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Exercise 5 from Section 30, page 194

(a) LetD be a countable dense subset of the metrizable spaceX. I claim that

B = {B(x,1/n) | x ∈ D andn ∈ Z+}

is a countable basis. First,B is countable, since bothD andZ+ are. To show that it
is a basis for the topology onX, let U be any open set, and lety ∈ U. Then there is
an open ball,B(y, ε), aroundy that is contained inU. Choosen to be larger that 2/ε,
and pick anx ∈ D such thatx ∈ B(y,1/n). This givesy ∈ B(x,1/n) ⊂ B(y, ε) ⊂ U.
HenceB is a basis.

(b) Let X be a metrizable Lindelöf space. For eachn ∈ Z+, the collection of open sets
{B(x,1/n) | x ∈ X} coversX. Pick a countable subcover and call itBn. Then the
collectionB =

⋃∞
n=1 Bn is a countable basis. Countability is immediate, and the

proof that it is a basis is analogous to that in part (a). �

Exercise 6 from Section 30, page 194
We know from Example 3 (p. 192) thatR` is not second countable, but has a countable
dense subset. Thus part (a) above implies thatR` cannot be metrizable.

SupposeI2
o were metrizable. SinceI2

o is also compact (and hence Lindelöf), part (b)
above implies that it is second countable. This in turn shows that the subspaceA = I×(0,1)
is second countable, and hence Lindelöf. However, Example 5 (p. 193) shows thatA is not
Lindelöf, soI2

o cannot be metrizable. �

Exercise 12 from Section 30, page 194
I’ll show the case for second countability; the only difference for first countability is to start
with a countable basis at a point instead. SupposeB is a countable basis forX. Since f is
an open map,

B′ = { f (B) | B ∈ B}

is a collection of open sets inf (X). To show that it is a basis forf (X), let V be an open set
in f (X) and lety ∈ V. Pick anyx for which y = f (x); thenx ∈ f −1(V), so there is a basis
elementB ∈ B such thatx ∈ B ⊂ f −1(V). This givesy ∈ f (B) ⊂ V, soB′ is a basis. Since
it is also countable,f (X) is second countable. �

Exercise 3 from Section 31, page 199
Let X be a simply ordered set with the order topology. LetA be a closed subset ofX andx
be an element ofX not in A. X−A is open andx ∈ X−A, so there is an open interval (a,b)
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such thatx ∈ (a,b) ⊂ X − A. (If x is the largest or smallest element ofX, use (a, x] and
[x,b) instead, and make the obvious changes in what follows.) Pick anyc ∈ (a, x) if such
an element exists, orc = x otherwise; similarly, pickd ∈ (x,b) or setd = x if ( x,b) = ∅.
Then (−∞, c) ∪ (d,∞) is an open set that containsA, and (c,d) (or (a,d) if c = x, or (c,b)
if d = x, or (a,b) if c = d = x) is an open set containingx. They are clearly disjoint, soX
is regular. �

Exercise 7 from Section 31, page 199

(a) First we show that given anyy ∈ Y and openU that containsp−1({y}), there is a
neighborhoodW of y such thatp−1(W) ⊂ U. SinceU is open,X − U is closed, so
p(X−U) is closed. SetW = Y− p(X−U). ThenW is open,y ∈W andp−1(W) ⊂ U.

Now supposeX is Hausdorff and lety1 andy2 be distinct points ofY. p is a perfect
map, sop−1({yi}), i = 1,2 are disjoint compact subsets ofX; find disjoint open sets
Ui that containsp−1({yi}) using the result of Exercise 26.5. Finally, choose neighbor-
hoodsWi of yi such thatp−1(Wi) ⊂ Ui. SinceU1 andU2 are disjoint, so areW1 and
W2. HenceY is Hausdorff.

(b) Lety ∈ Y andU be a neighborhood ofy. We need to find a neighborhoodV of y such
thatV̄ ⊂ U.

Now p is continuous, sop−1(U) is an open set containingp−1({y}). Using regularity
of X, find, for eachx ∈ p−1({y}), an open setWx such thatx ∈ Wx andW̄x ⊂ p−1(U).
This gives an open cover{Wx | x ∈ X} of p−1({y}), from which we can extract a finite
subcover{Wx1, . . . ,Wxn}. SinceWx1 ∪ · · · ∪Wxn is an open set containingp−1({y}), we
can find a neighborhoodV of y such thatp−1(V) ⊂ Wx1 ∪ · · · ∪Wxn. It remains to
show thatV̄ ⊂ U.

W̄x1 ∪ · · · ∪ W̄xn is a closed set that containsp−1(V), so p−1(V) ⊂ W̄x1 ∪ · · · ∪ W̄xn.
Also, by construction,W̄x1 ∪ · · · ∪ W̄xn ⊂ p−1(U). Hencep−1(V) ⊂ p−1(U), giving
V̄ ⊂ p

(
p−1(V)

)
⊂ U.

(c) Let y ∈ Y and considerp−1({y}). For eachx ∈ p−1({y}), there is a compact subset
Cx of X that contains a neighborhoodUx of x. {Ux | x ∈ p−1({y})} coversp−1({y}),
so via compactness, we obtain a finite subcover, say{Ux1, . . . ,Uxn}. A finite union
of compact sets is compact, soC = Cx1 ∪ · · · ∪ Cxn is a compact and containsU =
Ux1 ∪ · · · ∪ Uxn. Using what we first proved in part (a), there is a neighborhoodW
of y such thatp−1(W) ⊂ U. Now p−1(W) ⊂ C, so it is compact, andp(p−1(W)) is a
compact subset ofY. It contains the neighborhoodW of y, soY is locally compact.

(d) SupposeX is second countable, with countable basisB. For each finite subsetJ
of B, let UJ be the union of all sets of the formp−1(W), for W open inY, that are
contained in the union of elements ofJ. First observe thatp(p−1(W)) = W since
p is surjective, sop(UJ) is open, being a union of open sets. We will show that
C = {p(UJ) | J is a finite subset ofB} is a countable basis forY. Countability is
easy, since the collection of finite subsets of a countable set is countable.
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To show thatC is a basis forY, let V be an open set inY and lety ∈ V. Thenp−1(V)
is an open set that containsp−1({y}), so for eachx ∈ p−1({y}), there is an element
Bx ∈ B such thatx ∈ Bx ⊂ p−1(V). Using compactness ofp−1({y}), find a finite
subcoverJ = {Bx1, . . . , Bxn}. Now Bx1 ∪ · · · ∪ Bxn is an open set containingp−1({y}),
so there is a neighborhoodW of y such thatp−1(W) ⊂ Bx1 ∪ · · · ∪ Bxn. HenceUJ

containsp−1({y}), or y ∈ p(UJ). Furthermore,p(UJ) ⊂ V, soC is a countable basis
for Y. �

Exercise 1 from Section 32, page 205
Let X be a normal space and letY ⊂ X be a closed subspace. SupposeA andB are disjoint
closed subsets ofY. ThenA andB are closed inX, sinceY is closed. Thus we can find
disjoint open (inX) setsU andV such thatA ⊂ U andB ⊂ V. ThenU ∩ Y andV ∩ Y are
the required disjoint open sets containingA andB, respectively. HenceY is normal. �

Exercise 4 from Section 32, page 205
Let X be a regular Lindelöf space. LetA andB be disjoint closed subsets ofX. B is closed,
so each pointa of A has a neighborhoodWa not intersectingB; using regularity, choose
a neighborhoodUa of a such thatŪa ⊂ Wa. This givesŪa ∩ B = ∅. The collection
{Ua | a ∈ A} coversA, andA, being a closed subspace of a Lindelöf space, is Lindel̈of
(the proof is the same as that for showing that a closed subspace of a compact space is
compact), so we can find a countable subcover, say{U1,U2, . . .}.

Similarly, choose a countable collection{Vn} of open sets coveringB such that̄Vn∩A =
∅. The rest of the proof is an exact copy of that of Theorem 32.1, starting from the second
paragraph. �
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