus to TV to T lies inside G. For each a € TV one constructs a
natural transformation that respects the tensor structure, thus embedding
TV C G. The weights v for the irreducible representation Vy of GV are thus
the same as the T weights of F'(IC)). We can then immediately conclude
that G = GV.

12. KAZHDAN-LUSZTIG POLYNOMIALS

We are following the note of Simon Riche, entitled Perverse sheaves on
flag manifolds and Kazhdan-Lusztig polynomials.

12.1. Hecke algebra. For W the Weyl group of G, complex connected
semisimple algebraic group, we can associate the Hecke algebra Hyy. It
is a Z[t,t71] algebra which is a deformation of W. It is generated (as an
algebra) by Ts where s a simple reflection in W. We impose the usual braid
condition from W on Ty and T! when s # s’. Where s> = 1 in W, we have
T? = (#*—1)Ts+12. Note that setting t = 1 gives back the standard relation
for W.

Lemma 12.1. For w € W, there exists a well defined element T,,. Given a
simple reflection s, if l(sw) > l(w), then we TsTy = Tsy. If l(sw) < l(w),
then we have TsTy = (2 —1) Ty +t?*Ts. Ifw,v € W with [(w)+1(v) = [(wv)
then T, Ty = Ty -

Proof. If w € W with reduced expression w = s;, - - - s;, then define T, =
T, -+ T, - This is well defined since any two reduced words are related by
a sequence of braid moves. If [(sw) = 1+ (w), then ss;, - - - s;, is a reduced
word and TsTy, = Tsy. Otherwise [(sw) = l(w)—1, by the deletion/exchange
conditions for Coxeter groups, there is a reduced expression for w beginning
with s. Hence T, = TsT,y for w' = sw and TyT,, = T?Tyy = (2 — )T Ty +
2Ty = (t? — 1)Tyy + t2T4y. The final statement now follows since if (v) +
[(w) = l(vw), then concatenating reduced words for v and w gives a reduced
word for vw. O

Note that T, span Hy ®7z C as a vector space.
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Definition 12.2. The Kazhdan-Lusztig involution i : Hy — Hw is the
algebra involution defined by i(t) = ¢t~ and i(T,,) = (T,,—1)~'.

Each T, is invertible: 7;' = ¢72T, + (t=2 — 1) and thus the T, are
invertible as well.

Theorem 12.3 ([?]). For each w € W there exists a unique element Cy, €
Hw such that
(1) i(Cw) = Cu
(2) Cyp = = lw) Y wew Quw )Ty where Quaw = 1 and for x < w, Quuw €
Z[t] is a polynomial of degree < I(w) —I(z) — 1.
More over, for each x < w there exists Py, € Z[q] such that Qg (t) =
nyw(t2), i.e. the polynomials QQz . only contain terms of even degree.

This basis Cy, is known as the (dual) canonical basis of Hyy.

Example 12.4. (1) ¢y =1,
(2) Cs =t Y(Ts + 1) if s is a simple reflection,
(3) Cgqp =t72(Tsy + Ty + Ty + 1) if s # t are simple reflections.

12.2. Bruhat Decomposition. Let G be a complex connected semisimple
algebraic group. Let B = G/B be the flag variety and we know that B =
Uwew BwB/B, the Bruhat decomposition. Let X, = BwB/B then X,, =
X, = Up<w Xy

This is a stratification, and since X,, = CH®) | the strata are simply con-
nected. Let IC,, be the IC-sheaf associated to the local system C on the
orbit X,

Our goal is to show the following result:
Theorem 12.5. Let v < w and y € X, then dimc H(ICy)y is 0 if i+1(w)
is odd and is the coefficient of ¢+ (W)/2 iy P, if i+ 1(w) is even.

In particular, the coeflicients are all positive.

Recall that we can also consider the GG orbits on B x B, which are all of
the form X2, = G(B/B,wB/B). We have X2, = G x” X,,.

By IC,, denote the IC sheaf on B x B that is given by the local system
C on X,,. Then for y € B, we have

Hi(IACw)(B/B,y) = fitdime(®) (Icw)y'

If A€ D%(B x B), then let

h(A)= > <Z dime Hi(Aw)ti> T,

weW \i€Z
where A, is the stalk of A over any point in X5. Le. h: DY(B x B) — Hw.
The above theorem will be a corollary to the following result:

Theorem 12.6. . A
Cyp =t BH(1C,,)
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12.3. Demazure resolutions. The closed Schubert variety X, is generally
singular, stratified by X, for v < w. Of interest to us will be their Demazure
resolutions. Let s;, ---s;, be a reduced expression for a word w € W.
Associated to each simple reflection s;; is a minimal parabolic PSij' Let

Y, = P,

: siy xB ... xPp, /B.
As an iterated P! fibration it is smooth of dimension n.

There is a natural map from Y, — X, m(p1,...,pnB/B) =p1...ppB/B.
This map is a resolution of singularities.

As in the previous section, it will be useful to resolve X,, as well. Let
Ps = G/ P; for any simple reflection s. Then let

Q‘jsi:BXP& XPSB
i i

Let 7 : ), — X, be the proper morphism that projects on the the first and
last component. This is a resolution of singularities as well and as in the
last section we have 9, = G xB Y.

It should be noted that due to the fibre productions in the definition of
), it is isomorphic to the variety

%Sil XB - XB xﬁin‘
More over, if I(w) < 2, the resolution is an isomorphism thus X,, and X,
are nonsingular in this case.

12.4. Convolution product on D(BxB). Let p; j : BxBxB — BxBbe
the projection onto the i-th and j-th factor. Then given A, B € D2(B x B),
we define Ax B € D%(B x B) to be

L
R(p1,3)«(p1 2A ® p53B).

Since the projection are proper, one can check (using base change) that this
product is associative and in particular the sheaf Ca (concentrated in degree
0), is a unit. Here A is the diagonal in B x B, which is also X;. Note that
since X is smooth, this is just a shifted IC sheaf.

Lemma 12.7. Let A be an object of DB x B) such that H'(A) = 0 if i
is odd (or even). Let s be a simple reflection, then Cx, x A has the same
property. Also h(Cx, * A) = (Ts + 1)h(A).
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Proof.

(T + DA(A) = > ((Z dime Hi(Aw)ti> Ty +

weW 1€Z

<Z dime Hi(Aw)ti> TSTw>

€L

— Z (Z(dim@ H'(Agy) + dimg H”(Aw))ti> T+

sw<w \i€Z

> (Z(dim(c H'(A,) + dimg H”(Asw))ti> T
sw>w \i€Z
Here we apply the formulas from Lemma 12.1 and then collect terms by T,.
To show the final statement in the theorem, it thus suffices to show that
dime H*((Cx, x A)y) is dime HY(Agy) + dime H2(A,,) when sw < w and
dime H(Ay) + dime H*~2(Ag,) when sw > w.
Consider the fibre square for the inclusion of (B/B,wB/B) into B x B
and the map p13. The fibre product is Z,, = {(B/B,b,wB/B)|b € B}.
By base change the stalk is thus the global sections of the restriction of

L
pi 2Cx, ® p; 3A to Z,,. But since pj ,Cx, is supported on X x B, the global

sections of (p] ,Cx, (}Lb p33A4)|z, only have support over Z,, N Xs x B, ie.
over the set Z3 = {(B/B,gB/B,wB/B)|g € Ps}

Note that Z2 is isomorphic to P! and by the above, if C is the restriction
of the above tensor product to Z3, then Hi((Cx, x A)y) = HY(Z2,C).

We will want to know the stalk of C' above each point on Z;. The stalk
at a point (B/B,gB/B,wB/B) for g € Ps; can be computed by

(Cx.)(B/B,gB/B) @ A(4B/BWB/B)-

Since (B/B,gB/B) € X, the left side is just the complex C concentrated
in degree 0. The right side depends on which orbit (¢B/B,wB/B) lies in.
If sw < w, then (¢9B/B,wB/B) € X2, iff gB = sB. The remaining points
all lie in X3,. If sw > w, the behaviour is the opposite.

If ¢+ is the inclusion of this point into Z¢" and j the inclusion of the com-
plement, then we consider the triangle:

7177°C = C = R l"C — .
This gives rise to a long exact sequence:
o= H7YZY Ru.*C) — HY(ZY, §5*C) — H(ZY,C) —
HY(ZY, Ri,*C) — HTYZY §,5%C) — - -

By the above calculations, t*C'is simply the stalk of A at sw, soAHi(ZfU, Ru.*C) =
H'({pt}, Asw) = H'(Asw). Note that when H*(A) = 0 we have H*(Asy,) = 0.
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Consider taking the stalk of 7*C' at any point on Z) —{(B/B,sB/B,wB/B)} =

C. Again, by the above computations, the fibre is the complex A,,. Thus

L
using the fact that C = C x {pt}, we have j*C = C¢c K A,,. Since Z; is
compact,

HY(Z:,515°C) = H(ZS, j1j*C) = HY(C,5*C) = H(C x {pt},Cc & Ay).
We can apply the Kunneth formula to the right most term, and since
HI(C,C) is C when i = 2 and 0 otherwise, we have H'(Z:,jj*C) =
Hi72(Ay).

The above long exact sequence now falls apart into short exact sequences
of the form
0— HY(Z:,C) =0
or
0— H"2(Ay) = H(Z5,C) = H'(Ag) — 0,
depending on the parity of <.
The results of the lemma now follow. O

12.5. Proof of theorem 12.6. We can now prove the desired theorem.

Proof. We induct bases on the length of w.

If I(w) = 0, then IC,, = Cg,[dimc B]. Thus h(IC,,) = t~dmeBp —
= dim¢ 301 )

If [(w) = 1, then w = s a simple reflection and IC, =~ Cx.[1 + dimc B].
Thus h([bs) — ¢—1-dimg¢ BTs—l-t_l_dimC BTl _ t_l_dimCB(Ts+1) — ¢—dimg BCs-

Let s1---s, be a reduced expression for w, the consider the Demazure
resolution 7 : Ps, .5, = Xuw.

Now IC(9s,..s,) = Cy,, ,[n + dimc B]. The map 7 is not in general
semi-small, but we can apply the weakest form of the decomposition theorem
to it. X

Rm.Cy,, . [n+dimc B] & &u<uICy X Vy
where V, is a graded C vector space where the grading handles the shifts of
the 1C, which appear.

The sheaf IC,, can only appear once and it does so with no shift, thus
Viw = C with a 0 grading. This follows because 7 is an isomorphism over the
open stratum, hence restricting the pushforward to this stratum will result
in a complex whose cohomology only exists in degree —n — dimg¢ B.

Otherwise, since the sheaf we pushforward is Verdier self dual and 7 is
proper, the resulting complex is self dual as well. This implies that the j-th
graded piece of V,, is equal to the —j-th graded piece of V,,. These two facts
together along with the fact that h(A @ B) = h(A) + h(B), gives

h(Rm.Cy,, . [n+dimeB]) = h(ICyw) + > Qu(t)h(IC,).

Here @, (t) is simply the grading polynomial of V,, and hence satisfies @, (t) =
Qu(t™1).
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By induction h(IC,) =t~ 4mcBC,  thus
9B S QL (DI

u<w
is fixed by the involution on Hyy .
Since
2)31...sn = xsl XB -+ XB %Sna
it follows that
RW*C@slmsn = ngSl *oee ok (stn'

Thus by previous lemma, we have
h(R7s, s, [n+dime B]) = t "~ 4meB(147, ). (14Ty,) = ¢t~ 4meBo, ... C,

Hence t4meB(Rr,9)s, ...s, [n + dime B]) is also fixed by the involution.

This implies that ¢tmcBy(1C,) is fixed by the involution as well.

The remaining condition is on the degrees of the polynomial which occurs
as the coefficient of T}, in ¢t3™mcBy(IC,,), but this follows from the general
properties of IC' complexes. O

n*

12.6. examples.

12.6.1. A;. G = SLo(C), W = S3. We know the canonical basis elements
in Hy are C; = 1 and Cs, = t71(T}, + 1). The flag variety G/B is simply
a copy of CP!. The two Schubert cells are X{ = {pt} and X3 = C. The
Schubert varieties are both smooth, X; = {pt} and X, = CP!. Hence the
ICl = (CXl [0] and ICSl = (CXsl [1]

12.6.2. Ay. G = SL3(C) and W = S3. The only C,, that we do not already

know is Cs, s,s,- Now, if s1--- s, is a reduced word for w, then
Cs,Cs, -+ Cs,, = Cy + lower order terms.

This is clear, since the term T, appears with coefficient t~" in both C,, and
the left hand side.

Cs,Cs,Csy = t73(T51+1)(T52—|—1)(T51 +1) = tig(T818281 e +T3251+(t2+1)Tsl +T82+(t2+1)))

We note that the right hand side cannot be C,,, since the coefficient of
T, violates the degree bound of [(s1s2s1) — I(s1) — 1 = 1. Thus we must
subtract off Cy,, this gives

081052051 - 081 = t_3(T518251 + T5182 + T5251 + Tsl + T82 + 1) = C515281'

One can check that if [(w) < 2, the Demazure resolution is an isomor-
phism, so that X, s, and X, are both smooth. In fact they are just CP*
bundles over CP'. The Schubert variety X, s,s, = G/B so it is also smooth.
Thus the IC sheaves in each case are just C[l(w)]. This agrees with the
calculation of C,, above.

The Demazure resolution is not an isomorphism for w = s1s251, so what

is Rm,IC(Ys,s,5,)?7 This should be the same as Rm.JC (s, sps,). Since
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(R IC(Ysy 508, ) = M BCO Cy,Cy,, the same method that allows us
to compute that Cs, Cs,Cs, = Cs, +Cs, 5,5, Will show that Rm,IC(Ys,s,s,) =
1Cs, + 105, 555, -

From a geometric perspective, m : Qs 505, — Xs,505, 1S an isomorphism
over Xg 5,5, — X5, and has a CP; fibre over the remaining points. In this
case 7 is semismall.

12.6.3. Bs. Note that W = {1, s1, s9, 152, S251, S15251, $25152, S1528182 =
52515251 }. If we consider sispsi, then as above, Cy g5, = t 3(Tsyspsy +
Tsys5 + Tsysy + Tsy + Ts, +1)). Hence ICs 5,5, = Cx, ., [3]. But one can
check that X, s,s, is singular with singular locus X,,. Thus we see that it
is possible to have an I'C' sheaf which does not detect singularities.

12.6.4. As. Here we will consider the word w = s1s3595351. If one computes
Cs,Cs,Cs,Cs, O, , for most v < w, the coeflicient of T}, is 1. The exception
is if u € {s1s3,51,53,1} in which case it is t* + 2> + 1. Thus we know
the cohomology of the stalks of the sheaf Y;, 45,555, Note that in order for
Rm,Cy, .., ..., [5] to be a perverse sheaf, the cohomology of the stalks over
X¢, s, must vanish in degree > —2. But the fact that we have a term t4 tells
us that it does not.

In particular, Rm.Cy, ., ..., 5] = A®ICs, s, [—1], But since the left hand
side is Verdier self dual, there must also be a factor of ICs,s,[1] in A. This
leaves us with A = ICs,5,[1] ® B where B is now Verdier self dual. Note
that it also satisfies the support conditions of an IC sheaf and thus it is an
IC sheaf it self. Since the cohomology of its stalks is C over X¢ ;,s,s,5, il
degree —5, it follows that this is the ICy, s555555; -
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