MIDTERM EXAM, MATH 3210, FALL 2010

Problem 0.1. A function f : R" \ {0} — R is said to be homogeneous of degree p, if
f(Ax) = NP f(z) for all z € R™\ {0} and X\ > 0.
(i) Show that if f is homogeneous of degree p and smooth, then
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(ii) Let then a = Y1 | fidx; be a closed 1-form, whose coefficients f; are all smooth
functions on R™ \ {0} that are all homogeneous of degree p # —1. Let
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Prove that « is exact, more precisely show that dg = .

Problem 0.2. Let o = ) ;ardz; and B = ) ;bidx; be constant k-forms, i.e. with
constant coefficients a; and by (we also assume, as usual, that the multi-indices I are
increasing). We define the inner product of a and 3 to be the number given by

5) = Z arby.

Prove the following assertions:
(i) The dz; form an orthonormal basis of the space of constant k-forms.
(ii) (a, ) > 0 for all a and (o, ) = 0 if and only if o = 0.
(i1i) a(x0) = (o, B)dx dzs...dz),.
(iv) a(+B) = B(xa).

(v) The Hodge star operator is orthogonal, i.e. (a, 3) = (xa, *[3).

Problem 0.3. Let U be an open subset of R? and let F = Fieq + Fyes : U — R? be a
smooth vector filed. The differential form ( defined by

FidF, — FodFy
f= 2 2
FY + F3
is well defined at all points x € U where F(x) # 0. Let then ¢ be a parametrized circle

contained in U, traversed once in the counterclockwise direction. Assume that F(x) # 0

for all x € c. The index of F relative to c is defined to be the number
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index(F,c) = i/ﬁ
2m J.
Prove the following assertions:
(1) B = F*a, where « is the angle form (—ydz + xdy)/(x* + y?).
(ii) G is closed.
(7i) index(F, c) is the winding number of the curve F o c about the origin and therefore
18 an integer.

Problem 0.4. Show that for every disk in the plane of arbitrary center and radius, a
1-form defined on it is clossed, if and only if it is exact.

Consider then an arbitrary circle in the plane, traversed once by a standard parametriza-
tion in the counterclockwise direction. Pick two points A and B, one in the interior of it
and the other in its exterior. Calculate the winding numbers of this circle with respect to
both A and B (recall that we learned how to calculate the winding number with respect to
an arbitrary point, in one of the homework problems.)



