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Exercise 5 from Section 30, page 194
(a) LetD be a countable dense subset of the metrizable spaktelaim that

%A ={B(x,1/n) | xe D andn € Z*}

IS a countable basis. Firs# is countable, since both andZ* are. To show that it
is a basis for the topology oX, let U be any open set, and lgte U. Then there is
an open ballB(y, €), aroundy that is contained itJ. Choosen to be larger that 2,
and pick anx € D such thatx € B(y, 1/n). This givesy € B(x,1/n) c B(y,&) c U.
HenceZ is a basis.

(b) Let X be a metrizable Lindéf space. For each € Z*, the collection of open sets
{B(x,1/n) | x € X} coversX. Pick a countable subcover and calld,. Then the
collection% = J,.; %n is a countable basis. Countability is immediate, and the
proof that it is a basis is analogous to that in part (a). O

Exercise 6 from Section 30, page 194
We know from Example 3 (p. 192) th&; is not second countable, but has a countable
dense subset. Thus part (a) above implieskatannot be metrizable.

Supposd?2 were metrizable. SincE is also compact (and hence Lind8l part (b)
above implies that it is second countable. This in turn shows that the subSpate (0, 1)
is second countable, and hence LirideHowever, Example 5 (p. 193) shows thais not
Lindelof, sol2 cannot be metrizable. O

Exercise 12 from Section 30, page 194
I'll show the case for second countability; the onlytdrence for first countability is to start
with a countable basis at a point instead. Supp@dgs a countable basis fof. Sincef is
an open map,

A ={f(B) | Be %)}

is a collection of open sets if(X). To show that it is a basis fdi(X), letV be an open set
in f(X) and lety € V. Pick anyx for whichy = f(x); thenx € f~1(V), so there is a basis
elementB € % such thaix € B c f-1(V). This givesy € f(B) c V, so%Z’ is a basis. Since
it is also countablef (X) is second countable. m]

Exercise 3 from Section 31, page 199
Let X be a simply ordered set with the order topology. Bdie a closed subset of andx
be an element ak notin A. X — Aiis open ank € X — A, so there is an open interva, )
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such thatx € (a,b) ¢ X — A. (If xis the largest or smallest elementXf use &, x] and
[, b) instead, and make the obvious changes in what follows.) Piclcanga, x) if such
an element exists, ar= x otherwise; similarly, picld € (x,b) or setd = xif (x,b) = @.
Then (oo, C) U (d, o) is an open set that contaids and €, d) (or (a,d) if ¢ = X, or (c, b)
if d = x, or (@ b)if c=d = Xx)is an open set containing They are clearly disjoint, s¥
is regular. O

Exercise 7 from Section 31, page 199

(@)

(b)

()

(d)

First we show that given any € Y and openU that containsp=({y}), there is a
neighborhoodV of y such thatp=}(W) c U. SinceU is open,X — U is closed, so
p(X —U) is closed. SetV = Y — p(X - U). ThenW is openy € W andp(W) c U.

Now supposeX is Hausdoft and lety; andy, be distinct points off. pis a perfect
map, sop X({y:}), i = 1,2 are disjoint compact subsets X¥f find disjoint open sets

U; that containg1({y;}) using the result of Exercise 26.5. Finally, choose neighbor-
hoodsW; of y; such thatp(W) c U;. SinceU; andU, are disjoint, so ar&V; and

W,. HenceY is Hausdoff.

Lety € Y andU be a neighborhood gf We need to find a neighborhodtof y such
thatV c U.

Now p is continuous, s@*(U) is an open set containing *({y}). Using regularity
of X, find, for eachx € p~({y}), an open se¥V, such thatx € W, andW, c p~1(U).
This gives an open covéW, | x € X} of p~1({y}), from which we can extract a finite
subcovelW,,, ..., W, }. SinceW,, U---UW,_is an open set containing *({y}), we
can find a neighborhood of y such thatp™(V) ¢ W,, U --- U W,,. It remains to
show thatv c U.

W, U -+ U W, is a closed set that contaims’(V), sop1(V) ¢ W, U -+ U W
Also, by constructionyV,, U --- U Wy, ¢ p~(U). Hencep-3(V) c p~*(U), giving
V c p(pi(V)) cU.

Lety € Y and considep({y}). For eachx € pi({y}), there is a compact subset
C, of X that contains a neighborhoad}, of x. {Uy | x € p~X({y})} coversp=i({y}),
S0 via compactness, we obtain a finite subcover,{8gy, ..., Uy }. A finite union
of compact sets is compact, €o= C,, U --- U C, is a compact and contairt$ =
Uy, U--- U U, . Using what we first proved in part (a), there is a neighborhabd
of y such thatp~}(W) c U. Now p~1(W) c C, so it is compact, ang(p-1(W)) is a
compact subset of. It contains the neighborhodd of y, soY is locally compact.

SupposeX is second countable, with countable bagis For each finite subsel

of 4, let U; be the union of all sets of the forpr(wW), for W open inY, that are
contained in the union of elements &f First observe thap(p1(W)) = W since

p is surjective, sgp(U;) is open, being a union of open sets. We will show that
¢ = {p(U;) | Jis afinite subset of#} is a countable basis fof. Countability is
easy, since the collection of finite subsets of a countable set is countable.



To show that¢ is a basis folY, letV be an open set iM and lety € V. Thenp(V)
is an open set that contaims!({y}), so for eachx € p~({y}), there is an element
By € % such thatx € B, c p (V). Using compactness aqf 1({y}), find a finite
subcoverd = {B,,,..., By }. NowB,, U--- U B, is an open set containing({y}),
so there is a neighborhoddf of y such thatp*(W) c B,, U --- U B,,. HenceU,
containspt({y}), ory € p(U;). Furthermorep(U;) c V, so¥% is a countable basis
for. O

Exercise 1 from Section 32, page 205

Let X be a normal space and Mtc X be a closed subspace. SuppésandB are disjoint
closed subsets of. ThenA andB are closed inX, sinceY is closed. Thus we can find
disjoint open (inX) setsU andV such thatA c U andB c V. ThenU nY andV NnY are
the required disjoint open sets containili@ndB, respectively. Henc¥ is normal. O

Exercise 4 from Section 32, page 205
Let X be a regular Lindéif space. LeA andB be disjoint closed subsets ¥f B is closed,
so each point of A has a neighborhood/, not intersectingd; using regularity, choose
a neighborhoodJ, of a such thatu, ¢ W,. This givesU, N B = @. The collection
{Ua | a € A} coversA, andA, being a closed subspace of a Lindfetpace, is Lindeif
(the proof is the same as that for showing that a closed subspace of a compact space is
compact), so we can find a countable subcover{sayU,, .. .}. B
Similarly, choose a countable collectipv,} of open sets covering such thav,NA =
@. The rest of the proof is an exact copy of that of Theorem 32.1, starting from the second
paragraph. O



