MATH 3040: HOMEWORK 3

All answers must be in complete sentences. Remember that this is a
writing class, so while correctness and thoroughness are most important,
style matters as well.

1. (Practice in Posing Questions) What is an interesting open-ended
question you could ask, which is related to the material that we covered
in class? What is a concrete mathematical question that could be used to
approach an answer to the question? (If you also want to provide a proof of
this concrete mathematical question, that’s great and we’ll look at it, but
what you're being graded on are the questions themselves.)

2. (Practice with logic symbols and truth tables) Use truth tables to
decide which of the following implications are tautologies (i.e. always true):
(a) If P< @, then (PAR) < (QAR).
(b) If P < @, then (PV R) < (Q V R).
(c) If (PVR)< (QVR), then P& Q.
(d) f (PAR) < (QAR), then P < Q.

Remark. The problem is asking about how similar equivalences are to equal-
ities. Parts (a) and (b) ask whether you can apply a conjunction/disjunction
and still preserve the equivalence. Parts (c¢) and (d) ask whether you can
cancel a conjunction/disjunction on both sides.

3. (Logical Equivalence in Life) Consider the following pairs of state-
ments. Which pairs of statements are equivalent? (Write the logical form of
P and Q, for example, rewrite a statement “P” in the form “A = B” where
A and B are statements.)

(a) P: T won’t be accepted to medical school if I don’t do well on the
MCAT.
Q: If I do well on the MCAT, I will be accepted to medical school.
(b) P: In order for it to rain, there must be clouds.
Q: If it does not rain, then there are no clouds.
(¢) P: If it is sunny tomorrow, then I'll go hiking.
Q: I'll go hiking only if it is sunny tomorrow.
(d) P: Only completely justified answers will get full credit.
Q: If complete justification is not given, the answer will not receive
full credit.

4. (Aphorisms) State the contrapositive and the converse of each of the
following statements. No justification is needed on this question (a rarity in
this class!), but you should be certain about your answer.
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(a) In order for it to rain, there must be clouds.

(b) In order for it to rain, it is sufficient that there are clouds. (Hint:
What does “sufficient” mean, as a logical statement?)

(¢c) What is good for the goose is good for the gander.

(d) If wishes were horses, then beggars would ride.

5. (A Consistency Check) Formalize these statements and determine
(with truth tables or otherwise), whether they are consistent (i.e. if there
are some assumptions on the atomic propositions that would make it true):
“The system is in a multiuser state if and only if it is operating normally.
If the system is operating normally, the kernel is functioning. FEither the
kernel is functioning or the system is in interrupt mode. If the system is
not in multiuser state, then it is in interrupt mode. The system is not in
interrupt mode.”

The following two problems should be submitted as a group. You can, for
example, modify the groupwork template tex file from the previous home-
work accordingly.

6. (Groupwork) [The Legend of the Three Chests] You are exploring
a secret cave and you stumble upon three treasure chests. According to
legend, one contains gold, while the other two are empty. Each chest is
inscribed with a clue:

Chest 1: “I am empty”

Chest 2: “I am empty.”

Chest 3: “The gold is in the second chest.”

According to the trustworthy old sage that told you about the cave, only
one message is true, the other two are false. Which chest contains the gold?

Formalize the puzzle using propositional logic, and justify the solution
using a truth table.

7. (Groupwork) [Who wants to live on this planet?] Every inhabitant
of far-flung planet has one of three possible occupations: educator, lawyer,
or politician. The educators always tell the truth, the politicians always lie,
and lawyers sometimes tell the truth and sometimes lie, depending on how
they feel. This planet’s society has a strict hierarchical order: educators are
considered to be the upper class, lawyers are members of the middle class,
and politicians belong to the lower class.

(a) You overhear two citizens (who you creatively call A and B) of this
planet say the following to each other:
A: “You [pointing to B] are in a higher class than me.”
B: “That’s not true.”
Can we determine the occupations of A and B?
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(b) One day, you meet three inhabitants of this planet (who you call X,
Y, and Z because you cannot pronounce their names). According to
your trusted intelligence briefing, all three have different occupations.
They tell you the following:

X: “I am a lawyer.”
Y: “That’s true.”
Z: “I am not a lawyer.”
Can we determine the occupations of X, Y, and Z7



