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Plan

» Introduce a (class of) models for evolution of spatially structured
populations.

» Analyze the large (space-time) scale behavior of the models and their
ergodic behavior.



Universality and renormalization

» Substantial literature on renormalization of diffusive spatially
interacting models.

» Finite and infinite systems of interacting Fisher-Wright/Feller diffusions
and Fleming-Viot/Dawson-Watanabe measure-valued diffusions.

» T. Cox, D. Dawson, A. Greven, F. den Hollander, R. Sun, J. Swart,
J. Vaillancourt, et al.

This talk:

» Universality for a class of non-diffusive spatio-temporal
models with jumps.




Spatial multi-scale A-Cannings process

v

Structured population evolving in time and space.

v

Geographically scattered colonies of individuals.

Reproduction: Cannings process — progeny of size comparable to the
size of the whole population (~ skewed offspring distribution):

» Genetic diversity observed in population genetics data is less than the one
predicted by diffusive models.
Highly selective environment, selective sweeps.
Population size fluctuations/bottlenecks.
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Migration.

v

Occasional global catastrophes ~~ reshuffling-resampling.



Single-colony A-Cannings process

» Single colony of M individuals: 7 :={1,...,M}.
» Genetic types: T(i,t) €E, t Ry, i€l

» Type-space: E compact Polish.

» Initially: 7(i,0) ~ 6, 6 € ., (E).

» Resampling: fixed-M reproduction.

» Poisson point process IT with dr @ A*(dr).

» A*(dr) € #([0,1)).

» (t,r) € Il encodes a resampling event at time 7

» Mark the individuals for resampling independently with success prob r.
» Randomly choose a parent individual (among the marked ones).
» Change the types of the marked individuals to the type of the parent.

» Progeny comparable to the size of population: ~ Mr.



Single-colony A-Cannings process
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Figure: Cannings resampling event in a colony of M = 8 individuals of two types.

> Q: Which A*(dr)?

A: A*(dr) := A(dr)/r?, where A € ([0, 1]).

= INN-1) A*(dr)r2 < oo

Assumptions: A({0}) =0 (no diffusive part)

Genetic types dlstrlbutlon X(t):= LyM 1 61(iy) € AN (E).
Let M — oo.
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Multi-colony A-Cannings process

Assume:
» Individuals migrate between colonies.
» Symmetric (rate ¢) random walk on the full graph of N vertices.
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Figure: Possible immediate migration steps between N = 4 colonies with M =3
individuals of two types in the mean-field version.



Hierarchical geographic space

i 1-block
2-block

3-block

v

Geographical space: hierarchical group (regular tree):
Qy = {n = (e, €{0,1,...,N = 13N | Ty m' < oo} of order N.

v

Ultrametric: d(n,{) = min{k € Ny | n' = £/, forall I >k}, n,{ € Q.
Topology: blocks By(n) ={{ € Qy: d(n,8) <k}, n € Qun, k€ Ny
Migration between colonies: hierarchical random walk:

v

v

> Migration rates: ¢ := (¢x)ren, € (0,00)No
» each indiv. at € Qy jumps unif. in Bx(n) at rate c;_ /N*~!



Transience vs. recurrence: Comparison with SRW on 74

N.B. Dawson, Gorostiza and Wakolbinger (2005), the HRW is
> recurrent < Y, (1/cx) = oo.
> transient < Yy, (1/ck) < oo

Example. ¢, = ck. Can associate (potential theoretic) dimension d = d(c,N)
to HRW. Then:

» recurrent < c <1< SRWd <2
» critically recurrent & c=1< SRWd =2
» transient < ¢ > < SRWd > 2



Hierarchically interacting A-Cannings process
Colonies on Qy.

» Migration: hierarchical random walk.
» Non-local reshuffling-resampling:
» Resampling measures: A := (Ag)ken, € ([0, 1])N0
> F?r each 1, for each A, resample-reshuffle macro-colony By (n) at rate

NZF

> Reshuffling:
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Figure: Random reshuffling in a 1-block on the hierarchical lattice of order N = 3 with
M = 3 individuals of two types per colony.



Summary (so far)
Hierarchically interacting (¢, A)-Cannings process

. Q Q Q
X = (x®(0)) L, with XM (0) = (XM (1)}, € M (E).
Competition between:
» Migration ¢ = (cx)kez, (spatial movement)
VS.
Resampling A = (Ak)kez+ (reproduction under constrained resources).
plus

» (Hierarchy of) time scales.
N.B. Important features:
» Non-diffusive behavior: jumps.
» Strongly correlated global updates: non-local reshuffling-resampling.

Qif [X<QN)(Z‘)] ﬁ ?
1o




Large space-time scale analysis: renormalization

> “Separate"” slow and fast time scales.
» Renormalize.
» Macroscopic observables:

N 1 o
Yr(),k)(tNk) =— Z Xé N)(l.Nk)’ neQ. ke,
geBy(n)
(block averages of order k € 7).

» Single scale (mean-field) ~~ propagation of chaos ~~ McKean-Vlasov
process.

» Multiple scales simultaneously: ~~ Markov interaction chain.
» Hierarchical mean-field limit:

QN T Qe, N — oo



McKean-Vlasov limiting object
Algebra of test functions: Z C C,(.#,(E),R) with G € £:

G(x):/nx®"(du)(p(u), x€ M (E),neN, g e Co(E"R).

Generator: L§*": % — Cy(.#(E),R)

(156) ) = [ (0 -x) (@) 25

+d//Qx (du,dv) ‘926 >[5u,5]

+/[0,1]A* (dr) /Ex a) [G((l—r)x—l—réa) —G(x)], Ge B,

(9]

where
Oy (du,dv) = x(du) 6,(dv) — x(du) x(dv).

C)-processes with immigration-emigration:

d, A dA d, A
75" = (Zg (t))tzo, Zg""(0) = 6.



Asymptotic behavior of the macroscopic observables

» Volatility constants: d = (di)kcz, .

Ck(ﬂ,k/z-i-dk)

dp =0, i1 = ———F——~,

ke,

where A = Ar([0;1]).
» N.B. (inhomogeneous) Mébius transformation.

Theorem (behaviour of the macroscopic observables)

Forevery k € Z, uniformly inm € Q,

& [(y,gN,g (tNk)>t>O] — [(ng’dk’[\k(t)>t>o] .

N—oo




Ergodic behavior of X(V), N < «
Set
o /2 e

Ck

Theorem (Clustering vs. coexistence criterion)

> [Clustering] (= formation of large mono-type regions), if Y ycz, my = o
vs.

» [Local coexistence] (= convergence to multi-type equilibria), if
Zk€Z+ my < oo,

N.B. Zk€Z+ my = oo VS, < o < ZkeNo(l/Ck) Z;C:O A] = oo VS, < oo,
» Recurrent migration ~~ clustering.

» J transient migrations and strong enough reshuffling-resampling
Yien, M = oo ~> clustering.



Theorem (Clustering vs. coexistence criterion)
The following dichotomy holds:
(a) [Local coexistence] If Y,z m; < o, then for every 6 € &(E) and

every X&) (0) whose law is stationary and ergodic w.r.t. translations in
Qy and has a single-site mean 6,

@ [Xmm(,)] —— vk ¢ p(P(E)W)

f—>—oo

for some unique law vég’v)’g’& that is stationary and ergodic w.r.t.

translations in Qx and has single-site mean 6.
(b) [Clustering] /fY.;c7, my = oo, then, for every 6 € Z(E),

8% [x<9~><t)} N 0(du)8 5, 0y € P(P(E)™).

t—+o /o
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