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Problem 0.1. Consider a convergent series of positive real numbers » ~  a, and let
€ > 0 be fired and arbitrarly small. Show that there exists another convergent series of
positive real numbers Y b, with a,/b, — 0 and so that Y .~ b, <> a, + €.
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Problem 0.2. Find the radius of convergence of the power series Z;’;O(j +3)%z7. Then,
find the function to which the series converges.
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Problem 0.3. (1) Let f be a continuous function on the interval [a,b]. Suppose that for
every rational numbers o, 3 € [a,b] of the form F (for some integers m and n) we know

that
B
/ f(t)dt =0.

Prove that f(t) =0 for all t € [a,].
(2) Let g be a continuous function on the interval [a,b]. Prove that there exists ¢ € [a, b]

so that
0= (5 [ oan=ar)
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Problem 0.4. Consider ® : [a,b] — R a C? function with the property that ®"(x) > 0
for every x € |a,b).
(1) Show that for every 0 < a, B < 1 with a4+ 5 =1 one has

<I>(041L‘1 + 5&32) S Oéq)(ﬂfl) + B(I)(.TQ)

for every 1,5 € |a,b).
(2) Then, use the above fact to show that for every xi,xs, ..., z, € [a,b] one has

T+ T2+ ..+ :z:n> < O(z1) + P(x2) + ... + P(z4)

o
n n
(3) Finally, use all of these to show that whenever f is continuous on the interval [0, 1]
and ® : R — R is C% with ®"(x) > 0, then

o[ sy < [ (s
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Problem 0.5. (1) Suppose that f is continuous and |f(x)| < 3 for all x € [a,b]. Prove
that

lim 3in/ab(f(t))"dt 0.

n—o0

(2) Consider the function ¢(x) = (h* h)(x) defined on the real line, where h is the
characteristic function of the interval [0,1]. Using it, define further the sequence of func-
tions ¢, (x) := no(nx) for every positive integer n. Prove that for every continuous and

compactly supported function g, the sequence g* ¢,, converges uniformly to g on the whole
real line.
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Problem 0.6. Let f be a continuous and odd function (i.e., f(x) = —f(—x)) on the
interval [—1,1]. Show that if f_ll f(x)x**dx = 0 for k = 0,1,2,... then f must be
wdentically equal to zero.



