
1. Introduction

The goal of this course is to give an introduction to perverse sheaves, to
prove the decomposition theorem and then to highlight several applications
of perverse sheaves in current mathematics.

The story of perverse sheaves starts with, in some sense, the work of
Goresky- MacPherson [GM80] and their construction of intersection homol-
ogy. This is a homology theory for singular spaces that also has Poincaré
duality. Goresky-MacPherson [GM83] also show that there is a complex of
sheaves called the intersection cohomology or IC sheaf such that when one
takes the hypercohomology, one obtains the intersection homology of the
the space.

The work of Belinson-Bernstein-Deligne-Gabber [BBD] gives a more in-
trinsic construction of the IC sheaves and gives rise to a more general class
which they call perverse sheaves.

2. Stratifications

Definition 2.1. A stratification of a topological space X is a choice of P ,
a partially ordered set with |P | < ∞, and of subspaces Xi, called stratum,
for each i ∈ P satisfying the following list of axioms:

(1) Each Xi is a topological manifold.
(2) Xi ∩Xj = ∅ if i 6= j.
(3) Xi is locally closed.
(4) ∪i∈PXi = X.
(5) If Xi ∩ X̄j 6= ∅ then Xi ⊂ X̄j . This relation is equivalent to i ≤ j.

Example 2.2. The locus of xy = 0 in C2 has a stratification consisting of
the origin as one stratum and the remainder of the variety as the other. A
second stratification consists of the punctured x-axis, the punctured y-axis
and the origin.

Note 2.3. It is common to assemble all strata of a fixed dimension together
into one space. In this case the poset P becomes linear and the strata are
typically indexed by their dimension. For a connected space, the closure of
the top dimensional stratum is thus dense in space and is typically referred
to as the open or dense stratum.

Note 2.4. The closure of a stratum may still be smooth. moreover taking
iterated singular part does give a stratification, but as we will see below, it
has some problems.

2.1. Whitney conditions. The following two conditions on a pair X,Y
of locally closed submanifolds of Rn of dimensions i and j were defined by
Whitney:

• X and Y satisfy condition A if for any sequence x1, x2, · · · ∈ X,
converging to y ∈ Y with tangent i-planes covering to an i-plane T ,
then T contains the tangent plane to y in Y .
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• X and Y satisfy condition B if for any sequence of points x1, x2, · · · ∈
X and y1, y2, · · · ∈ Y converging to y ∈ Y such that the secant lines
between xi and yi converge to a line L then L is in T as described
above.

A stratification whose strata satisfy the Whitney conditions is called a
Whitney stratification.

Example 2.5. Consider the surface y2 − x3 − z2x2 = 0:

A natural stratification might be to take the z-axis (bold in the above
diagram) as one strata and then have the remaining smooth part as the
other strata. This violates Whitney B. A Whitney stratification would
have to have the origin as a third strata.

Note 2.6. Every complex variety has a Whitney stratification with all even
dimensional strata.

2.2. Locally Trivial Stratifications.

Definition 2.7. A stratification is called locally trivial if for each x ∈ Xi,
there is a neighbourhood U of x in X, an open ball B around x in Xi and a
stratified space L such that there exists a homeomorphism φ : B×CL→ U
preserving the stratification. Here CL is the open cone over L.

Thom [Thom69] and more recently Mather [Mather70] show that any
Whitney stratification is also locally trivial stratification.

Note 2.8. Depending on the author the definition of stratified space often
contains one of the previous two conditions as well.

Theorem 2.9 ([Goresky78]). Any locally trivial stratified space X is trian-
gulable.

3. Intersection Homology

3.1. Borel-Moore homology. The Borel-Moore homology of a space X,
denoted HBM

• (X) is to normal homology what standard cohomology is to
cohomology with compact supports.
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There are several equivalent definitions of HBM
• (X), for now the most

convenient is in terms of singular simplicies. Let CBMi (X) be the be the
chain complex of infinite singular chains which are locally finite. By locally
finite we mean that for any compact set D ⊂ X and η ∈ CBMi (X), only
finitely many simplicies in η meet D. The singular boundary map is still
well defined and HBM

• (X) is the homology of this complex.
The support of η ∈ HBM

i (X) is simply the union of the supports of the
simplicies in η and will be denoted |η|.

Lemma 3.1. |η| is closed for η ∈ HBM
i (X).

Proof. This is due to the local finiteness condition. �

For this reason Borel-Moore homology is often referred to as homology
with closed supports and if we restrict to Borel-Moore chains with compact
support, we obtain the singular homology of the space which is sometimes
referred to as homology with compact supports

Note 3.2. For X a compact space, HBM
• (X) = H•(X).

Theorem 3.3 (Poincaré Duality). If X is an oriented n-manifold, the in-
tersection pairing

HBM
i (X)×Hn−i(X)→ H0(X)→ C

is a perfect pairing.

Example 3.4. For X and Y , the loci of x2 + y2 = 1 and x2 + y2 = z2, we
compute the Borel-Moore and standard homology:

i HBM
i (X) Hi(X)

0 0 C
1 C C
2 C 0

i HBM
i (Y ) Hi(Y )

0 0 C
1 C 0
2 C⊕ C 0

For the singular variety we see that Poincaré duality fails. In particular
it fails since any 1-chain representing the generator of HBM

1 (Y ) cannot be
made transverse to the singular point. Goresky-MacPherson proposed fixing
this by discarding all chains whose support intersects the singular locus in
the incorrect dimension.

In the above example, this discards every 1 or 0-chain whose support
intersects the origin. The homology of the resulting chain complex is the
intersection homology we we have

i IHi(Y ) IHc
i (Y )

0 0 C⊕ C
1 0 0
2 C⊕ C 0
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3.2. Perversities. In order to define the intersection homology of a space
X in general, we will need to take into account not only the singular set
of the space, but also the singular set of the singular set etc. We will pick
a stratification of X and then we will need to determine how chains will
be allowed to intersect the various strata. This will be determined by a
perversity, which will set the allowed defect in the intersection of a chain
with a stratum.

Definition 3.5. A perversity of dimension n is map p : {2, 3, . . . , n} → Z≥0

such that p(2) = 0 and p(k + 1)− p(k) ∈ {0, 1}.

There are 4 important perversities to consider

0 = (0, 0, 0, . . . , 0) 0-perversity

m = (0, 0, 1, 1, 2, 2, . . . ) lower middle perversity

n = (0, 1, 1, 2, 2, 3, . . . ) upper middle perversity

t = (0, 1, 2, 3, . . . , n− 2) top perversity

moreover two perversities are complementary if p+ q = t.

Definition 3.6. An i-chain η is said to be p-allowable if for each k ≥ 2
(real) co-dimensional strata Xα of X, we have

(1) dimR(|η| ∩Xα) ≤ i− k + p(k)
(2) dimR(|δη| ∩Xα) ≤ i− 1− k + p(k)

Note that the expected dimension of intersection of Xα and |η| is ex-
actly i− k, so p(k) actually giving the defect from the ‘correct’ intersection
dimension.

Definition 3.7. Given a perversity p, let C
p

i (X) be the collection of p-
allowable Borel-Moore i-chains.

Lemma 3.8. The boundary map δ is well defined, in particular, if η ∈
C
p

i (X), then δη ∈ Cpi−1(X)

Proof. Since η is p-allowable, for any strata Xα of codimension k we have

dimR(|δη| ∩Xα) ≤ i− 1− k + p(k).

moreover δδη = 0, so we see that the i − 1 Borel-Moore chain δη is p-
allowable. �

Definition 3.9. Given a stratified space X and a perversity p, the inter-

section homology IpHi(X) is the i-th homology of the complex C
p
• .

Note 3.10. If X has no strata of co-dimension i, then for a perversity p(i)
doesn’t matter. Hence for a complex variety with only even dimensional
strata, the two middle perversities give the same intersection homology. This
is what is typically referred to as the intersection homology of a complex
variety.
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Theorem 3.11 ([GM80]). The spaces IpH•(X) do not depend on the strat-
ification of X.

Example 3.12. Consider the suspension X of the standard 2 torus. Its ho-
mology is H0(X) = C, H1(X) = 0, H2(X) = C⊕ C and H3(X) = C. Since
this is a compact space, HBM

• (X) is the same. The singular locus Σ consists
of two points, the top and bottom of the suspension. X − Σ is smooth, so
X is has a Whitney stratification consisting of Σ and X − Σ. Since X has
dimension 3, there are two perversities, p = (0, 0) and q = (0, 1).

We can imagine the suspension as the following figure where the front is
glued to the back and the left to the right:

The singular set consists of the top and bottom point in the diagram.
In the case of p, we allow only i-chains η such that dim(|η| ∩ Σ) ≤ i − 3

and dim(|δη| ∩Σ) ≤ i− 4. Now, we discard any 0-chain intersecting Σ, and
for any two points there is a simplex in X − Σ connecting the two. Thus
IpH0(X) = C. Similarly, IpH3(X) = C, since the generator of H3(X) is
allowable. We have IpH1(X) = C ⊕ C: the bold red and blue 1-chains are
generators. Although each are the boundary of a 2-chain in X (for instance
the red hatched portion has boundary the bold red 1-chain) any two chain
which has either the red or blue 1-cycle as boundary must intersect Σ and
thus not allowable. Finally IpH2(X) = 0. The allowable 2-chains with
no boundary are exactly those that do not intersect Σ, but these are all
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contractible. moreover, the 3-chain that has such a 2-chain as its boundary
is allowable, so they are zero in the intersection homology.

If we compute IqH•(X) in a similar fashion we get:

i IpHi(X) IqHi(X)
0 C C
1 C⊕ C 0
2 0 C⊕ C
3 C C

3.3. The intersection pairing. Our goal now is to show that if we have
three perversities p, q and r such that p + q = r, and an n-dimensional
stratified space X, then there is a well defined intersection pairing

IpHi(X)× IqHj(X)→ IrHi+j−n(X).

Definition 3.13. If p, q, r are perversities for a Whitney stratified space X

such that p + q = r and if C ∈ Cpi (X) and D ∈ Cqj (X) then C and D are

said to be dimensionally transverse if dim(|C| ∩ |D|) ≤ i+ j − n (i.e. their
supports are transverse) and

dim(|C| ∩ |D| ∩Xα) ≤ i+ j − n− k + r(k).

Note that the second condition is the first of the two conditions which would
make the intersection allowable.

Lemma 3.14. [GM80] For any two cycles η ∈ IpHi(X) and ν ∈ IqHj(X),
there is a pair of representative chains that are dimensionally transverse.

Thus we can define the intersection of two cycles as the sum of the sim-
plicies which appear in the intersection of the two transverse chains along
with coefficients calculated using the standard formula.

moreover we have

Theorem 3.15 (Generalized Poincaré Duality). [GM80] If p + q = t and
i+ j = n, then the intersection pairing

IpHi(X)× IqHc
j (X)→ ItHc

0(X)→ C
is non degenerate. IpHc

i (X) is taken to be the compactly supported version
of intersection cohomology.

Note 3.16. So now each complex variety X has a middle intersection ho-
mology which we will denote by IH•(X). moreover, the intersection pairing
becomes IHi(X)× IHj(X)→ C when i+ j = n.

3.4. The IC Sheaf. At this point it is not obvious that IpH• is a topo-
logical invariant. In fact, to show this Goresky and MacPherson [GM83]
had to translate the definitions of intersection homology into the language
of complexes of sheaves.

Now, given any open U ⊂ X, we can restrict Borel-Moore chains from
X to U , i.e. we have a map Ci(X) → Ci(U). Similarly, an open subset U
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gains a stratification from one on X, so we can define IpCi(U) and have a

restriction map C
p

i (X)→ C
p

i (U). Indeed, one can define sheaves

D−iX (U) = Ci(U)

and

IpC−iX (U) = C
p

i (U).

moreover the boundary map turns this into a complex.
From such a complex one can recover

Hi(X) = H−i(Γ(D•X))

Hc
i (X) = H−i(Γc(D•X))

IpHi(X) = H−i(Γ(IpC•X))

IpHc
i (X) = H−i(Γc(IpC•X))

Note 3.17. This construct, of taking the homology of the global sections of
a complex of sheaves is known as hyper cohomology. IpC•X is known as the
intersection cohomology sheaf of X (with perversity p). The sheaf D•X is
the dualizing sheaf.

4. Sheaves

In general we will be working with sheaves of vector spaces. By Presh(X)
denote the category of presheaves of vector spaces (over C) on X and by
Sh(X) denote the full subcategory of sheaves on X. The left adjoint of
the inclusion ι : Sh(X) ↪→ Presh(X) is the sheafification map (•)+ :
Presh(X)→ Sh(X). In particular we have

HomSh(X)((G)+,F) ∼= HomPresh(X)(G,F).

Let f : X → Y be a continuous map of topological spaces. If F ∈ Sh(X),
then f∗F ∈ Sh(Y ) is the direct image or push forward sheaf on Y . It is
defined by

(f∗F)(U) = F(f−1(U)).

This map is functorial and left exact.

Example 4.1. Consider f : X → x, then f∗F = Γ(F).

If one has G ∈ Sh(Y ), then we also define f∗G ∈ Sh(X) the inverse image
or pullback of G to X. Recall that to do this, one first defines the presheaf

(f−1G)(U) = lim−−−−−→
f(U)⊂V

G(V ).

Then f∗G = (f−1G)+ and f∗ is a functor as well and is right exact.

Example 4.2. If f is the inclusion of a point x into X, then f∗F = Fx, the
stalk of F at x.
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Theorem 4.3. f : X → Y be a continuous map, F ∈ Sh(X) and G ∈
Sh(Y ), then

HomSh(X)(f
∗G,F) ∼= HomSh(Y )(G, f∗F).

Proof. First, we note that

HomSh(X)(f
∗G,F) ∼= HomPresh(X)(f

−1G,F).

Suppose that we start with a map h : HomSh(Y )(G, f∗F), then for each
W ⊂ Y , we have

hW : G(W )→ F(f−1(W )).

For each U ⊂ X, we want to construct a map

ĥU : lim−−−−−→
f(U)⊂V

G(V )→ F(U).

Now for each W such that f(U) ⊂W , the direct limit gives us a map

φW : G(W )→ lim−−−−−→
f(U)⊂V

G(V ).

moreover, since f(U) ⊂ W , we have U ⊂ f−1(W ) and thus we have a

natural restriction φ̂W : F(f−1(W )) → F(U). The universal property of

direct limits then gives a map ĥ as desired, making the following diagram
commute:

G(W ) F(f−1(W ))

lim−−−−−→
f(U)⊂V

G(V ) F(U)

hW

φW φ̂W
ĥU

We leave the other direction to the reader. �

It will also be important to have the existence of the internal Hom, a
sheaf Hom(F ,G) ∈ Sh(X), for sheaves F ∈ Sh(X). Its set of sections over
an open set U ⊂ X is HomSh(U)(F|U ,G|U ).

moreover, the tensor product of two sheaves is the sheafification of the
tensor product of their sections. Then we have the following adjointness
results:

Theorem 4.4.

f∗Hom(f∗G,F) ∼= Hom(G,F)

HomSh(X)(F ⊗ G,H) ∼= HomSh(X)(F ,Hom(G,F))

and

Hom(F ⊗ G,H) ∼= Hom(F ,Hom(G,F)).
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4.1. Locally constant and constructible sheaves. Recall that a con-
stant sheaf VX ∈ Sh(X) is the sheafification of the presheaf which takes the
same vector space V as its sections over all open sets in X. Its sections over
U are simply the locally constant functions f : U → V .

Definition 4.5. F ∈ Sh(X) is a locally constant sheaf if for each x ∈ X,
there exists a neighbourhood U such that F|U is constant. If the stalks of
F are also finite dimensional, then we call F a local system.

Example 4.6. Any constant sheaf is thus locally constant. If we consider the
punctured plane X = C× and the map f(z) = z2, the direct image of the
constant sheaf CX on X: f∗CX = CX ⊕ Q where Q is a locally constant
sheaf. In particular, the set sections of Q on any annulus containing the
origin is 0.

Theorem 4.7. For a path-connected, locally path connected space, locally
simply connected X, there is a bijection between{

local systems on X
up to isomorphism

}
←̃→

{
finite-dimensional representations of

π1(X,x0) up to isomorphism

}
.

Proof. Given a locally constant sheaf F on X, we want to construct a rep-
resentation of π1(X,x0). The main idea is to use the fact that if U ⊂ X
such that F|U is constant, then the stalks Fx for x ∈ U are all naturally
isomorphic. Then, given a curve representing an element in π1(X,x0), we
cover the curve in neighbourhoods where F is the constant sheaf and use
compactness to pick finitely many such sets. Chaining the isomorphisms
of stalks we obtain an automorphism of Fx0 . All one has to do it prove
that this is well defined and moreover that it is an group morphism from
π1(X,x0) to GL(Fx0).

The space X has a universal cover p : X̄ → X. Given a representation
τ : π1(X,x0)→ GL(V ) for some vector space V , for U ⊂ X, set

G(U) = {locally constant, π1(X,x0)− equivariant mapsφ : p−1(U)→ V }.
Then G is a sheaf on X, moreover Gx0 ∼= V and one can check that the
monodromy action on the stalk is given by τ . �

In fact the above bijection can be strengthened to a equivalence of cat-
egories: a morphism between two locally constant sheaves will induce a
morphism on stalks at x0 equivariant with respect to the π(X,x0) actions.

Definition 4.8. A sheaf F on a stratified space X is said to be constructible
if F|Xα is locally constant on each stratum Xα.

Example 4.9. (1) The sheaves DiX and IpCi defined in section 3.4 are
constructible.

(2) Suppose that an algebraic group G acts on an variety X with finitely
many orbits. Then X stratified by the orbits and this stratification
is Whitney: those points in a strata which violate condition B form
a subvariety of dimension strictly less than the strata they lie in
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[K05], but this condition is G-invariant. In this situation being con-
structible is the same as being G-equivariant.

4.2. Direct image with proper support.

Definition 4.10. Given F ∈ Sh(X) and U ⊂ X open, given x ∈ U , there
is map F(U) → Fx. For s ∈ F(U), we denote sx is image in Fx, otherwise
known as the germ of the section over x. The support supp(s) of a section
s ∈ F(U) is

supp(s) = {x ∈ U |sx 6= 0}.

Example 4.11. (1) Consider the sheaf OX of functions on X. Then if
f ∈ OX(U), the support of f as a section is the support of f as a
function on U .

(2) Consider a global section in the sheaf of Borel-Moore i-chains CBMi (X)
on X. The support as a section is the support as an i-chain.

Definition 4.12. Given f : X → Y a continuous map, there is a map
f! : Sh(X) → Sh(Y ) called the direct image with proper support. For F ∈
Sh(X), f!F is a subsheaf of f∗F :

(f!F)(U) = {s ∈ F(f−1(U))|f |supp(s) : supp(s)→ U is proper}.

Lemma 4.13. f!F is a sheaf and f! is a left exact functor.

Note 4.14. Given an exact sequence 0 → A → B → C → 0 in an abelian
category, a functor F from that category is said to be exact if its image
is an exact sequence in the image category. This will force the functor to
preserver exact sequences of any size. If only 0→ F (A)→ F (B)→ F (C) is
exact (i.e. exactness fails at the third term if we include F (C) → 0), then
F is left exact. Similarly if F (A) → F (B) → F (C) → 0 is exact then F is
right exact.

A right adjoint functor is always left exact and a left adjoint functor is
always right exact.

In general we will want to find a right adjoint functor to f! which we
would call f !. Unfortunately this does not exist in general. If it did then f!

would be exact. In the case of f : X → {x} with X compact, f! = f∗ and
this would say that the global sections functor on a compact space is also
exact. But if this where to be true then X would have trivial homology and
cohomology since (as we will see) the homology of a space is governed by
the failure of Γ to be exact.

Example 4.15. (1) If f is a proper map, then f∗ = f!, since the restric-
tion of f will still be proper.

(2) Consider f : X → {x}, then we define Γc(F) = f!F and call these
the global sections of F with compact support. Consider the sheaf
CBMi (X) of Borel-Moore i-chains. We know that Γ(CBMi (X)) =
CBMi (X) and claim that Γc(CBMi (X)) = Ci(X), the compactly sup-
ported chains.
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5. Derived Functors

Definition 5.1. Given an abelian category A, an object Q is called injective
if for any f : A → Q and monomorphism h : A → B, there exists a
g : B → Q with gh = f .

An object P is called projective if for any f : P → B and any epimorphism
h : A→ B, there exist a g : P → A with hg = f .

Lemma 5.2. An object Q is injective iff hom(•, Q) is exact. An object P
is projective iff hom(P, •) is exact.

Example 5.3. In the category of modules over a ring, a projective module is
a free module.

Definition 5.4. An abelian category is said to have enough injectives if
for any object A there exists an injective object I and a monomorphism
f : A → I. Similarly, it is said to have enough projectives if for any object
A there exists a projective object P and an epimorphism f : P → A.

If a category A has enough injectives, for any object A we can construct
its injective resolution:

0→ A→ I0 → I1 → · · · ,
where each morphism is a monomorphism and each object Ii is injective.
Note that this sequence is exact. Something similar can be done for cate-
gories with enough projectives.

Definition 5.5. Given a left exact functor F : C → D where C has enough
injectives, its i-th right derived functor RiF : C → D applied to A ∈ C
is the i-th cohomology of the complex 0 → F (I0) → F (I1) → · · · where
0→ A→ I0 → I1 → · · · is an injective resolution of A.

Similarly for a right exact functor, we can compute its left derived functor
via a projective resolution.

Example 5.6. (1) The functor Tor(•, B) is the left derived functor of •⊗
B. Similarly Ext(A, •) is the right derived functor of the hom(A, •)
functor. In particular, to obtain Tor one takes a free resolution of
B and tensors with • and then takes homology.

(2) The category Sh(X) has enough injectives. Since Γ is left exact, it
has a right derived functor RiΓ. RiΓ(F) which can be seen to be the
Čech cohomology H i(X,F) when X is Hausdorff and paracompact.

6. Categories of Complexes and Derived Categories

Our goal is to produce a better language to talk about derived functors
by thinking about categories of complexes of objects and inverting any mor-
phism between two complexes which induce an isomorphism on cohomology.

Let A be an abelian category. Then C(A) is the category of complexes
in A:
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• Its objects are (bi-infinite) complexes · · · → A−1 → A0 → A1 → · · ·
where Ai ∈ A and the maps are typically denoted di : Ai → Ai+1.
• Its morphisms, f : A• → B• are families f i : Ai → Bi such that
f i+1di+1

A = diBfi.

Note 6.1. We often consider a collection of associated categories, C+(A) of
complexes bounded below (i.e. they are 0 eventually on the left), C−(A)
of complexes bounded above and Cb(A) of bounded complexes. In general
results about C(A) will be true for each of these other categories as well.

For any complex A• ∈ C(A), we can compute its cohomology: Let I be
the image object of di−1 and K the kernel of di, then the map I → Ai factors
through K → Ai, so we have a map I → K then H i(A•) is the cokernel of
this map.

In the category C(Sh(X)) this is just the cohomology sheaf of the com-
plex, the quotient of the kernel sheaf by the image sheaf. Recall here that
the naive image of the sheaf is just a presheaf and thus the image sheaf is
its sheafification.

On the category of complexes we have two natural operations, the first is
the shift functor: for a complex A• ∈ C(A), we define (A[n])i = Ai+n and

the differential diA[n]• = (−1)ndinA• .

For a morphism f ∈ HomC(A)(A
•, B•), we define a new complex, cone(f) ∈

C(A) by (cone(f))i = Ai+1 ⊕Bi with differential

dicone(f) =

(
−di+1

A• 0
f i+1 diB•

)
.

This is called the mapping cone of f .

Definition 6.2. A complex A• is said to be acyclic if H i(A•) = 0 for all i.

Lemma 6.3. There exists a short exact sequence

0→ B• → cone(f)→ A•[1]→ 0.

Moreover this gives a long exact sequence in homology:

· · · → Hn−1(cone(f))→ Hn(A•)→ Hn(B•)→ Hn(cone(f))→ · · · .

In particular cone(f) is acyclic iff f induces an isomorphism on homology.

Definition 6.4. A morphism f : A• → B• is a quasi-isomorphism if H i(f)
is an isomorphism.

Definition 6.5. A homotopy between two maps f, g ∈ HomC(A)(A
•, B•)

is a collection of maps hi : Ai → Bi−1 such that

di−1
B hi + hi+1diA = f − g.

If such an h exists then f and g are said to be homotopic, f g.
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Definition 6.6. The homotopy category over A, denoted K(A) has the
same objects as C(A) but we set

HomK(A)(A
•, B•) = HomC(A)(A

•, B•)/{f : A• → B•|f ∼ 0}.
The overall picture here is that we only care about the cohomology of

complexes and when f and g are homotopic, they induce the same map on
cohomology. Thus taking the i-th cohomology of a complex descends to a
functor H i : K(A)→ A.

Unfortunately by performing this operation, the resulting category is no
longer abelian and is only additive. This means, in particular that one can
no longer speak of short exact sequences in the category. We can how ever
discuss a structure on the K(A) is as close as we can get to an abelian
structure: the structure of a triangulated category.

It should be noted that the category A is a full subcategory of K(A), via
the complexes concentrated in degree zero.

6.1. Triangulated Categories. The definition of a triangulated category
is due essentially to Verdier in PhD thesis under Grothendieck.

A triangulated category is an additive category A with two extra struc-
tures. The first is an autoequivalence Σ : A → A called suspension. This is
often known as the translation functor, in which case the usual notation is
ΣnA = A[n]. The second is a class of triangles,

X → Y → Z → X[1],

with the usual condition that the composition of any two adjacent arrows is
0, called distinguished triangles.

The collection of distinguished triangles must satisfy the following four
axioms:

TR 1 The triangle

X
id−→ X → 0→ X[1]

is distinguished. Moreover, for each f : X → Y , we have distin-
guished triangle

X
f−→ Y → Z → X[1].

Z is then known as a mapping cone for f . The class is closed under
isomorphism.

TR 2 The rotation of a distinguished triangle is distinguished. That is,
given

X
u−→ Y

v−→ Z
w−→ X[1],

the triangles

Y
v−→ Z

w−→ X[1]
−u[1]−−−→ Y [1]

and

Z[−1]
−w[−1]−−−−→ X

u−→ Y
v−→ Z

are distinguished.
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TR 3 Given maps f and g which make the square on the left commute,
the morphism h exists (not necessarily uniquely):

X Y Z X[1]

X ′ Y ′ Z ′ X ′[1]

f g h f [1]

It should be noted that this axiom will also follow from the next
axiom.

TR 4 This is known as the octahedral axiom. Starting with 3 distinguished
triangles,

X
u−→ Y → Z ′ → X[1]

Y
v−→ Z → X ′ → Y [1]

X
vu−→ Z → Y ′ → X[1],

we have a fourth distinguished triangle

Z ′ → Y ′ → X ′ → Z ′[1]

such that everything in the following diagram commutes:

Y ′

Z ′ X ′

X Z

Y

The idea behind the axioms is that is that although given a map f :
X → Y in the category, we do not have a kernel an cokernel, we will have a
homotopy kernel and homotopy cokernel. Since a distinguished triangle

X
f−→ Y → Z → X[1]

exists, we consider Z[−1]→ X to be homotopy kernel and Y → Z to be the
homotopy cokernel.

With this thinking, the first three axioms can be thought of as saying
that:

• The identity map has zero homotopy kernel and cokernel.
• Every map has a homotopy kernel and cokernel.
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• Any map is the homotopy kernel of its homotopy cokernel and every
map is the homotopy cokernel of its kernel.
• Homotopy kernels and cokernels are ’functorial’

Lemma 6.7. If f : A→ B is an isomorphism, then

A
f−→ B → 0→ A[1]

is distinguished.

Proof. All the vertical arrows in the following diagram are isomorphisms
and all squares commute:

A A 0 A[1]

A B 0 A[1]

idA

idA

f

f

Thus the two triangles are isomorphic and since the first is distinguished so
is the second. �

Lemma 6.8. Given a morphism f : X → Y , for any two distinguished

triangles X
f−→ Y → Z → X[1] and X

f−→ Z ′ → X[1], there is a (non-
unique) isomorphism between Z and Z ′.

Proof. Given a distinguished triangle A
u−→ B

v−→ C
w−→ A[1], and an object

U , the sequence of abelian groups

Hom(U,A)→ Hom(U,B)→ Hom(U,C)

is exact. Indeed, given f : U → B such that v ◦ f = 0 (i.e. f is in the
kernel), then consider

U 0 U [1] U [1]

B C A[1] B[1]

f h

-idU [1]

f [1]

v w −u[1]

Since h exists via axiom 3, we see that f = u ◦ h and thus is in the image.
Then it follows that

· · · → Hom(U,A)→ Hom(U,B)→ Hom(U,C)→ Hom(U,A[1])→ · · ·

is exact for any distinguished triangle.
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Applying this with U = Z ′ to

· · · X Y Z X[1] Y [1] · · ·

· · · X Y Z ′ X[1] Y [1] · · ·

idX idY h idX [1] idY [1]

and using the 5-lemma shows that the induced map h : Hom(Z ′, Z) →
Hom(Z ′, Z ′) is an isomorphism of groups. Thus there exists a g : Z ′ → Z
such h◦g = idZ′ . What about g◦h? Well, the induced map h : Hom(Z,Z)→
Hom(Z,Z ′) is also isomorphism and the image of g ◦ h is h ◦ g ◦ h = h, but
the image of idZ is also h, so g ◦ h = idZ . �

Definition 6.9. A functor F : A → B where A, B are triangulated cate-
gories is called a triangulated functor if FΣ is naturally isomorphic to ΣF
and sends distinguished triangles to distinguished triangles.

Example 6.10. The category K(A) is triangulated for any abelian category

A with distinguished triangles generated by X
f−→ Y → cone(f)→ X[1].

Indeed, this now says that if f : X → Y then cone(f) ∼= 0 in K(A).
Moreover, the sequence

· · · → H i(X•)→ H i(Y •)→ H i(Z•)→ H i+1(X•)→ · · ·

is exact.

Lemma 6.11. Given a distinguished triangle X• → Y • → Z• → Z•[1] in
K(A) the sequence

H0(X•)→ H0(Y •)→ H0(Z•)

is exact.

Proof. Let f : X → Y be the morphism in the triangle and a be a represen-
tative in C(A) then we have an isomorphism of complexes:

X Y Z X[1]

X Y Ca X[1]

idX

f

idY idX [1]

f

Applying H0 leaves the vertical arrows as isomorphisms and makes the
bottom row exact. This forces the top row to be exact as well. �
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6.2. The Derived Category. Our goal now is to define a category whose
objects are complexes and morphisms are morphisms of complexes but with
the added condition that all quasi-isomorphisms are invertible.

One way of doing this is through a universal property: Given a collection
S of morphisms in a category A, we could consider a category A[S−1], i.e.
A localized at S, equipped with a functor Q : A → A[S−1] such that Q(s)
for s ∈ S is invertible. This should satisfy the following universal property:
F : A → B with F (s) invertible for all s ∈ S, there should exist a unique
functor G : A[S−1]→ B such that G ◦ F = Q.

This category exists and is unique, but the definition of morphisms is no
simple. In the case that we have a category with a triangulated structure
and a set of morphisms compatible with this structure, then the definition
becomes much simpler. By compatible, we mean that the set S is closed un-
der translation, and in third triangulated category axiom, if the morphisms
f, g ∈ S, then h ∈ S.

Definition 6.12. The derived category of A, denoted D(A) has the same
objects as C(A) but its morphisms are given by equivalence classes of roofs.
That is, a morphism from an objectA• to an objectB• is a pair f : X• → A•,
a quasi-isomorphism, and g : X• → B• both morphisms in K(A):

X•

A• B•
f

g

Two roofs are equivalent if there is a third roof such that the following
diagram commutes:

Z•

X• Y •

A• B•

First, we should check that quasi-isomorphisms are in fact compatible
with triangulated structure on K(A). First, it is clear that the shift of a
quasi-isomorphism is still a quasi-isomorphism. The only thing to check is
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what happens when we have:

X• Y • Z• X•[1]

X ′• Y ′• Z ′• X ′•[1]

f g h f [1]

Where f and g are quasi-isomorphisms. If we apply the cohomology
functor then the sequence on top and bottom become exact and the maps
H∗(f) and H∗(g) are isomorphisms, so by the 5-lemma, the map H∗(h) is
also an isomorphism.

The next issue is that it is not obvious how one composes roofs. Indeed,
take

Z• Z ′•

U• V • W •
f

g

h

i

With f and h quasi-isomorphisms. How does one use this data to define a
roof from U• to W •? If it is always possible to find k, a quasi-isomorphism
and l that make a commuting square the pair g and h:

Z ′′•

Z• Z ′•

U• V • W •

k

l

f

g

h

i

Then the roof given by f ◦ k and i ◦ l would work.
Consider a distinguished triangle

Z•
g−→ V •

ι−→M• → Z•[1]

for g. Then consider

Z ′•
ι◦h−−→M• → Z ′′•[1]→ Z ′•[1]
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a distinguished triangle for ι ◦ h. Then we have

Z ′• M• Z ′′• Z ′•[1]

V • M• Z•[1] V •[1]

h

ι ◦ h

idM k[1]

l[1]

h[1]

ι −g[1]

In particular the last square commutes and the map k[1] is a quasi-
isomorphism. If we shift it back by 1 and move the −1 unto the map
l[1], then we see that k and l are as needed.

There is a natural functor Q : K(A) → D(A), which is the identity on
objects and takes a morphism f : X• → Y • to a roof (idX , f).

Next, for a quasi-isomorphism q : X → Y , it is now invertible, since we
can compose the roof (idX , q) and (q, idX) to obtain the roof (idX , idX) and
similarly we can compose them in the opposite direction to obtain (q, q)
which one can check is equivalent to the identity.

Theorem 6.13. Let Q be the set of quasi-isomorphisms in K(A), then the
functor F : K(A)[Q−1]→ D(A) is an isomorphism of categories. Moreover,

the induced functor F̃ : C(A)[Q−1] → D(A) is also an isomorphism of
categories.

One non-obvious corollary is that in the category C(A)[Q−1], homotopic
maps are equal!

An important question is ask oneself is why we cannot simply use the
method of roofs to construct D(A) directly from the category C(A). The key
problem is that C(A) is not a triangulated category and therefore we cannot
expect to be able to pull back a pair (q, f) where q is a quasi-isomorphism
to a pair (g, q′) where q′ is a quasi-isomorphism.

Example 6.14. Consider an abelian category A with enough injectives. Then
suppose that we have M,N ∈ A such that Exti(M,N) 6= 0 for some i > 0.
Then take f ∈ Exti(M,N), f 6= 0, it can be considered as a morphism
between M ∈ C(A) considered as a complex in concentrated in degree 0
and IN [i] the injective resolution of N . If s : N → IN is the resolution, then
s is a quasi-isomorphism, then suppose that M ′, g and t exist, making this
square commute with t a quasi-isomorphism:

M ′ M

N [i] IN [i]

g

t

f

s[i]

Then, since t is a quasi-isomorphism and H0(M) = M (considered as
a complex in degree 0), it follows that t0 is nonzero, since it must induce
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an isomorphism to H0(M ′). Note that f i = 0 for all i 6= 0, thus f ◦ t is
concentrated in degree 0 and f ◦ t 6= 0

On the other hand the map s[i] is concentrated in degree −i, so s[i] ◦ g is
also concentrated in degree −i. But this means that s[i] ◦ g 6= f ◦ t and the
diagram cannot commute.

The category D(A) is still triangulated, with the same shift functor, but
the class of distinguished triangles is now somewhat larger: the image of any
distinguished triangle of K(A) under Q : K(A) → D(A) is considered to
be distinguished and thus any triangle isomorphic is distinguished as well.
I.e. triangles in K(A) that are quasi-isomorphic to distinguished triangle in
K(A) are now distinguished in D(A).

Lemma 6.15. The functor Q : K(A)→ D(A) is triangulated.

7. Derived Functors

The main question we wish to answer now, is when a functor F : A → B
between abelian categories gives rise to a functor F : D(A) → D(B). An
additive functor will always at least give F : K(A) → K(B), since it must
preserve homotopies. Moreover, when F is exact and f : A• → B• is a quasi-
isomorphism, then since cone(f) is exact, so is F (cone(f)) = cone(F (f)), so
F (f) is exact as well. Thus an exact functor preserves quasi-isomorphisms.
Moreover one can check that it must also preserve distinguished triangles.

In the case of left or right exact functor F : A → B, it turns out that we
can lift them to D+(A)→ D+(B) or D−(A)→ D−(B) respectively if A has
enough injectives or projectives.

We will concentrate on the case of left exact functors since they will be
of most use to us.

Lemma 7.1. Given a short exact sequence 0 → A → B → C → 0 in
an abelian category A that has enough injectives, there exists a short exact
sequence 0→ I• → J• → K• → 0 of injective resolutions.

Proof. Let

0→ A
f−→ B

g−→ C → 0,

and set I• and K• to each be an injective resolution of A and C respectively.
Let u : A → I0 and v : C → K0 be the corresponding monomorphisms.
Then set J i = Ii⊕Ki. Not that we do not take J• = I•⊕K•. In particular,
we begin by defining the map w : B → I0 ⊕ K0 by w = α ⊕ vg where
α : B → I0 as given by the universal property of I0 so that αf = u. This
is a monomorphism, since its kernel is a subobject of ker vg = ker v = A via
f : A→ B. Thus kerw = kerw ◦ f = keru = 0.

Consider B̃ = cokerw = (I0 ⊕ K0)/im(w), now the projection onto the
second fact of I0 → K0 sends im(w) = (α⊕ (v ◦ g))(B) to v ◦ g(B) = v(C)

since g is surjective. I.e. the projection map lifts to B̃ and it image is
K0/v(C) = cokerv.
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Similarly if we now take the inverse of the kernel of this map under the
first projection we get I0/u(A) = cokeru. Thus the we have a short exact
sequence of coker and the cokeru and cokerv are equipped with monomor-
phisms to I1 and K1 and we begin the argument again from the top. �

Theorem 7.2. Any complex A• ∈ C+(A) has a resolution by injectives.
That is, there exists a complex I• ∈ C+(A) and a quasi-isomorphism t :
A• → I•.

Proof. For convenience we will assume that Ai = 0 for i < 0:

0→ A0 d0−→ A1 d1−→ A2 → · · · .
Next using the above lemma, we generate a short exact sequence

0→ R•,i → S•,i → T •,i → 0

of injective resolutions for

0→ im(di−1)→ ker(di)→ H i(A)→ 0.

Next we apply the lemma again to obtain a short exact sequence

0→ S•,i → I•,i → R•,i+1 → 0,

corresponding to

0→ ker(di)→ Ai → im(di)→ 0.

This gives rise to a bicomplex:

...
...

...

0 I1,0 I1,1 I1,2 · · ·

0 I0,0 I0,1 I0,2 · · ·

0 A0 A1 A2 · · ·d0

ι0

d1

ι1

d2

ι2

d0,0
h

d0,0
v

d0,1
h

d0,1
v

d0,2
h

d0,2
v

d1,0
h

d1,0
v

d1,1
h

d1,1
v

d1,2
h

d1,2
v

The di,hv are simply the corresponding morphisms from the injective res-

olutions. The di,jh are the compositions Ii,j → Ri,j+1 → Si,j+1 → Ii,j+1. In

particular the composition di,j+1
h ◦di,jh = 0 since it factors through the exact

sequence Si,j+1 → Ii,j+1 → Ri,j+2.
This complex has several special features, the main of which is that the

horizontal cohomology along a single vertical is an injective resolution of the
cohomology of the complex A•.
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The total complex of I•,• has i-th object given by
⊕

j+k=i I
j,k and differ-

ential given by an appropriate sum of dj,kv and (−1)jdj,kh . Since all squares
commute and all horizontal or vertical compositions are 0, this gives dif-
ferential for the complex. Moreover as the objects are finite direct sums of
injectives, they are injective themselves.

Finally, the complex comes equipped with an injective map from A• via
ι•. Using spectral theory, since the columns of I•,• are exact everywhere
but the 0 row, the spectral sequence degenerates at the E2 page. Thus the
cohomology of the total complex is isomorphic to the cohomology of A• and
the monomorphism ι• must induce such an isomorphism. �

We are now in a position to define the right derived functorRF : D+(A)→
D+(B) associated to a left exact functor F : A → B:

Definition 7.3. Given a complex A• ∈ D+(A), then A• is isomorphic to
any injective resolution I•. Let RF (A•) = F (I•).

Of course, for this to be well defined there is something to prove, that
F (I•) is independent of the choice I•. But one can check that for any other
injective resolution, one automatically gets a quasi-isomorphism between it
and the one we constructed. Left exact functors preserve quasi-isomorphisms
between injective complexes because they preserve exact injective complexes.

It should be noted that H i(RF (A•)) = RiF (A•).

7.1. Derived functors and Sheaves. If X is a space as before, by D(X)
we mean D(Sh(X)) and similarly by Db(X) = Db(Sh(X)). Given f :
X → Y , f continuous, we have 3 natural functors f∗ : Sh(X) → Sh(Y ),
f∗ : Sh(Y ) → Sh(X) and f! : Sh(X) → Sh(Y ). Recall that f∗ is exact
and f∗ and f! are left exact, so f∗ gives a functor f∗ : Db(Y ) → Db(X)
and others gives right derived functors Rf∗ : Db(X) → Db(Y ) and Rf! :
Db(X)→ Db(Y ).

Naturally, we will also have right derived global sections RΓ and RΓc with
compact support.

Definition 7.4. Given A ∈ Db(X), its hypercohomology is Hi(X,A•) =
H i(RΓ(A•)). Analogously, hypercohomology with compact supports is Hi

c(X,A
•) =

H i(RΓc(A
•)).

Then if A ∈ Sh(X), Hi(X,A•) = H i(X,A) i.e. hypercohomology of a
sheaf concentrated in degree 0 is sheaf cohomology. In particular if X is
locally contractible, H i(X,C) = H i(X,CX) = Hi(X,C•X).

Lemma 7.5. f : X → Y continuous,

H•(X,A•) ∼= H•(Y,Rf∗A•).

Proof. One checks that RΓ(X,A•) ∼= RΓ(Y,Rf∗A
•). This is due to the fact

that f∗ is exact. The adjunction between f∗ and f∗ then shows that f∗
preserves injectives. �



23

If we take A•, B• ∈ Db(X), then A• ⊗ B• is the total complex of the

double complex Ap ⊗ Bq. The functor A•
L
⊗ • has a left derived version,

obtained by taking a flat resolution of the input. Moreover one has

A•
L
⊗ B• ∼= B•

L
⊗ A•.

There is also a functor Hom•(B•, •) : Cb(Sh(X))→ Cb(Sh(X)). It has

(Hom(B•, A•))n =
∏
p

Hom(Bp, An+p).

The differential can be considered to be a collection of maps djk,mn : Hom(Aj , Bk)→
Hom(Am, Bn) given by

djk,mn =


f 7→ dkB ◦ f if m = j and n = k + 1,

f 7→ (−j)jf ◦ dj−1
A if m = j − 1 and n = k,

0 otherwise.

Similarly one can define a non-sheaf version, Hom•(A•, •) which gives a
complex of C vector spaces. As usual, one can check that Hom• is just
the global sections of Hom•. Both functors are left exact, so enjoy a right
derived version RHom• and RHom•. For consistency sake, it should be
noted that the right derived version of Hom•(•, A•) is naturally isomorphic
to RHom•.

Lemma 7.6.

RHom•(B•, A•) ∼= RΓ(X,RHom•(B•, A•)).

Lemma 7.7.

H0(RHom•(B•, A•)) ∼= HomDb(X)(B
•, A•)

.

Lemma 7.8.

RHom•(A•
L
⊗ B•, C•) ∼= RHom•(A•, RHom•(B•, C•)).

The above three lemmas can be combined to tell us that the
L
⊗ andRHom•

are an adjoint pair of functors over Db(X).
Moreover we can define the Exti(B•, A•) = H i(RHom•(B•, A•)). Then

Exti(B•, A•) = H i(RHom•(B•, A•)) = H0(RHom•(B•, A•[i])) ∼= HomDb(X)(B
•, A•[j]).

The pair (f∗, Rf∗) is a pair of adjoint functors over the derived category.
Indeed we have

Lemma 7.9. If f : X → Y is continuous, A• ∈ Db(X) and B• ∈ Db(Y )
we have:

RHom•(B•, Rf∗A•) ∼= Rf∗RHom•(f∗B•, A•).
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Our goal is to define a right adjoint f ! to the functor Rf!. In general this
functor between derived categories will not be a derived functor of a functor
between the underlying categories of sheaves.

Definition 7.10. Given f : X → Y , continuous and A• ∈ Db(X), begin by
defining presheaf

f̂ !A•(U) = Hom•(f!K
•, I•)

where I• is an injective resolution of A• and K• is an injective resolution of
C•U . f !A• is then the sheaf associated to f̂ !A•.

Note 7.11. Often there is a more general class of resolutions (i.e. other
than injective) that one can use to compute derived functors. In particular
in the above definition, if X is locally contractible, K• can be replaced by
sheafification of the complex of presheaves C• where Ci(U) is the set of
i-cochains on U . Let C•X denote this sheafification. This complex is exact
everywhere but at 0-th degree. All we have to do is very the exactness of
the stalks at each x ∈ X. Since X is locally contractible, there exists a
contractible neighbourhood x ∈ U . C•X |U = C•U and its hypercohomology
is cohomology of a point and thus the stalk (C•X)x is exact everywhere but
degree 0 (where the homology is C). This resolution is also soft, so we do
not need to take an injective resolution before applying a derived functor.

Example 7.12. • Let us apply the definition in two cases. The first is
f : X → {pt} and A• = C•X , i.e. the complex of vector spaces with
C in degree 0. Now,

(f̂ !(U))i = Homi(f!CiU ,C•)

= ⊕jHomV ect(Γc(CjU ),Cj+i)

= HomV ect(Γc(C−iU ),C)

= (Γc(C
−i(U)))∗

= CBM−i (U).

Where CiU is the sheaf of i-cochains on U and CBMi (U) is the set of

Borel-Moore i-chains. This means that (f !CX)i is sheafification of
presheaf whose sections over U are the Borel-Moore −i-chains. Its
hypercohomolgy is HBM

i (X).
• What about f : {x} → X? The complex f !A• is often called the

costalk at x of the complex A•.
• If f : X ↪→ Y , where X is a closed subset of Y , then we can define
f ! : Sh(Y ) → Sh(X) which is a right adjoint to f!. Indeed, given
a sheaf F on Y we define a sheaf FX such that FX(U) = {s ∈
F(U)|supp(s) ⊂ X}. Then set f !F = f∗FX . Moreover this functor
is left exact and preserves injectives. Thus it has a right derived
functor which must be right adjoint to Rf! and thus be f ! as defined
above.
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If we consider again the map f : {x} → X, we have f ! : Sh(X)→
V ect. Then given F on X and U ⊂ V open in X, there is a
natural inclusion Γc(F , U) → Γc(F , V ), extension by 0. Then the
f !F = lim←−−

x∈U Γc(F , U). Moreover its right derived functor will be

f ! : Db(Y )→ Db(X).

Definition 7.13. If f : X → {•} then f !C = DX , this is also known as the
dualizing sheaf on X.

Once the dualizing sheaf was defined, Verdier defined the operation of du-
alizing a complex of sheaves. This was inspired by, and implements Poincaré
duality on the level of complexes.

Definition 7.14. Given a complex A• on X, the Verdier dual is

DA• = RHom•(A•,DX).

This is quite powerful. In particular, the following results are true:

Lemma 7.15. There is a quasi-isomorphism A• → DDA•, in particular
the dual of the dual of a complex is isomorphic to the original complex in
Db(X). Also D(A•[n]) = (DA•)[−n].

Lemma 7.16. DX is constructible with respect to any Whitney stratification
and DX = f !DY for any map f : X → Y . If X is smooth, oriented of real
dimension m, then DX = CX [m].

Lemma 7.17. If f : X → Y , continuous, then Rf! = D◦Rf∗◦D. Moreover
f ! = D ◦ f∗ ◦ D which could be used a definition.

Example 7.18. • In the category Db({x}), since the dualizing sheaf is
just the vector space C concentrated in degree zero, the Verdier dual
of any complex of vector spaces is itself. Given f : {x} → X, since
f∗ is exact, we have f ! = f∗D. In particular, if X is smooth and
oriented, then

f !C•X = Df∗DC•X = D(f∗C•X [n]) = D(C•[n]) = C•[−n],

where n = dimRX.
• Note if X is locally contractible we have

Hi(X,C•X) =H i(X,C)

Hi
c(X,C•X) =H i

c(X,C)

Hi(X,DX) =HBM
−i (X,C)

Hi
c(X,DX) =H−i(X,C))

Moreover if X is smooth and orientable and even dimensional, if we
set n = dimRX/2, then DC•X [n] ∼= C•X [n]. But if apply the above 4
cohomologies, we see that

Hn−i(X,C) ∼= HBM
n+i (X,C)
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and

Hn−i
c (X,C) ∼= Hn+1(X,C).

8. Perverse Sheaves

The category Db(X) comes equipped with a standard t-structure. This
consists of two full subcategories Db(X)≤0 and Db(X)≥ 0 of complexes
which are exact at degree i > 0 an i < 0 respectively. Their intersection
Db(X)≤0 ∩Db(X)≥0 = Sh(X).

ByDb(X)≤n we meanDb(X)≤0[−n] and byDb(X)≥n we meanDb(X)≥0[−n].
The two inclusions ι≤0 : Db(X)≤0 → Db(X) and ι≥0 : Db(X)≥0 → Db(X)
are equipped with a pair of functors τ≤0 and τ≥0 right and left adjoints
respectively.

Lemma 8.1.

τ≤0(· · · → A−1 → A0 → A1 → · · · ) = · · · → A−1 → ker d0 → 0 to · · · .

τ≥0(· · · → A−2 → A−1 → A0 → · · · ) = · · · → 0→ imd−1 → A0 to · · · .

These are the so called truncation functors. The triangle

τ≤0A• → A• → τ≥1 → (τ≤0A•)[1]

is distinguished. The functor τ≤0τ≥0 extracts the 0-th cohomology of a
complex.

In [BBD] it is shown that any similar setup (called a t- structure) the
category Db(X)≤0∩Db(X)≥0 is Abelian and moreover, in some particularly
nice cases one has

Db(Db(X)≤0 ∩Db(X)≥0) ∼= Db(X).

Our goal know is to define such a structure that depends on the strati-
fication of a space X and produces an abelian category which has the IC
sheaves as its simple objects.

8.1. Perverse Sheaves. Given a stratified space X, with strata Xα for
α ∈ I and a perversity p, we first restrict ourselves to Db

c(X), the full
subcategory of Db(X) whose objects A• are constructible.

For convenience we will also adjust the notation of perversity to be a
function p : I → Z that depends only on the dimension of Xα and is thus
determined by a function p̃ : N → Z such that: p̃(0) = 0 and if l ≤ k, then
0 ≤ p̃(l) − p̃(k) ≤ k − l. I.e. p is zero on the zero dimensional strata and
decreases by 0 or 1 each time the dimension of a strata increases by 1.

Under this new definition of perversity, the lower middle is p(α) = d−dimR(Xα)/2e
and the upper middle is p(α) = b−dimR(Xα)/2c. If we are considering a
stratification of a complex variety via even dimensional strata we will refer
to either of these as the middle perversity.
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Definition 8.2. The perverse t-structure is given by

pDb
c(X)≤0 = {A• ∈ Db

c(X)|ι∗XαA
• ∈ Db

c(Xα)≤p(α) for all α ∈ I}

and

pDb
c(X)≥0 = {A• ∈ Db

c(X)|ι!XαA
• ∈ Db

c(Xα)≥p(α) for all α ∈ I}

where ιXα → X is the inclusion of Xα. The intersection of these two cate-
gories is the category of p-Perverse sheaves.

One may wonder why do we use ι! in the definition. This is an artifact
of the fact that we want our category well behaved with respect to Verdier
duality. In fact, if we let q = −p(n)− n (the dual perversity), then Verdier
duality is a functor

D : pDb
c(X)≤0 → qDb

c(X)≥0,

and

D : pDb
c(X)≥0 → qDb

c(X)≤0

In particular, it sends p-perverse sheaves to q-perverse sheaves. If X is a
complex variety with an even dimensional stratification, then the categories
of perverse sheaves for the two middle perversities are the same and what we
generally refer to as perverse sheaves. In particular the category of perverse
sheaves is closed under Verdier duality.

Example 8.3. (1) Consider C with one stratum C and the middle per-
versity. In this case, pDb

c(C)≤0 = Db
c(C)≤−1 and pDb

c(X)≥0 =
Db
c(C)≥−1. In this case the category of perverse sheaves is simply

the category of constructible complexes concentrated in degree −1.
This category is equivalent to the category of constructible sheaves
and thus is a category with one simple object C•C[1] which is also self
Verdier dual.

(2) Let OC be the sheaf of homolorphic functions on C. Consider the
complex

F = · · · → 0→ OC
D→ OC → 0→ · · · .

Here the first instance of ′C is in degree −1 and D = z ∂
∂z − α.

H−1(F ) = kerD, and so in any small neighbourhood U of a point
that is not 0, Df = 0 has solutions: H−1(F )(U) = C with basis a
branch of zα. So H−1(F )|C× is a locally constant sheaf of rank 1. If
α 6∈ Z, then there are no global solutions and moreover no on any
neighbourhood containing 0. Thus H−1(F )|0 = 0 in this case. One
can also check that we have H0(F ) = 0. If α ∈ N, then there is
a global solution zα. Thus in this case we have H−1(F ) = CC and
H0(F ) = C0 the skyscraper at 0. Thus this complex is constructable
with respect the stratification C×, {0} and if one checks the costalk
at 0, is perverse sheaf with respect to this stratification.
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(3) More generally, consider a space X and Xα any open stratum in
X. For a pure dimensional variety this will be the top dimensional
strata. Since ιXα is the inclusion of an open set, it follows that
ι∗Xα = ι!Xα . Then if F is a p-perverse sheaf consider F |Xα Since

ι∗F ∈ Db
c(X)≤p(α) and ι∗F ∈ Db

c(X)≥p(α), it follows F |Xα is simply
a local system on Xα concentrated in degree p(α).

It is possible to rephrase the definition of perverse sheaves to depend less
on the stratification that one chooses for X. For this result, we think of the
perversity p as a function on N.

Lemma 8.4. pDb
c(X)≤0 is the full subcategory of Db

c(X) where dimR(suppjF ) ≤
k for all j and k with j > p(k). pDb

c(X)≥0 is the full subcategory of Db
c(X)

where dimR(cosuppjF ) ≤ k for all j and k with j < p(k) + k. Here
suppjF = {x ∈ X|Hj(i∗xF ) 6= 0} and cosuppjF = {x ∈ X|Hj(i!xF ) 6= 0}
where ix : {x} ↪→ X.

Proof. Since F ∈ pDb
c(X)≤0, it is a constructible complex and thus for all

x ∈ Xα the stalks Hj(F )x are isomorphic. Moreover Hj(F )x = Hj(Fx), so
suppjF = suppHj(F ) and note that this is contained in a union of strata.
Moreover the dimension of these strata is bounded, since Hj(F )|Xα = 0 if
j > p(dimR(Xα)). For the other direction, if dimR(suppHj(F )) ≤ k for all
j and k with j > p(k), then it follows that for Xα with j > p(dimRXα) we
have Hj(F )x = 0 for x ∈ Xα, so Hj(F )|Xα = 0. The proof for the other
statement is similar. Note that j < p(k) + k is the same as j > q(k) where
p(k) + q(k) = k. �

In the case of the middle perversity, X with even dimensional strata this
becomes even simpler:

Lemma 8.5. F ∈ Db
c(X) is perverse if dimC suppH−j(F ) ≤ j and dimC cosuppHj ≤

j. The second condition is equivalent to dimC suppH−j(DF ) < j.

Remarkably we also have the following result:

Theorem 8.6. Let X be a complex variety and Xα a even dimensional
stratification. If F ∈ Db

c(X) is perverse, then Hj(F ) = 0 for j < −dimCX
and j > 0

Proof. The second statement is the easiest, since p(α) ≤ 0, it follows that
for any stratum Xα and any j > 0 ≥ p(α) we have

Hj(F )|Xα = Hj(ι∗XαF ) = 0.

Since the restriction to any strata is 0 the whole sheaf is 0.
For the other direction, consider X with n = dimCX and its filtration by

strata, i.e. · · ·X≤2n−2 ⊂ X≤2n = X where X≤j is the union of all strata
of dimension at most j. Let Xj be the union of all j dimensional strata.
Let us start by considering τ≤−n−1F . Since Hj(τ≤−n−1F ) ∼= Hj(F ) for
j ≤ −n− 1, we only need to show that Hj(τ≤−n−1F ) = 0.
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As noted in the example above, F |X2n is a complex that is exact every-
where but at degree −n. Thus

Hj(F )|X2n = 0

for j < −n and

Hj(τ≤−n−1F )|X2n = 0

for all j. This says that the cohomology of this sheaf is only supported
on X≤2n−2. Thus the complex (τ≤−n−1F )|X≤2n−2 is quasi-isomorphic to
τ≤−n−1F . Let i < 2n be the largest such that Xi 6= ∅, then X≤2n−2 = X≤i

and Xi is open in this set. Consider ι : Xi → X≤i, then we have

Hj(F )|Xi = Hj(τ≤−n−1F )|Xi
= Hj((τ≤−n−1F )|X≤i)|Xi
= Hj(ι∗((τ≤−n−1F )|X≤i))

= Hj(ι!((τ≤−n−1F )|X≤i))

= Hj(ι!τ≤−n−1F ).

In particular the second last isomorphism is due to the fact that Xi is open
in X≤i and the last isomorphism is due to the quasi-isomorphism before we
apply ι!.

The final fact we need is that Hj(ι!τ≤−n−1F ) = Hj(ι!F ) for j < −n,
since the latter term is always 0 since F is perverse. We have a distinguished
triangle

τ≤−n−1F → F → τ≥−nF → (τ≤−n−1F )[1].

Since ι! is a triangulated functor,

ι!τ≤−n−1F → ι!F → ι!τ≥−nF → ι!(τ≤−n−1F )[1]

is a distinguished triangle. Consider the corresponding long exact sequence:

· · · → Hj(ι!τ≤−n−1F )→ Hj(ι!F )→ Hj(ι!τ≥−nF )→ · · · .
Recall that

τ≥−nF = · · · → 0→ imd−n−1 → F−n → · · · ,

which is exact in degree −n− 1. Since ι! is a right derived functor of a left
exact functor, ι!τ≥−nF is 0 in degrees ≤ −n−1 and is exact in degree −n−1.
Hence Hj(ι!τ≥−nF ) = 0 for j < −n and thus Hj(ι!τ≤−n−1F ) ∼= Hj(ι!F ) for
j ≤ −n. �

9. Decomposition

Leray introduced the idea of studying sheaf cohomology of a space X
with coefficients in a sheaf F by taking a map f : X → Y continuous and
studying instead the sheaf cohomology of Y with coefficients in H•(Rf∗F).
Deligne showed that in specific cases one might have the following result:
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H i(X,F) = ⊕p+q=iHp(Y,Hq(Rf∗F)).

Definition 9.1. Let X and Y be smooth varieties. Then a family of projec-
tive manifolds is a proper, homolorphic submersion f : X → Y that factors
through X ↪→ Y × PN with fibres smooth projective varieties.

Theorem 9.2 ([D68]). If f : X → Y is a family of projective manifolds,
then

Rf∗CX ∼= ⊕(H iRf∗CX)[−i].

Corollary 9.3.

H i(X,C) = ⊕p+q=iHp(Y,Hq(Rf∗C)).

Proof. We have

H i(X,C) = Hi(X,CX)

= Hi(Y,Rf∗CX)

= Hi(Y,⊕(HjRf∗CX)[−j])
= ⊕p+q=iHp(Y,HqRf∗CX).

�

The proof of the above theorem will depend on the hard Lefschetz theo-
rem. We begin by recalling the Lefschetz hyperplane theorem and then the
hard Lefschetz theorem.

Theorem 9.4 (Lefschetz hyperplane theorem). Let X ⊂ PN be a smooth
projective variety of (complex) dimension n and Y = H ∩X the intersection
of a generic hyperplane H ⊂ PN . Then the inclusion ι : Y ↪→ X induces an
isomorphism ι∗ : Hk(X,C) → Hk(Y,C) for k < n− 1 and an inclusion for
k = n− 1.

If H is the hyperplane bundle of X, and c1(H) its first Chern class, then
the map η : H i(X,C) → H i+2(X,C)), given by cupping with c1(H) is the
Lefschetz map.

Theorem 9.5 (Hard Lefschetz theorem). Let X ⊂ PN be a smooth projec-
tive variety of (complex) dimension n, then

ηi : Hn−i(X,C)→ Hn+i(X,C)

is an isomorphism.

Now we can prove the previous result:
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Proof. Recall that for a sheaf F on X, Γ(F) = HomSh(X)(CX ,F). In
particular,

H i(X,C) = Hi(X,CX)

= H i(RHom(CX ,CX))

= H0(RHom(CX ,CX [i]))

= HomDb(X)(Cx,CX [i])

In particular, the cup product becomes composition.
Suppose that X ⊂ Y × PN and η ∈ H2(X,C) is the first Chern class

of the hyperplane bundle. Then η : CX → CX [2]. In particular this
induces a map η : H i(Rf∗CX) → H i+2(Rf∗CX). We consider the map
ηi : Hn−i(Rf∗CX)→ Hn+i(Rf∗CX), where n is the (complex) dimension of
the fibre of f . By hard Lefschetz this is an isomorphism. To see why, let
ι : {y} ↪→ Y be the inclusion of a point. Then we consider the induced map
on stalks ηiy : Hn−i(ι∗Rf∗CX) → Hn+i(ι∗Rf∗CX). Consider the following
fibre square

f−1(y) X

{y} Y

f̂

ι̂

f

ι

Now Rf̂ = RΓ and we have ι∗Rf∗ = RΓι̂∗ since f is a proper map. But
(ι̂y)∗ is just restriction. Thus

H i(ι∗Rf∗CX) = H i(RΓι̂∗CX)) = H i(RΓ(Cf−1(y))) = H i(f−1,C).

Then one can check that ηiy is just the hard Lefschetz isomorphism.
We apply the lemma below to the case of a category A = Sh(Y ), X =

Rf∗CX ∈ A[n] and η the Lefschetz operator and the result follows. �

Lemma 9.6. Let A be an abelian category, X• ∈ Db(A) and η : X• →
X•[2] such that ηi : H−i(X•)→ H i(X•) is an isomorphism for each i, then
X• ∼=D(A) ⊕H i(X•)[−i].

[vdB]. Let d be an integer such that Hj(X•) = 0 for |j| > d. We induct
down on d. Consider

α : H−d(X•) ∼= τ≤0(X•[−d])→ X•[−d]→ X•[d]→ τ≥0X•[d] ∼= Hd(X•).

One can then check that we get maps X → H−d(X)[d] ⊕ Hd(X)[−d]
and H−d(X)[d] ⊕ Hd(X)[−d] → X whose composition is the identity on
H−d(X)[d]⊕Hd(X)[−d]. This forcesX to factorX ∼= H−d(X)[d]⊕Hd(X)[−d]⊕
X ′ where Hj(X ′) = 0 for |j| ≥ d. �

It should be noted that when X and Y are also quasi-projective Deligne
shows that
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Theorem 9.7. [D71] H i(Rf∗CX) are semisimple local systems on Y .

9.1. Perverse Cohomology. We would like to be able to extend the above
idea to any proper map f : X → Y of complex algebraic varieties where X
is non singular. Since we do not have

Rf∗CX = ⊕H i(Rf∗CX)[−i],
in this situation we need to replace the right hand side with something else.

In particular, associated to pDb
c(X)≤0 and pDb

c(X)≥0 are perverse trunca-
tion functors. For their full definition see [KS] 10.2. It is sufficient to think
of them as

pτ≤0 : Db
c(X)→ pDb

c(X)≤0

and
pτ≥0 : Db

c(X)→ pDb
c(X)≥0.

In particular, for a strata Xα with dimCXα = n and ι : Xα ↪→ X, the
functors should satisfy:

ι∗pτ≤0F • = τ≤−nι∗F •

and
ι!pτ≥0F • = τ≥−nι!F •.

As usual, we define pτ≤i = [−i] ◦ pτ≤0 ◦ [i] and pτ≥i = [−i] ◦ pτ≥0 ◦ [i].
Also we should have a distinguished triangle in Db

c(X) of the form

pτ≤0F • → F • → ι!pτ≥1F • → (pτ≤0F •)[1]

Definition 9.8. The 0-th perverse cohomology, denoted pH0 : Db
c(X) →

Perv(X) is the composition pτ≤0 ◦ pτ≥0.

It is a cohomological functor, that is given a distinguished triangle in
Db
c(X), applying pH0 gives a long exact sequence in Perv(X). It is typical

to now define pH i = pH0 ◦ [i].
One can check that

Lemma 9.9. D ◦ pτ≤k ◦ D ∼= pτ≥−k and D ◦ pHk ◦ D ∼= pH−k

Definition 9.10. We say that K• ∈ Db
c(X) is p-split if K• ∼= ⊕pH i(K•)[−i]

Our goal now is prove the following theorem (and more!);

Theorem 9.11 ([BBD]). If f : X → Y is a proper map of algebraic varieties
where X is smooth, then Rf∗CX is p-split, pH i(Rf∗Cx) is semi-simple in
Perv(Y ) and there exists ηi : pH−i(Rf∗CX [dimCX])→ pH i(Rf∗CX [dimCX])
an isomorphism in Perv(Y ).

Note 9.12. Given a map f : A• → B•, two perverse sheaves, let C• =
cone(f). Then consider the long exact sequence associated to that triangle.
Since pH0(A•[i]) = 0 when i 6= 0, the associated long exact sequence of
perverse sheaves gives a short exact sequence:

0→ pH−1(C•)→ A• → B• → pH0(C•)→ 0.
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I.e. pH−1(cone(f)) is the kernel of f and pH0(cone(f)) is the cokernel of f .
In particular we also see that any distinguished triangle A• → B• →

C• → A•[1] in Db
c(X) of perverse sheaves gives a short exact sequence of

perverse sheaves.

9.2. Hopf Fibration. Let us explore some examples of f : X → Y where

Rf∗CX ∼= ⊕(H iRf∗CX)[−i]

fails to be true. We will actually check that

H i(X,C) 6∼= ⊕p+q=iHp(Y,Hq(Rf∗CX)).

Let M = C2−{(0, 0)}, it is acted on by C× via dialations and by Z where
the generator of Z acts by multiplication by 1

2 .

(1) M →M/C× = P1, this is the C× bundle of the complex line bundle
OP1(−1).

(2) The Hopf fibration S3 → S2 by restriction to the 3-sphere on the
left.

(3) The Hopf surface M/Z and there is a natural map to P1 which is a
proper holomorphic submersion with elliptic curves as fibres.

If f : X → S2 where f is taken as any of the three maps above, we have

H i(X,C) 6∼= ⊕p+q=iHp(S2, Hq(Rf∗CX)).

Why? We have

b1(X) =
∑
p+q=1

dimHp(S2, Hq(Rf∗CX)).

Moreover Hq(Rf∗CX) are locally constant since S2 is simply connected. So

b1(X) =
∑
p+q=1

dimHp(S2,C) dimHq(Rf∗CX) ≥ b0(S2) dimH1(Rf∗CX) = dimH1(fibre).

But in case 1 and 2 we have b1(X) = 0 while b1(fibre) = 1 and in case 3
we have b1(X) = 1 while b1(fibre) = 2

In case 1, the map is a complex algebraic map which is Zariski locally
trivial but not proper.

In case 2, the map is a real algebraic proper submersion.
In case 3, the map is a holomorphic proper submersion.
In the case of the Hopf fibration f : S3 → S2, what is Rf∗CS3? From

the truncation distinguished triangle, we have a short exact sequence of
complexes:

0→ H0(Rf∗CS3)→ Rf∗CS3 → H1(Rf∗CS3)[−1]→ 0.

One can check that H0(Rf∗CS3) = H1(Rf∗CS3) = CS2 via taking stalks
since S2 is simply connected. Thus since Rf∗CS3 doesn’t split, it is the
unique (up to isomorphism in Db

c(S
2)) complex making 0 → CS2 → • →

CS2 [−1]→ 0 exact and non-split.
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9.3. Simple objects in Perv(X). Recall that in an abelian category,
a subobject of an object A in the category is an object B along with a
monomorphism B → A. Moreover an object is simple if it has no subob-
jects other than 0 and itself (and is not 0 itself). A semisimple object is the
direct sum of simple objects.

Note 9.13. As a warning, set theoretic intuitions of subobjects/quotients
can fail for Perv(X). Let X be the unit disc, stratified by the origin o and
its complement X×. Consider the two functions i : o ↪→ X ←↩ X× : j. Then
j!CX× is the sheaf on X that has sections C over any connected open set
not containing o and sections 0 over those connected open sets containing
o. i∗Co is skyscraper sheaf at o. In the category of complexes (or indeed
sheaves) we have a short exact sequence

0→ j!CX× → CX → i∗Co → 0.

This gives rise to a distinguished triangle in the derived category.
One particular rotation has all 3 complexes perverse:

· · · → i∗Co → (j!CX×)[1]→ CX [1]→ · · · .
So this gives rise to a short exact sequence of perverse sheaves after ap-

plying pH0. This implies that CX [1] is (j!CX×)[1]/i∗Co but set theoretically
(j!CX×)[1] is a subsheaf of CX [1].

Lemma 9.14. The category Perv(X) is Noetherian. That is, any ascending
chain of subobjects of an object P • ∈ Perv(X) stabilizes.

To see this one first argues that the category of constructable sheaves is
Noetherian. Then use the fact Perv(X) is abelian to show that eventually
in any ascending chain, the homology of the maps in the chain become
isomorphisms.

By applying Verdier duality, we then immediately get

Lemma 9.15. The category Perv(X) is Artinian.

Thus we have the following theorem

Theorem 9.16. Any object in Perv(X) admits a finite decreasing filtration
(composition series),

P • = Q•1 ⊂ Q•2 ⊂ · · · ⊂ Q•k = 0,

where Q•i /Q
•
i−1 are simple perverse sheaves.

We will prove this once we have an idea of what the simple objects are.

9.4. Intermediate (middle) extension. For a stratified space X, let U be
an open stratum and Z be its complement. Let j : U ↪→ X and i : Z ↪→ X.

There are 8 maps of interest to us on the level of derived categories. The
following is a chart of their properties:
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j!, i
∗ right t-exact

j! = j∗, i∗ = i! t-exact
Rj∗, i

! left t-exact

Recall that F : Db
c(X)→ Db

c(Y ) is left exact if F (pDb
c(X)≥0) ⊂ pDb

c(Y )≥0

and is right t-exact if F (pDb
c(X)≤0) ⊂ pDb

c(Y )≤0.
Let pF = pH0 ◦ F , then as functors on the category of perverse sheaves

we have

pj!,
pi∗ right exact

j! = j∗, i∗ = i! exact
pj∗,

pi! left exact

For any sheaf Q• ∈ Db(X), there is a natural map α : j!Q
• → Rj∗Q

•.
In particular consider if Q• ∈ Perv(X), then we apply pH0 to this map.
Since pH0(α) : pj!Q

• → pj∗Q
• is a map of perverse sheaves it has an image,

which we will denote j!∗Q. This functor is called the (Goresky-MacPherson)
intermediate (middle) extension functor.

In general, a complex F • ∈ Db
c(X) is an extension of a complex Q• ∈

Db
c(U) if F •|U = Q•. In particular, adjunction always gives morphisms

j!Q
• → F → Rj∗Q

•. Thus in some sense j!Q
• is the smallest extension

of Q• and Rj∗Q
• is the largest. If we consider pj!Q

•, one can show that
this is the unique extension F • of Q• such that i∗F • ∈ pDb

c(Z)≤−2 and
i!F • ∈ pDb

c(Z)≥0. Similarly, one has that pj∗Q
• is the unique extension F •

of Q• such that i∗F • ∈ pDb
c(Z)≤0 and i!F • ∈ pDb

c(Z)≥2.

Note 9.17. Since F • is a perverse sheaf, it satisfies the usual (co)support
conditions. I.e. that the i-th cohomology of F • is supported only on strata
of complex dimension less than or equal to −i and is cosupported only on
strata of complex dimension less than or equal to i.

The condition i∗F • ∈ pDb
c(Z)≤−2 says that on the strata of Z, the sheaf

F satisfies some more restrictive support conditions, namely that i-th co-
homology of F • is supported only on strata of Z of complex dimension less
than or equal to −i− 2. The condition i!F • ∈ pDb

c(Z)≥0 is satisfied by any
perverse sheaf.

Lemma 9.18. j!∗Q
• is the unique extension of Q• to X such that i∗j!∗Q

• ∈
pDb

c(Z)≤−1 and i!j!∗Q
• ∈ pDb

c(Z)≥1.

See [BBD] 1.4.24 for the proof of this fact and 1.4.22 for the previous one.
The following is result 1.4.25:

Theorem 9.19. j!∗Q
• is the unique perverse extension of Q• to X that has

no non-trivial subobjects or quotients supported on Z.

Proof. Suppose that F • is an extension of Q• on X. Then i∗F • ∈ pDb
c(Z)≤0

and pi∗F • = 0 if and only if i∗F • ∈ pDb
c(Z)≤−1. Similarly for i!F •.
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Now, i∗
pi!F • is the largest subject of F • supported on Z and i∗

pi∗F • is
the largest quotient supported on Z.

In general we have two distinguished triangles,

j!j
∗F • → F • → i∗i

∗F • → (j!j
∗F •)[1]

and

i∗i
!F • → F • → j∗j

∗F • → (i∗i
!F •)[1].

Applying pH0 we get long exact sequences,

· · · → pj!j
∗F • → F • → i∗

pi∗F • → 0→ · · ·

and

· · · → 0→ i∗
pi!F • → F • → pj∗j

∗F • → · · · .
�

Let U be any stratum, then we consider ĵ : U → Ū and i : Ū → X where
i∗ : Perv(Ū)→ Perv(X) is extension by 0, then j!∗ : Perv(U)→ Perv(X)

given by i∗ ◦ ĵ. It satisfies the same property, that there are no non-trivial
subobjects or quotients supported on X − U .

Note that for a single stratum U , the category Perv(U) is simply the
equivalent to category of local systems concentrated in degree −dimC U .

Also, it should be noted that although j!∗ preserves both monomorphisms
and epimorphisms, it is not in general an exact functor.

Theorem 9.20. The category Perv(X) is Artinian and the simple objects
are given by a pair of stratum U and L local system on U via j : U → X:

j!∗(L[dimC U ]).

Proof. First lets check that j!∗(L[dimC U ]) is indeed simple. Suppose that
P • → j!∗(L[dimC U ]) is monomorphism. In particular, the restriction func-
tor from X to a open union of strata is exact and sends perverse sheaves to
perverse sheaves. Thus the restriction of the above map to X − Ū is still
injective, but the co-domain is now 0, so P • is supported in Ū . On the other
hand the support of P • must be all of Ū since on Ū , the sheaf j!∗(L[dimC U ])
admits no non-trivial subobjects or quotients.

In particular, the restriction of P • to U must be a shifted local system and
in particular it is L[dimC U ] since there is a monomorphism from P •|U →
L[dimC U ] and L is simple. Thus P •/j!∗(L[dimC U ]) is supported away from
U which is impossible, since j!∗(L[dimC U ]) admits no such quotients.

Now we prove that every object has a composition series such that the
quotients are all simple objects of the form j!∗(L[dimC U ]).

We use Notherian induction. The fact is true for any closed stratum Xα

of X since the only perverse sheaves supported on Xα are isomorphic to
L[dimXα] for L a local system on Xα. In particular, one takes a composi-
tion series for L and uses the fact that j!∗ preserves monics to construct a
composition series for L[dimXα].
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Let us now assume that it is true for any closed union of strata of that is
not all of X. Let P • ∈ Perv(X), there is a top dimensional open stratum
U such that P •|U = L[dimC U ] where L is a local system. If not, then P •

has such a composition series by induction.
Let j : U → X, then j! = j∗ so from the adjuctions for ! and ∗ we have

natural maps

j!j
∗P • → P • → Rj∗j

∗P •.

Note that j∗P • = P •|U , so when we apply pH0, we have the following
commutative diagram:

pH0j!j
∗P • P •

j!∗L[dimC U ]{y} pH0j∗j
∗P •

b

In particular this shows that j!∗L[dimC U ] is a subobject of the image of b.
In particular, if c : P • → =b/j!∗L[dimC U ], then j!∗L[dimC U ] = ker c/ ker b.
In particular, ker b ⊂ ker c ⊂ P • with quotients ker b, j!∗L[dimC U ] and
P •/ ker c. The middle has a composition series as desired and the left and
right are supported on X − U and so by induction also have the desired
composition series. �

Lemma 9.21. If Q• ∈ Perv(U) is self dual, so is j!∗Q
•.

Proof. Let α : j!Q
• → Rj∗Q

•, then we have D(im(α)) = im(D(α)), but
D(α) : D(Rj∗Q

•) → D(j!Q
•). We commute the D past the Rj∗ and j! to

get D(α) : j!D(Q•)→ Rj∗D(Q•). In particular we will have D(α) = α. �

Since any L[dimC U ] is self dual, we immediately conclude that all simple
perverse sheaves are self dual.

There is a direct construction of the functor j!∗. Let Ul be the union of
the strata in Ū whose dimension is greater than or equal to l. Note that Ul
is open and we have a sequence of maps ji : Ui → Ui−1. Let m = dimC U ,
then

Theorem 9.22.

j!∗Q
• = τ≤−1Rj1∗ · · · τ≤−mRjm∗Q•.

So our goal now is to prove:

Theorem 9.23 ([BBD]). If f : X → Y is a proper map of algebraic
varieties, and S• a simple perverse sheaf on X, then Rf∗S

• is p-split,
pH i(Rf∗S

•) is semi-simple in Perv(Y ) and there exists ηi : pH−i(Rf∗S
•)→

pH i(Rf∗S
•) an isomorphism in Perv(Y ).

In particular we will examine the case when f : X → Y is semi-small.



38

Definition 9.24. Let f : X → Y a proper map of algebraic varieties. f is
semi-small if for each strata Yα and y ∈ Yα we have

dimC f
−1(y) ≤ 1

2
(dimC Y − dimC Yα).

9.5. IC Sheaves.

Definition 9.25. If L is a local system on a stratum U of X, we define
ICX(L) = j!∗L[dimC U ].

Example 9.26. If X = C stratified by 0 and C−{0} and L is a local system
on C− {0}. Then ICX(L) = j!∗(L[1]) = τ≤−1(Rj∗L[1]) = (j∗L)[1].

Note 9.27. It is the case that ICX(L) is the unique self dual perverse sheaf
supported on Ū such that ICX(L)|U = L[dimC U ] and dim supp−i(ICX(L)) <
i and dim cosuppi(ICX(L)) < i for all i < dimC U .

Theorem 9.28. [GM83] Let X be a pure dimensional stratified variety with
one top dimensional strata U . Let ICGMX be the complex where (ICGMX )k(V )
is the collection of allowable Borel-Moore −k-chains on V . Then, ICGMX [−n] ∼=
ICX(CU ) where U . We will denote ICX(CU ) by ICX .

Note 9.29. The fact that the Goresky-MacPherson IC sheaf is a shift of
what we are calling an IC sheaf. Our notation emphasizes the self duality
of the IC sheaf and is the more modern notation. Be careful when reading
older papers since this can cause some confusion.

Definition 9.30. On an complex variety stratified pure variety X with
dimC = n, the intersection cohomology with coefficients in a local system
L is defined to be IH(L)k = Hk−n(X, ICX(L)) = Hk(X, ICX(L)[−n]). In
particular we have IHk = Hk(X, ICX [−n]). Similarly we have IH(L)k ∼=
IH(K)2n−k and intersection (co)homology with compact supports is analo-
gously defined.

Theorem 9.31. Let X be an irreducible complex n-dimensional variety over
C with isolated singularities. Let U be the smooth part of X, then IHk(X) =
Hk(X) for k < n, IHn(X) = imHn(X)→ Hn(U) and IHk(X) = Hk(X)
for k > n.

Proof. Set S = X − U , then S and U form stratification of X and let
j : U ↪→ X. Applying our formula,

ICX = j!∗CU [n] = τ≤−1(Rj∗CU [n]),

but then ICX [−n] = τ≤n−1(Rj∗CU ) and it fits into a distinguished triangle

ICX [−n]→ Rj∗CU → τ≥nRj∗CU → ICX [−n+ 1].

Applying hypercohomology gives a long exact sequence where Hi(X, τ≥nRj∗CU ) =
0 for i < n, which shows that IHk(X) ∼= Hk(U) for k < n.
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H0(ICX [−n]) = H0(Rj∗CU ) = CX . In particular we have a morphism
CX → ICX [−n], the composition with ICC [−n] → Rj∗CU is exactly the
left part adjunction triangle:

CX → Rj∗CU → i!i
!CX [1]→ CX [1],

where CU = j∗CX and i : S ↪→ X. In particular this gives a morphism
between the above two triangles and applying hypercohomology and the
5-lemma will given the remaining part of the result. �

Example 9.32. Let G = SL3(C) and consider the nilpotent cone N ∈ sl3.
N is a algebraic variety and there exists a stratification by the nilpotent
orbits. These orbits are orbits under the conjugation action via G, which in
this case splits N up by Jordan type.

There are 3 orbits, O0 (3 Jordan blocks), Om (2 Jordan blocks) and Oreg
(1 Jordan block). These have complex dimension 0, 4 and 6 respectively.

There is a resolution of singularities Ñ , the Springer resolution, which is
formed of pairs of n ∈ N and flags in C3 fixed by n ( 0 ⊂ V1 ⊂ V2 ⊂ V3 = C3

and nVi ⊂ Vi−1).

The map f : Ñ → N is semi-small: over any point in Oreg, the fibre has
dimension 0. Over O0, the fibre is 3 dimensional and 3 ≤ 1

2(6− 0). One can
check that the dimension of the fibre over Om is 1 dimensional.

If the decomposition theorem is true, then Rf∗CN [6] is a direct sum of
IC sheaves. First, lets restrict to Ōm. Its resolution has a slightly simpler
form: We pair a nilpotent n with a lines in C3 that contains the image of n.
Call this Õm, this resolution is also semi-small.

Consider Rf∗CÕm [4] is also a direct sum of IC sheaves. In particular we
have

(Rf∗CÕm[4])|Om = COm [4]

and

(Rf∗C Õm[4])|O0 = H•(PC2)[4].

In particular, over O0 the sheaf has stalks C in degrees 0, −2 and −4 and
over Om in degree −4.

On Ōm there is only one IC sheaf that can have support (and hence a
stalk) in degree 0. That is ICŌm(CO0). If we examine the remaining stalks,
only one appears in a degree which is the negative of a stratum, i.e. in
degree −4. The orbit Om is simply connected, so there is only one simple
IC sheaf on the orbit. Hence

Rf∗CÕm [4] = ICŌm(COm)⊕ ICŌm(CO0).

Applying the same reasoning to Rf∗CN [6], we see that it is a direct sum

Rf∗CN [6] = ICN (COreg)⊕ ICN (COm)⊕2 ⊕ ICN (CO0).
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9.6. Semi-small maps.

Definition 9.33. A proper map f : X → Y is called weakly stratified if
for each stratum Yα of Y , f |f−1(Yα) is a locally trivial fibre bundle. f is a

stratified map if f−1(Yα) is a union of strata.

It should be noted here that in general to preserve constructability of
complexes of sheaves under the various functors we have defined requires
that the underlying map f be stratified. If one starts with a weakly stratified
map f : X → Y , one can attempt to refine the stratification on X to stratify
the map and refining stratifications only enlarges the category of perverse
sheaves. In particular f : X → Y a resolution of singularities is not a
stratified map but Rf∗CX is constructible since f is weakly stratified and
the stratification on X can be refined.

We will assume that maps are now stratified. Let us restate the definition
of begin semi-small:

Definition 9.34. Let f : X → Y a proper map of algebraic varieties. f is
semi-small if for each strata Yα and y ∈ Yα we have

dimC f
−1(y) ≤ 1

2
(dimC Y − dimC Yα).

Lemma 9.35. Given a proper, semi-small map f : X → Y between al-
gebraic varieties, where X is a non singular variety with dimCX = n,
Rf∗CX [n] is perverse.

Proof. We need to check that Rf∗CX [n] satisfies the conditions of being a
perverse sheaf.

First, note that

DRf∗CX [n] = Rf!DCX [n] = Rf!CX [n] = Rf∗CX [n].

Here we have f∗ = f! since f is proper. Thus we only need check that
dimC supp−i(Rf∗CX [n]) ≤ i since the cosupport condition will then be sat-
isfied by duality.

Let iy : {y} ↪→ Y , then

Hj(i∗yRf∗CX) = Hj(f−1(y),CX [n]|f−1y) = Hj+n(f−1(y)).

In particular, if Hj(i∗yRf∗CX) 6= 0, then j + n ≤ 2 dimC f
−1(y) ≤ n −

dimC Yα where y ∈ Yα since f is semi-small. In particular, since f is semi-
small, dimCX = dimC Y . We conclude that Hj(i∗yRf∗CX) 6= 0 only on
strata Yα with dimC Yα ≤ −j. �

Note 9.36. The above is also true if we replace CX by any local system on
X. In particular, Hj + n(f−1, L|f−1(y)) is singular cohomology with local
coefficients in the local system L|f−1(y), which vanishes in degrees above
twice the dimension. See [B] III.1. If one puts further conditions on f ,
stratified semi-small (see [MV]), then one can also obtain that the Rf∗
sends perverse sheaves to perverse sheaves.



41

Definition 9.37. In the setup above, a stratum Yα is called relevant if
dimC f

−1(y) = 1
2(dimC Y − dimC Yα).

Notice that in the above argument, if Yα is a relevant stratum of dimension
d, and i : Yα → Y , then H−d(i∗Rf∗CX) 6= 0. Since f is proper, f−1(y) is
compact and the stalk, Hn−d(f−1(y)), the top dimensional cohomology of
f−1(y), has basis given by the top dimensional irreducible components of
f−1(y) (i.e. it is isomorphic to HBM

n−d(f−1(y))).

In particular the local system H−d(i∗Rf∗CX) gives a representation of
π1(Yα) on HBM

n−d(f−1(y))) by permuting the irreducible components. Thus
as a permutation representation, it is semisimple.

Definition 9.38. Given a relevant stratum Yα, a simple local system is
relevant if it appears in the decomposition of H−d(i∗Rf∗CX).

Lemma 9.39. On a relevant stratum Yα, the local system CYα is always
relevant.

Proof. The multiplicity of CYα is exactly the multiplicity of the trivial rep-
resentation in the representation of π1(Yα) on HBM

n−d(f−1(y))). But this is
equal to the number of orbits of the permutation action of π1(Yα) on the
irreducible components. �

Theorem 9.40 (Decomposition for semi-small maps). If f : X → Y is
proper, semi-small and X is non-singular, then

Rf∗CX ∼= ⊕LICX(L)⊕dL .

where L are relevant local system and dL is its multiplicity.

10. Springer Resolution/Correspondence

This is derived from the corresponding sections of [CG] and [G]. Let G
be a complex, semisimple Lie group, g is Lie algebra, B a Borel subgroup
and T a maximal torus in G. Let b be the corresponding Borel subalgebra,
h the corresponding Cartan subalgebra. The Weyl group W is NG(T )/T .

Example 10.1. If G is SLn we can take B and T to be the upper triangular
and diagonal matrices inG respectively. g is then the set of traceless matrices
and W ∼= Sn.

Let N be the nilpotent cone in g, that is the set of all nilpotent elements
in g. Note that an element x is nilpotent if ad(x) : g → g is nilpotent (this
is the map which takes the Lie bracket with x). In the case of sln this just
means that x is nilpotent.

Springer associated to N , a resolution f : Ñ → N called the Springer
resolution. Ñ = {(n, b)|n ∈ N , n ∈ b} where b is a Borel subalgebra. Let B
be the collection of Borel subalgebras in g. G also acts on g by the action
Ad. When G = SLn, this is just the conjugation action. In particular Ad
permutes Borel subalgebras and thus acts on B with B the stabilizer of the
standard Borel subalgebra. Hence B ∼= G/B.
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Example 10.2. If G = SLn, then G/B is the variety of full flags in Cn and
the above correspondence sends a flag 0 = F0 ⊂ F1 ⊂ · · ·Fn = Cn to the set
b where x ∈ b if xFi ⊂ Fi.

There is also a natural map to B, the map which forgets the nilpotent
element. This is a fibre bundle with fibre n and is in fact isomorphic to
T ∗ B ∼= T ∗G/B.

Note that N has a natural orbit stratification via the orbits of the action
of G via Ad (in particular, Ad(g) sends nilpotents to nilpotents).

Example 10.3. In the case G = SLn, since the action is conjugation, the
orbits are exactly given by the Jordan type of the nilpotent matrix, i.e.
they correspond to partitions of n.

Lemma 10.4. The Springer resolution, f : Ñ → N is semi-small and every
stratum is relevant.

Proof. Our goal is to show that for any x ∈ N , dimC(f−1(x)) = N −
1
2 dimOx where Ox is the adjoint orbit of x and N = dimCG/B since 2N =

dimC T
∗(G/B) = dimC Ñ = dimCN .

In particular, note that

dimC(B)−dimC(Gx) = dimC(G)−dimC(G/B)−dimC(Gx) = dim(Ox)−N.
Here Gx is the stabilizer in G of x.

It turns out that

dimC(f−1(x)) + dimC(B) = dimC(Ox ∩ n) + dimC(Gx).

The left hand side is the dimension of {g ∈ G|Ad(g)(b) ∈ f−1(x)}, this
is the inverse of image of map g 7→ Ad(g)(b). If we consider the map
g 7→ Ad(g−1)(x) this lies in Ox, and so for the right and side we consider the
pullback under the map. Note that Ad(g−1)(x) ∈ n iff Ad(g−1)(x) ∈ b iff
x ∈ Ad(g)(b) iff Ad(g)(b) ∈ f−1(x) i.e. both sets have the same dimension.

Combing the above results to obtain the result we want, we just need to
show that dimC(f−1(x)) + dimC(Ox ∩ n) = N . Now the left hand side can

be realized as the dimension of the pullback of Ox ∩ n to Ñ , so what is left
is to check that this has dimension N . �

Corollary 10.5. The same method gives a resolution g̃ of g. This map is
small.

Our goal is now analyze Rf∗CÑ [2N ]. In particular, since this map is
semi-small and all strata are relevant, we know that

Rf∗CÑ [2N ] = ⊕(Nα,φ)Vφ ⊗ ICN (Lφ),

where Nα varies over relevant strata and φ varies over the simple rep-
resentations of π1 of Nα. Vφ is multiplicity vector space which is the

Hom(HBM
top(f−1(x)), φ) where x ∈ Nα.

Note that f−1(x) are also known as Springer fibres. Our goal is now to
show that if φ is relevant then Vφ is an irreducible representation of W .
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Theorem 10.6. Let Z = Ñ×N Ñ . Then if 2n = dimN then Hom(Rf∗CN [2n], Rf∗CN [2n]) ∼=
HBM
n (Z) ∼= C[W ] where the middle term has an algebra structure given by

Borel-Moore convolution. More over {Hom(f−1(x), φ} is a complete col-
lection of irreducible W representations where (x, φ) run over G-conjugacy
classes of pairs x ∈ N and φ a relevant irreducible representation of Gx/G

o
x.

10.1. Equivariant Decomposition. In the case that we have a G a lin-
ear algebraic group and X an algebraic G-variety, we can think about G-
equivariant sheaves on X. Such a sheaf will always be constructible with
respect to the orbit stratification. For now assume that X = G/H for some
subgroup H and take x = 1 ·H as a basepoint. The maps H ↪→ G→ G/H
gives rise to a homotopy exact sequence:

· · · → π1(G)→ π1(G/H)→ π0(H)→ π0(G)→ π0(G/H)→ 1.

If we work with G connected, then π0(G) = 1, so π1(G/H) surjects onto
π0(H) = H/Ho where Ho is the identity component. Thus any finite di-
mensional H/Ho representation is also a π1(G/H) representation.

Lemma 10.7. A local system A on G/H is G-equivariant if and only if
the corresponding representation of π1(G/H, x) on Ax is the pullback by the
above map of a finite dimensional representation of H/Ho.

This means that if we have a G-equivariant local system on G/H its
decomposition into simple local systems is can be realized by decomposing
by the H/Ho representation rather than the π1(G/H) representation on the
stalk. This is nicer since for an algebraic group, H/Ho is finite. The upshot
of this is that any G-equivariant local system is semisimple as a local system
(i.e. forgetting the G-equivariant structure).

Although we could work with a G-equivariant derived category and invoke
a G-equivariant version of the decomposition theorem, the definition of such
a category is involved. In practice, for f : M → N a proper semismall map
withM non-singular we just want to know howRf∗CM [dimCM ] decomposes
into IC sheaves, equivariant or not. We can how ever exploit the equivariant
structure of f and CM to derive the following theorem:

Theorem 10.8. Let M , N be G-varieties such that M is non-singular and
N has finitely many G-orbits and f : M → N be proper, semismall and
G-equivariant. If Ox is the orbit of a point x ∈ N with d = dimCOx which
is a relevant stratum, then

H−d((Rf∗CM [dimCM ])|Ox),

is a G-equivariant local system.

Proof. Let A be Rf∗CM [dimCM ]. Since Ox is a stratum on N , we already
know that H−d(A|Ox) is a local system. We just need to check that it is
G-equivariant.
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Let µ : G ×M → M and ν : G × N → N be the action maps and πM ,
πN the projections on the second factor. Then since f is G-equivariant and
proper it follows that π∗MRf∗ = R(idG× f)∗π

∗
N and µ∗Rf∗ = R(idG× f)∗ν

∗

by base change.
Since π∗CM = µ∗CM = CG×M , the CM has a trivial G-equivariant struc-

ture α. One can check that by the above reasoning that R(idG × f)∗α
satisfies the derived versions of the G-equivariance axioms.

Let A be the sheaf and denote the above map α̃ : π∗A → ν∗A. Then
since π∗ and ν∗ are exact, they commute with homology and we have

H−d(α̃) : H−d(π∗A) = π∗H−d(A)→ H−d(ν∗A) = ν∗H−d(A).

Once again it can be checked that this satisfies the standard G-equivariance
axioms. This sheaf isG-equivariant it restriction to an orbit isG-equivariant.

�

It should be noted that in general, the notion of G-equivariance in the
derived category is not either of the notions that one might think works.
That is, simply asking for the axioms to work in the derived category or
taking the derived category of the G-equivariant sheaves is not the correct
notion, see [BL].

We can now apply the above lemma to the above theorem and we find
that for a relevant stratum Ox on N , the decomposition of the local system
H−d((Rf∗CM [dimCM ])|Ox) via the π1(Ox) action on the stalkHBM

top(f−1(x))

at x is the same as the decomposition via the Gx/G
o
x on the stalk: Gx acts

on the fibre f−1(x) and thus permutes the irreducible components of the
fibre. The elements of Gox must preserve the components, so Gx/G

o
x acts on

HBM
top(f−1(x)).

Example 10.9. Let us apply this to the case of f : Ñ → N for G = SLn.
Both Ñ and N are G-varieties and f is G-equivariant. Since π1(G) = 1
(SLn is simply connected), we learn nothing new since this implies that
π1(G/Gx) = Gx/G

o
x. But, note that f is not defined in terms of SLn, but

its Lie algebra sln. This means that if we consider G = PGLn, the spaces
Ñ and N are PGLn-varieties and the map f is PGLn-equivariant.

The key fact that we can now exploit is that for x nilpotent, (PGLn)x
is connected. Hence in the decomposition of Rf∗CN , the only IC sheaves
which appear are the constant sheaves on each orbit with multiplicityHBM

top(f−1(x))

for some nilpotent x in the orbit.

In this vein, we can say something similar for general G. Associated to a

Lie algebra g, there is the adjoint group Gad, uniquely determined by the
fact that it has trivial centre (this is group whose weight lattice is equal it

its root lattice). The map f : Ñ → N is Gad-equivariant and hence Rf∗CÑ
decomposes into IC sheaves in parallel to the (Gad

x )/(Gad
x )o decomposition

of HBM
top(fx) over each stratum.
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Lemma 10.10. (Gad
x )/(Gad

x )o is abelian if g is semisimple.

Proof. [CM] One checks for the simple lie algebras that (Gad
x )/(Gad

x )o is a
power of Z/2Z. �

This tells us that the multiplicity spaces for the (Gad
x )/(Gad

x )o decompo-
sition of HBM

top(fx) are simply the corresponding isotypic components.

10.2. The Convolution Algebra. Let fi : Mi → N be proper maps for
i = 1, 2, 3 with Mi non-singular and mi = dimRMi. Let Zi,j = Mi ×N Mj .
Then we have a morphism

HBM
i (Z1,2)×HBM

j (Z2,3)→ HBM
i+j−m2

(Z1,3).

This map is called Borel-Moore convolution. If pi,j : M1 × M2 × M3 →
Mi×Mj is the projection, then the convolution of two Borel- Moore classes
c1,2 and c2,3 is

(p1,3)∗((p1,2 ∗ c1,2) ∩ (p2,3 ∗ c2,3)).

Theorem 10.11. If Z = M×NM , then HBM
• (Z) is an algebra and H(Z) =

HBM
2 dimCM

(Z) is a subalgebra.

If f : M → N is semi-small H(Z) is top homology of Z an so has a basis
given by the irreducible components of Z.

Corollary 10.12. There is an H(Z) action on HBM
j (f−1(x)).

Proof. Set M1 = M2 = M and M3 = {x} for x ∈ N , then we see that
Z2,3 = f−1(x) and we have an action of H(Z) on HBM

j (f−1(x)). �

Proposition 10.13. Let f : M → N be a proper map with M non-singular
and d = dimCM . Then there exists a natural algebra preserving isomor-
phism

HBM
• (Z) ∼= ExtDbc(N)(Rf∗CM [d], Rf∗CM [d]).

Proof. We start with the fact that HBM
• (Z) ∼= H•(Z,DZ). Then consider

the following commuting square:

Z = M ×N M M ×M

N∆ N ×N

ī

f∆ f × f
i
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We then have

H•(Z,DZ) = H•(Z, ī!CM×M )

= H•(N∆, (f∆)∗ī
!CM×M )

= H•(N∆, i
!(f × f)∗CM×M )

= H•(N∆, i
!(Rf∗CM

L
� Rf∗CM ))

= H•(N∆, i
!(Rf∗CM

L
� D(Rf∗CM )))

= H•(N∆, RHom•(Rf∗CM , Rf∗CM ))

= Ext•Dbc(N)(Rf∗CM , Rf∗CM )

This relies on the following two facts:

RHom(A,B) ∼= i!(B
L
� DA)

and

CM×M = CM
L
� CM .

See [CG] theorem 8.6.7 for the proof that this is a morphism of algebras.
�

Corollary 10.14. We have H(Z) ∼= HomDbc(N)(Rf∗CM [d], Rf∗CM [d]).

Corollary 10.15. If f is semi-small and Rf∗CM [d] = ⊕Vφ ⊗ ICN (Lφ)
where Lφ varies over all relevant local systems over all relevant strata Nφ,
we have H(Z) ∼= ⊕End(Vφ). If χ is the π1(Nφ) related to Lφ, then Vφ =

HomRep(π1(Nφ))(H
BM
top (f−1(x)), χ).

10.3. Fourier Transform.

Definition 10.16. Given a variety X with a C∗ action, a sheaf on X is
called monodromic if it is constructable with respect to the orbits of the C∗
action. A complex of sheaves is monodromic if all its cohomology sheaves
are. In particular, Db

mon(X) is the derived category of such complexes and
Pervmon(X) is the category of perverse monodromic sheaves.

This is typically seen when X is vector space or a vector bundle.
Let I be a complex of injective monodromic sheaves on a vectorspace V .

For any open U ⊂ V ∗, we construct the polar set in V :

U◦ = {x ∈ V |Re(f(x)) ≥ 0, f ∈ U}.
We can construct a complex of presheaves associated to I assigning to U
the sections of I supported on U◦.

The sheafification of this functor, F , is called the Fourier transform. The
definition can upgraded to work any vector bundle and sends a complex on
that bundle to a complex on the dual bundle. It gives an equivalence of
categories Pervmon(V ) and Pervmon(V ∗).
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Theorem 10.17. [BR] The following are the important properties of F :

(1) F ◦ F = α∗ where α is the multiplication by −1 function.
(2) If E is a vector bundle, iV : V → E is a subbundle and CV =

R(iV )∗(C), then F (CV ) = CV ⊥ where V ⊥ ⊂ E∗ is the annihilator
of V .

(3) For a compact algebraic variety X and vector space V , the following
diagram commutes:

Pervmon(V ×X) Pervmon(V ∗ ×X)

Pervmon(V ) Pervmon(V ∗)

F

π∗1 π∗1

F

10.4. The geometric construction of C[W ]. Our claim now is that C[W ] ∼=
EndDbc(N )(Rf∗CN ).

Since N ⊂ g, we can consider the sheaf Rf∗CN as a sheaf on g, so that
instead we can show that EndDbc(g)(Rf∗CN ) ∼= C[W ]. Note that C∗ acts on

N by multiplication and on Ñ by just multiplying the nilpotent (i.e. on the
fibre of bundle map to B). The Springer resolution f is now C∗-equivariant
and thus Rf∗CN is monodromic.

Given the above setup, we can now apply the Fourier transform to obtain
a a sheaf on g∗, which has the endomorphisms as Rf∗CN . We now need to
understand what F (Rf∗CN ) is.

Recall that Ñ ⊂ g × B which satisfies the conditions of part b of the
theorem 10.17. Thus CÑ considered as a sheaf on g×B has Fourier transform

the annihilator of Ñ in g∗ × B. The fibre of Ñ above a Borel subalgebra
b is its nilradical n. If we identify g with g∗ via the Killing form, then the
annihilator of fibre of Ñ is simply b, so

Ñ⊥ = g̃ = {(x, b) ∈ g× B|x ∈ b}.
The Fourier transform of CÑ is the now Cg̃. Part c of theorem 10.17

says that F (Rf∗Ñ ) = Rf̂∗Cg̃ where f̂ : g̃ → g the Grothendieck-Springer
resolution.

Theorem 10.18. f̂ is proper small map.

The stratification on g will have a single open stratum, grs, of all regular
semisimple elements of g. Thus

Rf̂∗Cg̃[dimC g̃] = ICg(Rf̂∗Cg̃|grs).
Finally, we apply the perverse continuation principle, which says that any
morphisms between IC sheaves is a unique extension of a morphism between
the local systems which define them. Thus we now have reduced the problem
to showing that C[W ] ∼= End(Rf̂∗Cg̃|grs).

Let g̃rs = f̂−1(grs), then
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Lemma 10.19. (1) There is a free W action on g̃rs such that g̃rs/W ∼=
grs and the quotient map is f̂ .

(2) The map f̂ is a regular covering with automorphism group W .

Since the covering is regular with automorphism group W , it follows that
π1(grs) has W as a quotient and in particular the monodromy action of on

the fibre of f̂ over a regular semi-simple element x comes from the natural
W action. But this fibre is itself nothing but W , and the W representation
HBM

top(f−1(x)) ∼= C[W ].

As the regular representation we see that

C[W ] = ⊕γLγ ⊗ Vγ = ⊕End(Lγ),

where Vγ runs over the irreducible W representations and Lγ = (Vγ)∗ are
the multiplicity spaces. Note that this isomorphism is also a isomorphism
of algebras and this also the decomposition under the monodromy action.

Thus
Rf̂∗Cg̃[dimC g̃] = ⊕Lγ ⊗ ICg(Aγ).

11. Geometric Satake Correspondence

In this section, we consider G a complex, connected reductive algebraic
group. By O we denote the ring C[[t]] of formal power series and by K its
fraction field C((T )) of Laurent series. G(K) and G(O) will denote the K
and O points of G respectively.

Definition 11.1. The Affine Grassmannian for G is Gr = G(K)/G(O).

It is an infinite dimensional space and not in general a group. In particular
it is an example of an ind-variety or ind-scheme, a direct limit of a family
of varieties by closed embeddings.

Example 11.2. (1) Suppose that G is a torus, then Gr is just X∗(T ) =
Hom(C×, T ) the coweights of T .

(2) Our main example will be G = PGLn, in which case the elements
of G(K) are n by n matrices in K with non 0 determinant, up to
multiplication by an element of K×. The elements of G(O) are are
n by n matrices in O with determinant in O× up to multiplication
by an element of O×. This is equivalent to asking that setting z = 0
leaves one with an invertible matrix in G(C).

Note that the columns of any representative of an element in Gr
give a basis for a rank n O lattice in Kn. The fact that we work with
PGLn means that the lattice is only determined up to multiplying
the lattice by tk for k ∈ Z.

G(O) acts on Gr by left multiplication and if T ⊂ G is a maximal torus
with W the Weyl group, then the above orbits are parametrized by the W
orbits on X∗(T ), i.e. once we fix a Borel B containing T , by the dominant
coweights of G. Implicitly, a coweight λ ∈ X∗(T ) can be considered as a
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function λ : C× → T ⊂ G, since this function is algebraic it is an element
of G(K). We will denote its image in Gr by tλ. Let Grλ◦ = G(O)tλ, then we
have

Lemma 11.3. Grλ = Gr
λ
◦ =

⋃
µ ≤ λGrλ◦ where λ and µ are dominant

coweights.

Example 11.4. In the case of PGLn, a coweight λ is determined by a
sequence of n integers λi, up to adding the all ones sequence. The ac-
tual map sends t ∈ C to the diagonal matrix diag(tλ1 , . . . , tλn). Thus
tλ = diag(tλ1 , . . . , tλn)G(O). Note that this does not depend on the rep-

resentative since G is PGLn and t(1,...,1) ∈ Z(GLn(K)).

We will use t0 to denote the identity matrix. Note that if we consider the
action of G on tλ, the stabilizer is the parabolic subgroup Pλ associated to
λ. Hence Gtλ = G/Pλ ⊂ Grλ◦ . In particular, Grλ is a G-equivariant bundle
over Gtλ.

Lemma 11.5. There is a natural C× action Gr, where s ∈ C× acts by
multiplying t by s. This is called loop rotation.

Grλ◦ = {x ∈ Gr| lim
s∈C×|s→0

sx ∈ Gtλ}.

This also shows that Grλ◦ are simply connected. We can also determine
that dimC Grλ◦ = 2ρ(λ) where ρ is half the sum of the positive roots of G.

The map ev0 : G(O) → G is the evaluation at 0 map, the Iwahori sub-
group I = ev−1

0 (B). Where the G(O) orbits are parametrized by dom-
inant coweights, the Iwahori orbits are parametrized by coweights. Let
K = ev−1

0 (1), then Ktλ ⊂ Grλ◦ is the typical fibre of the vector bundle

Grλ◦ → Gtλ.
We now see that Gr is ind-variety, if Gri is the union of the G(O) orbits of

dimension at most i, then each Gri is closed and there is a closed embedding
of Gri ↪→ Gri+1. Each of these has the structure of a variety and since Gr is
the direct limit of this system, it is an ind-variety. Each Gri is G(O) stable
and thus has a stratification by the Gr(O) orbits that form it. We define
Perv(Gr) as the direct limit of the categories Perv(Gri).

Our goal is to show:

Theorem 11.6.
Perv(Gr) ∼= Rep(Ĝ).

where Ĝ is the Langlands dual of G.

Definition 11.7. Given a complex reductive connected algebraic group G
with root datum (X∗,Λ, X∗,Λ

∨), the Langlands dual Ĝ has root datum
(X∗,Λ

∨, X∗,Λ).

Example 11.8. (1) For SLn, the weight lattice is Zn/(1, . . . , 1) and the
root lattice are those weights with a representative that sums to 0,
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(i.e. (1,−1, 0, . . . , 0)). The coweight and coroot lattices are the same
and are {(a1, . . . , an) ∈ Zn|a1 + · · ·+an = 0}. Swapping these lattice
pairs, the associated group is PGLn.

(2) For GLn, the weight and coweight lattices are just Zn and the root
and coroot lattices are {(a1, . . . , an) ∈ Zn|a1 + · · · + an = 0}. Thus
the Langlands dual of GLn is GLn.

(3) ŜO2n+1 = Sp2n

(4) ŜO2n = SO2n

The proof of the above result will essentially take three steps: first we
will describe a non-standard monoidal structure on Perv(Gr). Recall that
as part of the monoidal structure we have an object 1 which is the identity
object. Then we will show that Perv(Gr) is a neutral Tannakian category,
that is, it is a rigid abelian monoidal category with a monoidal functor
(typically called the fibre functor) to V ectk that is exact and faithful where
k = End(1).

In this case we will use Tannaka-Krein duality (see [DM] for more infor-
mation):

Theorem 11.9. Given a neutral Tannakian category C with fibre functor
F , the group of natural transformations Aut⊗(F ) of F to itself respecting
the monoidal structure is an affine group scheme (in particular it is a in-
verse limit of algebraic groups). In particular each F (A) for A ∈ C has the
structure of an Aut⊗(F ) representation and thus F is functor from C to
Repk(Aut

⊗(F )) (k = End(1)) which is an equivalence of categories.

Thus we will find that Perv(Gr) is the representation category of some
algebraic group and will show that the root datum of this group is dual to
the root datum of G.

It should be noted that Gr is often not connected, i.e. when G = GLn
it has Z many components: the orbit of coweight λ lies in component |λ|.
For G = PGLn, there are n components with the orbit of coweight λ in
component |λ| mod n.

11.1. Monoidal Structure on Perv(Gr). To begin with it should be
noted that the the category Perv(Gr) already has a set of simple objects

in bijection with the irreducible representations of Ĝ. Since each stratum
is simply connected and corresponds to dominant coweight of G, we should
think of the perverse sheaf ICλ = IC(CGrλ◦

) as corresponding to the irre-

ducible representation Vλ of Ĝ of highest weight λ. Since we know that the
representation Vλ+µ will always be a subrepresentation of the representation
Vλ ⊗ Vµ , we want ICλ+µ to be a subobject of ICλ ⊗ ICµ . If we are using
the standard tensor product this will not happen since the support of the
tensor product will not in general contain Grλ+µ.

This means that we need to define a different monoidal structure on
Perv(Gr) if we want the above identification to give an equivalence of cat-
egories.
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Rather than dealing with G(O) and G(K), it is also possible to use L+G =
G(C[t]) and LG = G(C[t, t−1]). Since L+G ⊂ G(O) and LG ⊂ G(K), there
exists a map j : LG/L+G → Gr. This map is injective since L+G =
LG ∩G(O).

Proposition 11.10. [G95] The map j above is an LG equivariant iso-
morphism. Each G(O) orbit in Gr is the image of a single L+G orbit on
LG/L+G.

Consider Ω, the set of based polynomial loops in the maximal compact
subgroup K, i.e. polynomial maps f from S1 to K such that f(1) = 1.
Considering S1 as the unit circle in C, we can extend any such map to
f ∈ LG, so Ω ⊂ LG. There exists an ’Iwasawa’ decomposition of LG: any
l ∈ LG can be decomposed uniquely as a product of an element in Ω and
an element of LG that can be extended to 0 i.e. an element of L+G.

This means that Gr ∼= Ω and thus obtains a group structure. A word of
caution here, since G(O) is not normal in G(K), the multiplication of cosets
in Gr is not well defined. What we have done is to select in each coset a
unique element which comes from Ω. The multiplication structure is then
give by the multiplication structure from Ω.

Definition 11.11. The convolution product of L,M ∈ Db
c(Gr):

L ?M = Rm∗(L
L
�M)

where m is the multiplication map above.

Theorem 11.12. [G95]

(1) If L,M ∈ Perv(Gr), then L ?M ∈ Perv(Gr)
(2) This makes Perv(Gr) into a rigid monoidal abelian category.
(3) The functor H• : Perv(Gr)→ V ect is exact, faithful and monoidal.

It is possible to define the convolution product of two simple objects in
this category as the pushfoward via a semi-small map of an IC sheaf. Let
λ, µ be dominant coweights of G. Let a, b ∈ Gr and â and b̂ representatives

of a and b respectively. Then then ˆa−1b̂G(O) is not a well defined coset, its
orbit is well defined. This means that we have function d(a, b) which takes
values in coweights of G.

One can check that Grλ◦ = {a ∈ Gr|d(t0, a) = λ} and Grλ = {a ∈
Gr|d(t0, a) ≤ λ}.

Definition 11.13. The twisted product

Grλ×̃Grµ = {(L0 = t0, L1, L2)|d(L0, L1) ≤ λ, d(L1, L2) ≤ µ}.

This space is naturally stratified by (ν, γ) with ν ≤ λ and γ ≤ µ:

Grν◦×̃Grγ◦ = {(L0 = t0, L1, L2)|d(L0, L1) = ν, d(L1, L2) = γ}.
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Proposition 11.14.
ICλ ? ICµ ∼= Rπ∗ICλ,µ

where
ICλ,µ = IC(CGrλ◦ ×̃Grµ◦

)

and where π is the projection on the last factor.

Before proving this, we must first understand that ICλ
L
� ICµ is isomor-

phic to IC(CGrλ◦×Grµ◦
). This will be the case if the external product satisfies

the same support conditions, is self Verdier dual and has the same stalks in
the −ρ(λ+ µ) cohomology over Grλ◦ ×Grµ◦ .

We will need to use the following 3 lemmas:

Lemma 11.15. [?] Let A,C ∈ Db
c(X) and B,D ∈ Db

c(Y ) for some stratified
spaces X and Y , then there is an isomorphism:

RHom(A,C)
L
� RHom(B,D) ∼= RHom(A

L
� B,C

L
� D).

Lemma 11.16. Let f : Y → X and A,B ∈ Db
c(X), then f∗(A

L
⊗ B) =

(f∗A)
L
⊗ (f∗B).

Proof. This is true on the level of sheaves and since ⊗ and f∗ are exact
functors, it will be true at the level of the derived category. The only possible

problem is that A
L
⊗ B is the total complex of the bicomplex Ai ⊗ Bj , but

the functor f∗ is additive. �

Lemma 11.17. Let A,B ∈ Db
c(X), then

H i(A
L
⊗ B) = ⊕p+q=iHp(A)⊗HqB.

This is a consequence of the fact that ⊗ is an exact bifunctor at the level
of Sh(X) since our sheaves are sheaves of vectorspaces.

Theorem 11.18. Let X = ∪Xn and Y = ∪Yn be stratified varieties with the
given strata. Let dimCX = dx, dimC Y = dy, dimCXn = n and dimC Yn =
n. Then

IC(CXdx )
L
� IC(CYdy ) ∼= IC(CXdx×Ydy ).

Proof. Let A = IC(CXdx ) and B = IC(CYdy ). Applying lemma 11.15 with

C = DX and D = DY and noting that DX
L
� DY ∼= DX×Y gives D(A

L
�

B) ∼= (DA)
L
� (DB) ∼= A

L
� B, since A and B are Verdier self dual.

Applying the other two lemmas where f : (a, b) ↪→ X × Y , gives

H i((A
L
� B)(a,b)) = ⊕p+q=iHp(Aa)⊗Hq(Bb).

Recall that Hp(Aa) = 0 if p < −dx and p >= −n where a ∈ Xn unless
n = dx, whence Hp(Aa) = 0 if p > −dx. In fact if a ∈ Xdx then Hp(Aa)
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is 0 unless p = −dx, in which case it is C. We have a similar statement for
Hq(Bb).

Let (a, b) ∈ Xdx ×Ydy , then H i((A
L
� B)(a,b)) = ⊕p+q=iHp(Aa)⊗Hq(Bb).

But for both Hp(Aa) and Hq(Bb) to not be trivial, we must have p = −dx
and q = −dy. Hence over the open stratum, we only have support in degree
−dx − dy as needed.

Let (a, b) ∈ Xj × Yk where (j, k) 6= (dx, dy). Then let i < −dx − dy, then

if p+ q = i, we cannot have p ≥ −dx and q ≥ −dy, so in H i((A
L
� B)(a,b)) =

⊕p+q=iHp(Aa)⊗Hq(Bb) at least one term in each tensor product is trivial.
If i ≥ −j − k, wlog let us assume that if one of j = dx or k − dy, that

it is the first. Then for Hp(Aa) ⊗ Hq(Bb) to be non trivial we must have
−dx ≤ p ≤ −j and −dy ≤ q ≤ −k− 1 (we have −j rather than −j − 1 since
we may have j = dx). But then p+ q ≤ −j − k − 1 < i.

Thus A
L
� B satisfied the support conditions of IC sheaf arising from a

local system on Xdx × Ydy . Which local system is it? It it the local system

given by the restriction of H−dx−dy(A
L
� B) to Xdx × Ydy . Once again, by

the above lemmas this is

⊕p+q=−dx−dyHp(A|Xdx )⊗Hq(B|Ydy ) = H−dx(A|Xdx )⊗H−dy(B|Ydy ) = CXdx⊗CYdy = CXdx×Ydy .

�

Proof of proposition 11.14. We identify Gr and Ω, we have a commuting
triangle

Ω× Ω Ω× Ω

Ω

f

π
m

Here f(x1, x2) = (x1, x
−1
1 x2).

ICλ ? ICµ = Rm∗(ICλ
L
� ICµ) = Rπ∗f

∗(ICλ
L
� ICµ).

Note that if we make the triangle above a square by adding an identity
morphism to the bottom, then the result is isomorphic to the pullback square
for the identity andm, hence we would like to apply base change which would
result in the above formula. But to do this m must be proper.

We can be sure this is true, since ICλ
L
� ICµ is supported on Grλ ×Grµ

(as shown above), we can replace the left term in the above triangle with
Grλ×̃Grµ, the right with Grλ×Grµ and the bottom with Grλ+µ, all of which
are compact spaces. The result is still a pullback square but now the left and
right sides are proper. Note that in to even make sense of operations like
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f∗, one needs to restrict to some finite dimensional strata where we know
things will work by the standard theory.

To prove the result, if f∗(ICλ � ICµ) ∼= ICλ,µ, then we would be done.

But f is an isomorphism which sends stratum Grν◦×̃Grγ◦ of Grλ×̃Grµ to

Grν◦ × Grγ◦ . Thus f∗ will send the sheaf ICλ
L
� ICµ ∼= IC(CGrλ◦×Grµ◦

) to

ICλ,µ. �

Lemma 11.19. The map π above is proper semi-small.

Proof. The image of the map π is Grλ+µ, which is stratified by orbits Grν◦
with ν ≤ λ+ µ. To show π is semi-small we need to check that

dimC π
−1(tω0ν) ≤ 1

2
(dimC Grλ+µ − dimC Grν◦).

The right hand side simplifies to ρ(λ + µ − ν). We are free to check the
inequality at any point in the orbit Grν◦ since all the fibres are related by
G(O). The choice of tω0ν is for ease of calculation. The fibre is made of
those points in Grλ whose distance to tω0ν is at most µ.

We will calculate this dimension by using the next few results. �

11.1.1. Semi-infinite orbits. Let N be the unipotent radical of B, (i.e. in the
case of SLn this would be the upper triangular matrices with a diagonal of
1). We can consider N(K) ⊂ G(K), the N(K) orbits on Gr are parametrized
by coweights of G. We set S◦ν = N(K)tν for any coweight of G. These are
called the semi-infinite orbits, since they have neither finite dimension or
finite codimension.

We have Sν = S
◦
ν = ∪µ≤νS◦µ, see [MV] (Prop 3.1) for a proof.

Mirković and Vilonen use the seminfinite orbits to prove a variety of
interesting results. Of particular interest to them is the intersection of Sν ∩
Grλ:

Theorem 11.20. Sν ∩Grλ◦ is nonempty precisely when tν ∈ Grλ. Sν ∩Grλ

is of pure dimension ρ(ν + λ) when λ is dominant.

Proof. Let ρ∨ be half the sum of the positive coroots, then under the con-
jugation action ρ∨(s)n for n ∈ N , we see that lims→0 ρ

∨(s)n = 1. Thus we
have lims→0 ρ

∨(s)x = tν for any x ∈ Sν and since the tν are the fixed points
for this ρ∨ action, it follows that

Sν = {x ∈ Gr| lim
s→0

ρ∨(s)x = tν}.

If x ∈ Sν ∩ Grλ◦ , then because Grλ◦ is T -invariant, we see that tν ∈ Grλ.
In particular, we can now assume that ν is a weight in the irreducible rep-
resentation of weight λ for G∨.

First we claim that Sν ∩ Grν = N(O)tν . If K− is the kernel of the
evaluation at ∞ map applied to G(C[z−1]), then K−t

ν is the fibre of the
opposite orbit Gr◦λ over tν .

Sν ∩Grν = N(O)(N(K) ∩K−)tν ∩Grν = N(O) ((N(K) ∩K−)tν ∩Grν) .
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(N(K) ∩K−)tν ⊂ K−tν ⊂ Gr◦ν .

But the intersection Gr◦ν ∩Grν = Gtν , so the intersection (N(K) ∩K−)tν ∩
Grν = tν .

If ν is anti-dominant, N(O) stabilizes tν , so the result is the single point
tν , otherwise if ν is dominant, then N−(O) (the unipotent of the opposite
Borel), stabilizes tν and Itν = B(O)N−(O)tν = B(O)tν = N(O)tν where I
is the Iwahori.

In particular, this prove the theorem when ν is λ or ν = w0λ where w0 is
the longest word in W .

For the details of the remainder of the proof, check [MV] (Theorem 3.2).
One first shows that the boundary of Sν in Sν is given by a hyperplane
section. In particular, if we start with a dimension d irreducible component
C of Sν ∩ Grλ and then select a component of the intersection of C with
the hyperplane for Sν , the result is a component of dimension d − 1. This
component has dense intersects another of the Sµ with µ < ν. We apply
the process again, until we are left with a component of dimension 0 and
a strictly decreasing chain of d coweights between ν and the anti-dominant
ω0λ. Since such a chain as length at most ρ(ν − ω0λ), it follows that d ≤
ρ(ν − ω0λ).

Similarly working from a component of Sλ ∩ Grλ which contains C, we
obtain a sequence of weights whose length is the codimension of C in Grλ.
This chain’s length will be bounded by ρ(λ− ν).

These two conditions together with the fact that dimCC + codimC =
2ρ(λ), give the desired result. �

Corollary 11.21. For any dominant coweight λ, and any T invariant closed
subset X ⊂ Grλ, we have dimC(X) ≤ maxtν∈XT ρ(λ+ ν).

Proof. X ∩ Sν is non-empty precisely when tν ∈ X. Since

X = ∪tν∈XTX ∩ Sν ⊂ ∪tν∈XTGrλ ∩ Sν .

�

Continuation of lemma 11.19. Recall that we must compute dimension of
the variety X ⊂ Grλ which consists of those points xG(O) ∈ Grλ such that
d(xG(O), tω0ν) ≤ µ and show that it is bounded above by ρ(λ+µ− ν). The
variety X is T invariant: we know that x−1tω0ν ∈ Grµ, hence x−1h−1tω0ν ∈
Grµ since tω0ν is a T fixed point. Thus d(hxG(O), tω0ν) ≤ µ.

Thus dimCX ≤ maxtγ∈XT ρ(λ+γ). Note that we must have d(tγ , tω0ν) ≤
µ, in particular we have tω0ν−γ ∈ Grµ, thus it follows that ω0ν − γ is a
weight of the representation of G∨ of highest weight µ. Thus ω0ν − γ + µ is
a positive and so 0 ≤ ρ(ω0ν − γ + µ) = ρ(−ν − γ + µ). Thus

ρ(λ+ γ) ≤ ρ(λ+ γ) + ρ(−ν − γ + µ) = ρ(λ+ µ− ν).

�
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At this point these is some concern the existence of an isomorphism A ?
B ∼= B ?A. This and the fact that H∗(Gr, ·) is a tensor functor with respect
to this isomorphism requires a slightly different view point of the product ?
and the Grassmannian, see sections 5 and 6 of [MV].

In [G], a slightly different approach is taken. We fix a Cartan anti-
involution on G, this is a map θ which fixes a maximal torus T such that
T ∩K is maximal in the maximal compact K and sends the Borel B to its
opposite Borel. For example, on PGLn one such map is the transposition
map. If n,m ∈ K then θ(nm) = θ(m)θ(n). The anti-involution preserves Ω
and more over will preserve L+G as well. Since it fixes T we have θ(tλ) = tλ

and thus we see that θ∗ICλ ∼= ICλ, since it preserves the orbit structure. Re-
call that Perv(Gr) is semi-simple so the same is true for any A ∈ Perv(Gr),
although not canonically. Together, this gives a chain of isomorphisms:

A ? B ∼= θ(A) ? θ(B) ∼= θ(B ? A) ∼= B ? A.

11.2. Weight Functors.

Definition 11.22. For each coweight ν, the functor Fν : Perv(Gr)→ V ect

defined by Fν(A) = H
2ρ(ν)
c (Sν , A) is the ν weight functor.

These functors will be an important tool in studying the group G̃ that
arises from the Tannakian formalism.

Theorem 11.23 ([MV] Thm. 3.5). Fν are exact.

Theorem 11.24 ([MV] Thm. 3.6).

H∗(Gr, ·) ∼= F = ⊕νFν .

Theorem 11.25. [MV] A ∈ Db
c(Gr) is perverse if and only if H i(Sν , A) = 0

for all i 6= 2ρ(ν).

From the above two results, we conclude that the fibre functor H∗ is
exact. Since it is exact, the fact that it is faithful follows immediately if for
any perverse sheaf A there exists a coweight ν such that Fν(A) 6= 0. This
shows that H∗ does not annihilate any non-zero objects.

Theorem 11.26.
Fν(ICλ) = C[Irr(Grλ ∩ Sν)].

These components are the so called ’MV’-cycles. The proof follows from

deducing that H
2ρ(ν)
c (Sν ∩Grλ, ICλ) ∼= H

2ρ(ν+λ)
c (Sν ∩Grλ,C).

11.3. The Theorem. One now has to verify that Perv(G) is a Neutral
Tannakian category with fibre functor H∗. Once this is done, it follows that
there is an affine group scheme G̃ such that Perv(G) ∼= Rep(G̃). We want to

check that G̃ ∼= G∨. First we must determine why G̃ is an algebraic group.

Theorem 11.27. An affine group scheme G̃ is algebraic iff it has a faithful
finite dimensional representation.



57

Now consider M = ⊕iICωi where ωi are the fundamental coweights of G
(in general one can take any finite set of dominant coweights that positively
generate the set of dominant coweights). Then any simple object appears
in M?j for some j: Take a coweight λ = a1ω1 + · · · + anωn and set j =
a1 + · · · + an. Then the product IC?a1ω1

? · · · ? IC?anωn is a summand of M?j

and the multiplication map is one to one over the orbit Grλ◦ , so ICλ occurs
(with multiplicity 1) in the decomposition. It now follows that H∗(M ?M∗)

is a faithful representation of G̃.
The semisimplicity of Perv(G) shows that G̃ is reductive. Thus its is

identified by its root system. The final conclusion follows by arguing that
since H∗ factors through the category of coweight graded vector spaces, the
dual torus to T∨ to T lies inside G̃. For each a ∈ T∨ one constructs a
natural transformation that respects the tensor structure, thus embedding
T∨ ⊂ G̃. The weights ν for the irreducible representation Vλ of G∨ are thus
the same as the T∨ weights of F (ICλ). We can then immediately conclude

that G̃ ∼= G∨.

12. Kazhdan-Lusztig polynomials

We are following the note of Simon Riche, entitled Perverse sheaves on
flag manifolds and Kazhdan-Lusztig polynomials.

12.1. Hecke algebra. For W the Weyl group of G, complex connected
semisimple algebraic group, we can associate the Hecke algebra HW . It
is a Z[t, t−1] algebra which is a deformation of W . It is generated (as an
algebra) by Ts where s a simple reflection in W . We impose the usual braid
condition from W on Ts and T ′s when s 6= s′. Where s2 = 1 in W , we have
T 2
s = (t2−1)Ts+t2. Note that setting t = 1 gives back the standard relation

for W .

Lemma 12.1. For w ∈W , there exists a well defined element Tw. Given a
simple reflection s, if l(sw) > l(w), then we TsTw = Tsw. If l(sw) < l(w),
then we have TsTw = (t2−1)Tw+t2Tsw. If w, v ∈W with l(w)+l(v) = l(wv)
then TvTw = Tvw.

Proof. If w ∈ W with reduced expression w = si1 · · · sin then define Tw =
Tsi1 · · ·Tsin . This is well defined since any two reduced words are related by

a sequence of braid moves. If l(sw) = 1 + l(w), then ssi1 · · · sin is a reduced
word and TsTw = Tsw. Otherwise l(sw) = l(w)−1, by the deletion/exchange
conditions for Coxeter groups, there is a reduced expression for w beginning
with s. Hence Tw = TsTw′ for w′ = sw and TsTw = T 2

s Tw′ = (t2− 1)TsTw′ +
t2Tw′ = (t2 − 1)Tw + t2Tsw. The final statement now follows since if l(v) +
l(w) = l(vw), then concatenating reduced words for v and w gives a reduced
word for vw. �

Note that Tw span HW ⊗Z C as a vector space.
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Definition 12.2. The Kazhdan-Lusztig involution i : HW → HW is the
algebra involution defined by i(t) = t−1 and i(Tw) = (Tw−1)−1.

Each Ts is invertible: T−1
s = t−2Ts + (t−2 − 1) and thus the Tw are

invertible as well.

Theorem 12.3 ([?]). For each w ∈ W there exists a unique element Cw ∈
HW such that

(1) i(Cw) = Cw
(2) Cw = t−l(w)

∑
x≤wQx,w(t)Tx where Qw,w = 1 and for x < w, Qx,w ∈

Z[t] is a polynomial of degree ≤ l(w)− l(x)− 1.

More over, for each x ≤ w there exists Px,w ∈ Z[q] such that Qx,w(t) =
Px,w(t2), i.e. the polynomials Qx,w only contain terms of even degree.

This basis Cw is known as the (dual) canonical basis of HW .

Example 12.4. (1) C1 = 1,
(2) Cs = t−1(Ts + 1) if s is a simple reflection,
(3) Cst = t−2(Tst + Ts + Tt + 1) if s 6= t are simple reflections.

12.2. Bruhat Decomposition. Let G be a complex connected semisimple
algebraic group. Let B = G/B be the flag variety and we know that B =
∪w∈WBwB/B, the Bruhat decomposition. Let X◦w = BwB/B then Xw =

X
◦
w = ∪v≤wXv.

This is a stratification, and since Xw
∼= Cl(w), the strata are simply con-

nected. Let ICw be the IC-sheaf associated to the local system C on the
orbit X◦w.

Our goal is to show the following result:

Theorem 12.5. Let v ≤ w and y ∈ X◦v , then dimCH
i(ICw)y is 0 if i+ l(w)

is odd and is the coefficient of q(i+l(w))/2 in Pv,w if i+ l(w) is even.

In particular, the coefficients are all positive.
Recall that we can also consider the G orbits on B × B, which are all of

the form X◦w = G(B/B,wB/B). We have X◦w = G×B Xw.

By ˆICw denote the IC sheaf on B × B that is given by the local system
C on Xw. Then for y ∈ B, we have

H i( ˆICw)(B/B,y)
∼= H i+dimC(B)(ICw)y.

If A ∈ Db
c(B × B), then let

h(A) =
∑
w∈W

(∑
i∈Z

dimCH
i(Aw)ti

)
Tw,

where Aw is the stalk of A over any point in X◦w. I.e. h : Db
c(B×B)→ HW .

The above theorem will be a corollary to the following result:

Theorem 12.6.
Cw = tdimC Bh( ˆICw)
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12.3. Demazure resolutions. The closed Schubert variety Xw is generally
singular, stratified by X◦u for u ≤ w. Of interest to us will be their Demazure
resolutions. Let si1 · · · sin be a reduced expression for a word w ∈ W .
Associated to each simple reflection sij is a minimal parabolic Psij . Let

Ysi = Psi1 ×
B · · · ×B Psin/B.

As an iterated P1 fibration it is smooth of dimension n.
There is a natural map from Ysi → Xw, m(p1, . . . , pnB/B) = p1 . . . pnB/B.

This map is a resolution of singularities.
As in the previous section, it will be useful to resolve Xw as well. Let

Ps = G/Ps for any simple reflection s. Then let

Ysi = B ×Psi1 · · · ×Psi B.

Let π : Ysi → Xw be the proper morphism that projects on the the first and
last component. This is a resolution of singularities as well and as in the
last section we have Ysi = G×B Ysi .

It should be noted that due to the fibre productions in the definition of
Ysi it is isomorphic to the variety

Xsi1 ×B · · · ×B Xsin .

More over, if l(w) ≤ 2, the resolution is an isomorphism thus Xw and Xw
are nonsingular in this case.

12.4. Convolution product on Db
c(B×B). Let pi,j : B×B×B → B×B be

the projection onto the i-th and j-th factor. Then given A,B ∈ Db
c(B ×B),

we define A ? B ∈ Db
c(B × B) to be

R(p1,3)∗(p
∗
1,2A

L
⊗ p∗2,3B).

Since the projection are proper, one can check (using base change) that this
product is associative and in particular the sheaf C∆ (concentrated in degree
0), is a unit. Here ∆ is the diagonal in B × B, which is also X1. Note that
since X1 is smooth, this is just a shifted IC sheaf.

Lemma 12.7. Let A be an object of Db
c(B × B) such that H i(A) = 0 if i

is odd (or even). Let s be a simple reflection, then CXs ? A has the same
property. Also h(CXs ? A) = (Ts + 1)h(A).
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Proof.

(Ts + 1)h(A) =
∑
w∈W

((∑
i∈Z

dimCH
i(Aw)ti

)
Tw +(∑

i∈Z
dimCH

i(Aw)ti

)
TsTw

)

=
∑
sw<w

(∑
i∈Z

(dimCH
i(Asw) + dimCH

i−2(Aw))ti

)
Tw+

∑
sw>w

(∑
i∈Z

(dimCH
i(Aw) + dimCH

i−2(Asw))ti

)
Tw

Here we apply the formulas from Lemma 12.1 and then collect terms by Tw.
To show the final statement in the theorem, it thus suffices to show that

dimCH
i((CXs ? A)w) is dimCH

i(Asw) + dimCH
i−2(Aw) when sw < w and

dimCH
i(Aw) + dimCH

i−2(Asw) when sw > w.
Consider the fibre square for the inclusion of (B/B,wB/B) into B × B

and the map p1,3. The fibre product is Zw = {(B/B, b, wB/B)|b ∈ B}.
By base change the stalk is thus the global sections of the restriction of

p∗1,2CXs

L
⊗ p∗2,3A to Zw. But since p∗1,2CXs is supported on Xs×B, the global

sections of (p∗1,2CXs

L
⊗ p∗2,3A)|Zw only have support over Zw ∩ Xs × B, i.e.

over the set Zsw = {(B/B, gB/B,wB/B)|g ∈ Ps}
Note that Zsw is isomorphic to P1 and by the above, if C is the restriction

of the above tensor product to Zsw, then H i((CXs ? A)w) ∼= H i(Zsw, C).
We will want to know the stalk of C above each point on Zsw. The stalk

at a point (B/B, gB/B,wB/B) for g ∈ Ps can be computed by

(CXs)(B/B,gB/B) ⊗A(gB/B,wB/B).

Since (B/B, gB/B) ∈ Xs, the left side is just the complex C concentrated
in degree 0. The right side depends on which orbit (gB/B,wB/B) lies in.
If sw < w, then (gB/B,wB/B) ∈ X◦sw iff gB = sB. The remaining points
all lie in X◦w. If sw > w, the behaviour is the opposite.

If ι is the inclusion of this point into Zws and j the inclusion of the com-
plement, then we consider the triangle:

j!j
∗C → C → Rι∗ι

∗C → .

This gives rise to a long exact sequence:

· · · → H i−1(Zws , Rι∗ι
∗C)→ H i(Zws , j!j

∗C)→ H i(Zws , C)→
H i(Zws , Rι∗ι

∗C)→ H i+1(Zws , j!j
∗C)→ · · ·

By the above calculations, ι∗C is simply the stalk ofA at sw, soH i(Zsw, Rι∗ι
∗C) ∼=

H i({pt}, Asw) = H i(Asw). Note that whenH i(A) = 0 we haveH i(Asw) = 0.
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Consider taking the stalk of j∗C at any point on Z∗w−{(B/B, sB/B,wB/B)} ∼=
C. Again, by the above computations, the fibre is the complex Aw. Thus

using the fact that C ∼= C × {pt}, we have j∗C ∼= CC
L
� Aw. Since Zsw is

compact,

H i(Zsw, j!j
∗C) ∼= H i

c(Z
s
w, j!j

∗C) ∼= H i
c(C, j∗C) ∼= H i

c(C× {pt},CC
L
� Aw).

We can apply the K unneth formula to the right most term, and since
H i
c(C,C) is C when i = 2 and 0 otherwise, we have H i(Zsw, j!j

∗C) ∼=
H i−2(Aw).

The above long exact sequence now falls apart into short exact sequences
of the form

0→ H i(Zsw, C)→ 0

or
0→ H i−2(Aw)→ H i(Zsw, C)→ H i(Asw)→ 0,

depending on the parity of i.
The results of the lemma now follow. �

12.5. Proof of theorem 12.6. We can now prove the desired theorem.

Proof. We induct bases on the length of w.
If l(w) = 0, then ˆICw ∼= CX1 [dimC B]. Thus h( ˆICw) = t− dimC BT1 =

t−dimC BC1.
If l(w) = 1, then w = s a simple reflection and ˆICs ∼= CXs [1 + dimC B].

Thus h( ˆICs) = t−1−dimC BTs+t
−1−dimC BT1 = t−1−dimC B(Ts+1) = t− dimC BCs.

Let s1 · · · sn be a reduced expression for w, the consider the Demazure
resolution π : Ys1...sn → Xw.

Now IC(Ys1...sn) = CYs1...sn
[n + dimC B]. The map π is not in general

semi-small, but we can apply the weakest form of the decomposition theorem
to it.

Rπ∗CYs1...sn
[n+ dimC B] ∼= ⊕u≤w ˆICu × Vu

where Vu is a graded C vector space where the grading handles the shifts of
the ˆICu which appear.

The sheaf ˆICw can only appear once and it does so with no shift, thus
Vw = C with a 0 grading. This follows because π is an isomorphism over the
open stratum, hence restricting the pushforward to this stratum will result
in a complex whose cohomology only exists in degree −n− dimC B.

Otherwise, since the sheaf we pushforward is Verdier self dual and π is
proper, the resulting complex is self dual as well. This implies that the j-th
graded piece of Vu is equal to the −j-th graded piece of Vu. These two facts
together along with the fact that h(A⊕B) = h(A) + h(B), gives

h(Rπ∗CYs1...sn
[n+ dimC B]) = h( ˆICw) +

∑
u<w

Qu(t)h( ˆICu).

HereQu(t) is simply the grading polynomial of Vu and hence satisfiesQu(t) =
Qu(t−1).
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By induction h( ˆICu) = t− dimC BCu, thus

tdimC B
∑
u<w

Qu(t)h( ˆICu)

is fixed by the involution on HW .
Since

Ys1...sn
∼= Xs1 ×B · · · ×B Xsn ,

it follows that
Rπ∗CYs1...sn

∼= CXs1
? · · · ? CXsn .

Thus by previous lemma, we have

h(Rπ∗Ys1···sn [n+dimC B]) = t−n−dimC B(1+Ts1) · · · (1+Tsn) = t− dimC BCs1 · · ·Csn .
Hence tdimC B(Rπ∗Ys1···sn [n+ dimC B]) is also fixed by the involution.

This implies that tdimC Bh( ˆICw) is fixed by the involution as well.
The remaining condition is on the degrees of the polynomial which occurs

as the coefficient of Tu in tdimC Bh( ˆICw), but this follows from the general
properties of IC complexes. �

12.6. examples.

12.6.1. A1. G = SL2(C), W = S2. We know the canonical basis elements
in HW are C1 = 1 and Cs1 = t−1(Ts1 + 1). The flag variety G/B is simply
a copy of CP1. The two Schubert cells are X◦1 = {pt} and X◦s1 = C. The

Schubert varieties are both smooth, X1 = {pt} and Xs1 = CP1. Hence the
IC1 = CX1 [0] and ICs1 = CXs1 [1].

12.6.2. A2. G = SL3(C) and W = S3. The only Cw that we do not already
know is Cs1s2s1 . Now, if s1 · · · sn is a reduced word for w, then

Cs1Cs2 · · ·Csn = Cw + lower order terms.

This is clear, since the term Tw appears with coefficient t−n in both Cw and
the left hand side.

Cs1Cs2Cs1 = t−3(Ts1+1)(Ts2+1)(Ts1+1) = t−3(Ts1s2s1+Ts1s2+Ts2s1+(t2+1)Ts1+Ts2+(t2+1)))

We note that the right hand side cannot be Cw, since the coefficient of
Ts1 violates the degree bound of l(s1s2s1) − l(s1) − 1 = 1. Thus we must
subtract off Cs1 , this gives

Cs1Cs2Cs1 − Cs1 = t−3(Ts1s2s1 + Ts1s2 + Ts2s1 + Ts1 + Ts2 + 1) = Cs1s2s1 .

One can check that if l(w) ≤ 2, the Demazure resolution is an isomor-
phism, so that Xs1s2 and Xs2s1 are both smooth. In fact they are just CP1

bundles over CP1. The Schubert variety Xs1s2s1
∼= G/B so it is also smooth.

Thus the IC sheaves in each case are just C[l(w)]. This agrees with the
calculation of Cw above.

The Demazure resolution is not an isomorphism for w = s1s2s1, so what
is Rm∗IC(Ys1s2s1)? This should be the same as Rπ∗IC(Ys1s2s1). Since
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h(Rπ∗IC(Ys1s2s1)) = t− dimC BCs1Cs2Cs1 , the same method that allows us
to compute that Cs1Cs2Cs1 = Cs1+Cs1s2s1 will show that Rm∗IC(Ys1s2s1) =
ICs1 + ICs1s2s1 .

From a geometric perspective, π : Ys1s2s1 → Xs1s2s1 is an isomorphism
over Xs1s2s1 − Xs1 and has a CP1 fibre over the remaining points. In this
case π is semismall.

12.6.3. B2. Note that W = {1, s1, s2, s1s2, s2s1, s1s2s1, s2s1s2, s1s2s1s2 =
s2s1s2s1}. If we consider s1s2s1, then as above, Cs1s2s1 = t−3(Ts1s2s1 +
Ts1s2 + Ts2s1 + Ts1 + Ts2 + 1)). Hence ICs1s2s1 = CXs1s2s2 [3]. But one can
check that Xs1s2s2 is singular with singular locus Xs1 . Thus we see that it
is possible to have an IC sheaf which does not detect singularities.

12.6.4. A3. Here we will consider the word w = s1s3s2s3s1. If one computes
Cs1Cs3Cs2Cs3Cs1 , for most u ≤ w, the coefficient of Tu is 1. The exception
is if u ∈ {s1s3, s1, s3, 1} in which case it is t4 + 2t2 + 1. Thus we know
the cohomology of the stalks of the sheaf Ys1s3s2s3s1 . Note that in order for
Rm∗CYs1s3s2s3s1 [5] to be a perverse sheaf, the cohomology of the stalks over

X◦s1s3 must vanish in degree > −2. But the fact that we have a term t4 tells
us that it does not.

In particular, Rm∗CYs1s3s2s3s1 [5] = A⊕ICs1s3 [−1], But since the left hand

side is Verdier self dual, there must also be a factor of ICs1s3 [1] in A. This
leaves us with A = ICs1s3 [1] ⊕ B where B is now Verdier self dual. Note
that it also satisfies the support conditions of an IC sheaf and thus it is an
IC sheaf it self. Since the cohomology of its stalks is C over X◦s1s3s2s3s1 in
degree −5, it follows that this is the ICs1s3s2s3s1 .
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