8.2: TRIGONOMETRIC INTEGRALS

8.3: TRIGONOMETRIC SUBSTITUTION

8.5: PARTIAL FRACTIONS NAME: SOLUTIONS
Math 1910 October 24, 2017

RAPID REVIEW

(1) Power-reducing identitites

1 —sin(2x)

2(x) = 1+ cos(2x) in2(x) — ;

X)= —————, sin

cos
2

(2) Completing the square. If you have an integral with a 1/v ax? + bx + ¢ in it, you need to complete
the square. Rewrite

ax? +bx+c= a(x—h)z—i—k
where
b b?

h= —— k= _ 2
2 ‘4
(3) Partial Fractions: if you have an expression that looks like

f(x)
(x—aj)(x—az) - (x—an)

where there are no repeats in the a;’s, then you can write

f A A A
) =2
(x—aj)x—az)---(x—an) x—a; x—a X —an

If there are repeats in the a;’s, then (x — a)™ contributes

Ajq Ay An
T e T T

And (x2 4 b)™ contributes

Aix+B;y  Axx+B; Anx+Bn
x2+b x2+b)2 7 (x24b)n




PROBLEMS

(1) For each of the following integrals, should you use substitution, integration by parts, trig substitution,
partial fractions, or something else?

(a) Jln(x) dx
SOLUTION: Integration by parts, with u = In(x) and dv = dx.

(b) [V4x?—Tadx

SOLUTION: Trig substitution, with x = % sec 0.

X
Q) | —=—7—=dx
© J V12 —6x —x?
SOLUTION: Complete the square under the radical, 12 — 6x —x? = 21 — (x + 3)?, and then
substitute u = x + 3.

(d) | sin3(x)cos3(x) dx
SOLUTION: Rewrite sin®(x) = (1 — cos?(x)) sin(x), and let u = cos(x).
() |xsec?(x)dx

SOLUTION: Use integration by parts, with u = x and dv = sec?(x) dx.
[ 1
) | —=dx.
J V9 —x2
SOLUTION: Either substitute u = 3x and use the formula for the derivative of sin”' (u), or
substitute x = 3sin 6.

(g) hxzx/x-i-] dx

SOLUTION: Make the substitution u = x + 1. Then du = dx and x? = (u—1)2 = u? —2u+1.

[ 1
() J (x+1)(x+2)3

SOLUTION: Use partial fractions to decompose

dx

1 A B C D
(x+1)(x+2)3 x+1 x+2 (x+2)2  (x+2)3

. 1
O |y o
SOLUTION: Substitute u = x + 12.

(2) Evaluate the integral.

1
a dx
@ J Vx2+9
SOLUTION: Letx = 3secH. Then dx = 3secOtan0d6,and x2 —9 = 9sec20—9 = 9(sec20—1) =
9tan? 0, so we have

J’ 1 _JSseCGtane

X219 3tan 0 do Jsec@d@ n|secO +tan 6+ C n




(b) Jxx/ x2 —5dx.

SOLUTION: Substitute u = x? — 5, so then

J'X\/xz—de:J%\/ﬁdu: 1iug'/z—l—C:

(x*—5)3/2+C

Wl =

3x+5
© Jx2—4x—5 dx

SOLUTION: Factor the denominator as x2 —4x —5 = (x + 1)(x — 5). So we're trying to do partial

fractions with
3x+5 3x+5 A n B
x2—4x—5 (x=5)(x+1) x—-5 x—1

Clearing denominators, we have

3x+5=A(x+1)+B(x—5).

Setx =5togetA = %. Setx = —1togetB = —%. Then we have

10 1

3X+5 3 4 -3
x2—4x—5 x—5 x+1°
Therefore,
3x+5 10 1 1 1 10 1
e = | — - — =| —1 —5/— =1 1 .
Jx2—4x—5dx 3 J(X—S) dx 3JX+]dx 3 nlx —5| 3 nix+ 1]+ C

(d) J e?* cos(x) dx

SOLUTION: Use integration by parts with u = e?* and dv = cos(x) dx. Then
J e?* cos(x) dx = e?* sin(x) — JZer sin(x) dx.
Do integration by parts again, this time with u = e?* and dv = sin(x) dx. So we have
J e?* cosx dx = e?* sin(x) — J 2e2* sin(x) dx
= e?sin(x) — 2 (ez" cos(x) — J(f cos(x))2e?* dx)
= e sin(x) + 2e%* cos(x) — 4J e?* cos(x) dx
Now add 4 [ e2* cos(x) dx to both sides, so we have
5 J e?* cos(x) dx = e** sin(x) + 2e%* cos(x) + C

Divide both sides by 5 to get the answer,

1€2X sin(x) + %ezx cos(x) +C




(e) Jcos2 0 sin” 6 do

SOLUTION: First use the identity cos? @ = 1 —sin? 0 to write
J'COSZ fsin”0do = JU —sin? 0)sin? 0do = Jsinz 0do fl[sin4 0 de.
Using the reduction formula for sin™(x),
Jc:os2 0sin? 0 do = Jsirl2 0do — (—l sin® 0 cos 0 + f% Jsinz 0 dG)
1 .3 1.5
= 7 sin 0 cos O + stm 0do

1. 3 1 1 . 1
—Zsm 6c056+4<—251n6c0s6+zjde)

1 1 1
= Zsing’ecosﬁ—gsin6c059+ge+c

(f) [cos(x)sin®(x) dx
SOLUTION: Substitute u = sinx, du = cos(x) dx.

6 .
[costysin® g ax = [w au = & e =[S0 ¢

1
—d
® |
SOLUTION: Use partial fractions to write

x(x—1)2  x x—1 (x—1)2"

Clearing denominators gives
1=A(x—1)%2+Bx(x—1)+ Cx.
Setting x = 0 gives A = 1; setting x = 1 gives C = 1 and setting x = 2 gives B = —1. The result is

1 1 —1 1

=12 x T x—1 T o

Now we can integrate.

JX(X]T)ZdX:J%dX_JdeX_‘_J'(X—%)ZdX:

(h) Jcosz(4x) dx
SOLUTION: Use the substitution u = 4x and du = 4 dx. Then

1
Inlx|-Inx—1— ——=+C.
x—1

Jcosz (4x) dx = ;1 Jcosz(u) du

1/1 1.
=2 <2u+ 7 sin(u) cos(u)) +C

= %x + % sin(4x) cos(4x) + C




. 3
@ J(x+1)(x2+x) dx

SOLUTION: Do partial fractions

3 3 A B n C
(x+1)2

I 0 A NOxEID  x  xa 1

Clearing denominators gives 3 = A(x 4 1)2 +Bx(x + 1) 4 Cx, and setting x = 0 give A = 3; setting
x =—1give C = —3. Now plugin A =3 and C = —3 to get

3=3(x+1)2+Bx(x+1)—3x
Then set x = 1 to get B = —3. Therefore,

3 1 1 1
de"—3jgd"*3jmd"*3jmd"

= 31n|x|—3ln|x+1|+i+C
x4+ 1

) junxm (xInx)2 +1dx

SOLUTION: Letu = xInx. Then du = (1 +1Inx) dx, and

J(lnx—&-])\/(xlnx)z-i-] dx:J\/u2+1 du.

Then substitute w = tan 0. Then du = sec? 0 d0 and u? + 1 = tan? 0 + 1 = sec? 0. Therefore,

1 1
J\/u2+1 du:Jsec39d9:Esecatane—kElnlsec6+tan6|+C.

Substitute back tan® = u and sec® = vVu? + 1, so
1
J\/u2+1 du = Fu u? +1 +%ln|u+\/u2+1\—|—C.

Finally substitute back u = x Inx.

]lenx\/(xlnx)z—i—] +%ln xInx+ 1/ (xInx)2 + 1 ‘

Fun fact: Mathematica wouldn’t do this integral for me, but I could do it by hand!




