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What is a ©-reductive stack?
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Today: Discuss this theorem and applications to
moduli of sheaves on a K3 surface
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Def: A stack is ©-reductive if...
Foc an Y'AW\'\\\/ ovec DVR SQQc(R)—)Bﬁ y
any ?X‘rm\—lon o the sev\zdc point  exends
-\'o a 5};\¥m\~'.on o Yhe :qw\.\\y

Ex1: Y ?ro‘&o\-‘we, scheme %= C«O"\CY\

/
V. amamk -\—o C,om?osc*vw.ss o; $\A§ s&\eme,

s Qails S Ban (V)

Ex 2: moce QM.(A“ o can be adapted
bo =T Suadd in AY L obelian logy

Ex 3: @olr%ev\l— shades SP“(M /%«L%&wc

Prop: if % is ©@-reductive and a humerical
invariant p defines a ©-stratification, then X*
is ©-reductive.
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Modifications and unpunctured inertia

Def: given a family over a DVR , we say that
another map is a modification if the maps are
isomorphic over the generic point  Spec(K)
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Def: X has unpunctured inertia if for any
family over a DVR, one can find an elementary
modification such that
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Amplifications

If q* X~>Mis a good moduli
space, then
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Thm (semistable reduction):
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Slope semistability
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Moduli spaces

Central charge defines a line bundle: on ¥

wrike  2(E)= Y(Eows) |, wye kG (VeC
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Consequences of main theorems: it %i boandel
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Naive Donaldson invariants of surfaces
We will always work with K-theoretic

invariants: vox
T e KoOé\/ ey =0, (€)
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Question: how do *o;,'%nd IZ(E) depend on
stability condition 6? For nice results, we need to
regard X’;* as a derived stack.

—> Al (Sq,\oﬁx"c, %e,ow\e&cy built commutabue DEAs

*y  Ale,. € dei=aeh)
i Eerete—sad
—> _L:,r (?} = in\'esm\ over decived stk

Lecture 2 (collapsed) Page 5

Correct Donaldson invariants of surfaces

A simple analogy for derived algebraic
geometry:

ceduced ‘-‘\,\,6s AN r'moS, A CNGA'S anE,
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On affine otijec‘rs:
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Analogous picture for derived schemes /
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Virtual structure sheaf: No\*e, @\-\L(A.\ is

oL Conecent oA, ~module

w3 e b dsie G5 = O LAV
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Wall crossing

Situation: Fix vel CAM(S\
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Wall crossing formula

Thm: Under the previous hypotheses, we have
TG -T%(3)
oi-ss t
= gx@ev f‘, TO Ed\
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Proof idea:
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Nagging question: CoM\o\m\'br\A shractuee



Birational geometry -- K3 case

If vis primitive and o generic, then
Mo;-ss = SW\COHA ?foséd"\ve, \r\\{eer\t'a\r\\er

Restrict to class of CY manifolds birationally
equivalent to MJ ™55

Local models for flops

Thm (Bayer-Macri): Any two manifolds in this
class can be connected by a sequence of
birational modifications of the form:
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For some (twisted) K3 surface S

Base change the picture:
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One can show, using self-duality L}‘E lj;
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We now have a diagram:
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Application: we recently used this to prove that
any Two smooth projective CY manifolds in
birational class of MZ~5% have equivalent derived
categories of coherent sheaves.



